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The present volume of Advances in Quantum Chemistry contains the first 6
chapters out of 12 on various aspects of quantum chemistry, ranging from
the mathematical to the biological. We hope that there is something here for
many theorists with a wide range of interests.

The first chapter reviews information theoretic methods applied to deter-
mination of molecular electronic structure in the context of the Orbital
Communication Theory of the chemical bond. The molecule is treated as an
information network from which structural information can be obtained. The
results of probing molecular charges and bond orders using this method are
compared with results obtained by more commonly used means.

In Chapter 2, the author revisits the notorious quantum mechanical mea-
surement problem. In this regard, a different emphasis on the fundamental
understanding of a quantum state is introduced. The weirdness usually
put into the accounts of quantum mechanics is reviewed and criticized; for
instance, one might refer to a commendable appraisal in connection with
the quantum eraser. The author compares current developments in the mod-
ern studies of basic quantum concepts from the Gimo Nobel Conference
(Ref. [13] of Chapter 2) in 1997 to the present. Although present results do
not indicate that any original and new results have been obtained during the
last decade, except a very startling and exciting technological development,
Chapter 2 represents a new approach beyond the orthodox interpreta-
tion for quantum chemists that differs significantly from standard textbook
treatments.

Addressing large molecular systems is the aim of Chapter 3, which
reviews a recently developed model based on the combined use of quantum
mechanics and molecular mechanics (QM/MM). This approach uses a fully
self-consistent polarizable embedding (PE) scheme described in the paper.
The PE model is generally compatible with any quantum chemical method,
but this review is focused on its combination with density functional the-
ory (DFT) and time-dependent density functional theory (TD-DFT). The PE
method is based on the use of an electrostatic embedding potential result-
ing from the permanent charge distribution of the classically treated part of
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the system. However, the electrostatic embedding potential only accounts
for the permanent charge distribution of the environment, and in order to
account for many-body induction effects, a set of localized anisotropic dipole
polarizability tensors at the expansion centers is introduced. The strength of
the PE scheme is the ability to describe excited states and general molecular
properties on the same footing as the ground state.

In Chapter 4, the author describes important theory developments in
signal processing within medical applications, the latter exposed in more
detail in Chapter 12. The author elucidates the state-of-the-art of signal
processing from the perspective of quantum physics and chemistry. The con-
nections between important approaches due to Lanczos, Krylov, Padé, etc.
are considered, compared, appraised, and computationally assessed. The
rich mathematical structure of one of the most popular multipurpose strat-
egy, the Fast Padé Transform, FPT, is shown to perform an optimal synthesis
and decomposition in connection with the Froissart filter for exact signal—
noise separation. The main characteristics of FPT in the quantification of
the time signal, for example, equivalent to the harmonic inversion problem,
are reviewed, theoretically analyzed, and numerically illustrated as well as
tested for stability and robustness.

A brief introduction to the nonequilibrium Green’s function method is
discussed in the Chapter 5. Two examples where nonequilibrium Green’s
functions can be used are presented: (1) electric current calculations in molec-
ular tunneling devices and (2) in quantum dot-sensitized solar cells. These
applications require development of sophisticated computational methods
to perform predictive calculations of conduction properties. The success of
the electron propagator methodology applied to molecules provides a hope
that this method will be also successful in systems combined from finite and
infinite electron subsystems. In tunneling junctions, the molecular bridge
electrons interact with electrons from the leads, and therefore the electronic
levels of the molecular subsystem are modified by this interaction. Even if
this interaction is small, there is finite dissipation resulting in the broaden-
ing of molecular levels. In the case of an isolated molecule, however, the
imaginary part of the molecular Green’s functions is infinitesimally small.
The most systematic approach is to use many-body theory with a diagram-
matic expansion with respect to the perturbation. In a many-electron system,
this perturbation is usually the Coulomb interaction. In tunneling junctions,
an interaction picture is different; there are two interactions: (1) the interac-
tion between the lead electrons and the electrons in the bridge and (2) the
Coulomb interaction within the bridge. The interaction between the bridge
and lead electrons makes this problem substantially more complicated than
molecular electronic structure calculations because of nonequilibrium condi-
tions determined by the difference in chemical potentials of the leads. In this
case, the nonequilibrium Green'’s function method has to be applied to find
electric current in molecular devices.
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In Chapter 6, the authors discuss calculation of electron impact inner-
shell ionization cross section (EIICS) from the K-, L-, and M-shells of neutral
atoms with atomic numbers Z =6-92. The evaluations of the EIICS are dis-
cussed using recently propounded, easy-to-use models that are found to
be adequately successful in describing the experimental cross sections. The
selection of the range of atomic number Z for different inner-shells was
guided by the availability of the EIICS data either from experiments or from
rigorous quantal calculations. Details of the models are presented and their
results are compared with the experimental and other theoretical values. The
models describe experimental results nicely for K-, L-, and M-shell ionization
for Z < 92 in the energy range E < 2GeV.

We offer this volume of Advances in Quantum Chemistry to the readers with
the belief that it will be both interesting and informative.

John R. Sabin and Erkki Brandas
Editors
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to characterize the scattering of electron probabilities and their information
content throughout the system network of chemical bonds generated by
the occupied molecular orbitals (MOs). Thus, the molecule is treated as
information network, which propagates the “signals” of the electron alloca-
tion to constituent atomic orbitals (AOs) or general basis functions between
the channel AO “inputs” and “outputs.” These orbital “communications” are
determined by the two-orbital conditional probabilities of the output AO
events given the input AO events. It is argued, using the quantum-mechanical
superposition principle, that these conditional probabilities are proportional
to the squares of corresponding elements of the first-order density matrix
of the AO charges and bond orders (CBO) in the standard self-consistent
field (SCF) theory using linear combinations of AO (LCAO) to represent MO.
Therefore, the probability of the interorbital connections in the molecu-
lar communication system is directly related to the Wiberg-type quadratic
indices of the chemical bond multiplicity. Such probability propagation in
molecules exhibits the communication “noise” due to electron delocaliza-
tion via the system chemical bonds, which effectively lowers the information
content in the output signal distribution, compared with that contained in
probabilities determining its input signal, molecular or promolecular. The
orbital information systems are used to generate the entropic measures of
the chemical bond multiplicity and their covalent/ionic composition. The
average conditional-entropy (communication noise, electron delocalization)
and mutual-information (information capacity, electron localization) descrip-
tors of these molecular channels generate the IT covalent and IT ionic bond
components, respectively. A qualitative discussion of the mutually decou-
pled, localized bonds in hydrides indicates the need for the flexible-input
generalization of the previous fixed-input approach, in order to achieve a
better agreement among the OCT predictions and the accepted chemi-
cal estimates and quantum-mechanical bond orders. In this extension, the
input probability distribution for the specified AO event is determined by
the molecular conditional probabilities, given the occurrence of this event.
These modified input probabilities reflect the participation of the selected
AO in all chemical bonds (AO communications) and are capable of the con-
tinuous description of its decoupling limit, when this orbital does not form
effective combinations with the remaining basis functions. The occupational
aspect of the AO decoupling has been shown to be properly represented
only when the separate communication systems for each occupied MO are
used, and their occupation-weighted entropy.//information contributions are
classified as bonding (positive) or antibonding (negative) using the extra-
neous information about the signs of the corresponding contributions to
the CBO matrix. This information is lost in the purely probabilistic model
since the channel communications are determined by the squares of such
matrix elements. The performance of this MO-resolved approach is then
compared with that of the previous, overall (fixed-input) formulation of OCT
for illustrative -electron systems, in the Huckel approximation. A qualita-
tive description of chemical bonds in octahedral complexes is also given. The
bond differentiation trends in OCT have been shown to agree with both the



Bond Differentiation and Orbital Decoupling in Orbital-Communication Theory 3

chemical intuition and the quantum-mechanical description. The numerical
Restricted Hartree—Fock (RHF) applications to diatomic bonds in representa-
tive molecular systems are reported and discussed. The probability weighted
scheme for diatomic molecular fragments is shown to provide an excellent
agreement with both the Wiberg bond orders and the intuitive chemical
bond multiplicities.

1. INTRODUCTION

The techniques and concepts of information theory (IT) [1-8] have been shown
to provide efficient tools for tackling diverse problems in the theory of
molecular electronic structure [9]. For example, the IT definition of Atoms-
in-Molecules (AIM) [9-13] has been reexamined and the information content
of electronic distributions in molecules and the entropic origins of the chem-
ical bond has been approached anew [9-18]. Moreover, the Shannon theory
of communication [4-6] has been applied to probe the bonding patterns
in molecules within the communication theory of the chemical bond (CTCB)
[9, 19-28] and thermodynamic-like description of the electronic “gas” in
molecular systems has been explored [9, 29-31]. The CTCB bonding patterns
in both the ground and excited electron configurations have been tackled
and the valence-state promotion of atoms due to the orbital hybridization
has been characterized [28]. This development has widely explored the use
of the average communication noise (delocalization, indeterminacy) and
information-flow (localization, determinacy) indices as novel descriptors of
the overall IT covalency and ionicity, respectively, of all chemical bonds in
the molecular system as a whole, as well as the internal bonds present in its
constituent subsystems and the external interfragment bonds.

The electron localization function [32] has been shown to explore the
nonadditive part of the Fisher information [1-3] in the molecular orbital
(MO) resolution [9, 33], whereas a similar approach in the atomic orbital
(AO) representation generates the so-called contragradience (CG) descrip-
tors of chemical bonds, which are related to the matrix representation of the
electronic kinetic energy [34-38]. It should be recalled that the molecular
quantum mechanics and IT are related through the Fisher (locality) mea-
sure of information [34—41], which represents the gradient content of the
system wavefunction, thus being proportional to the average kinetic energy
of electrons. The stationary Schrodinger equation indeed marks the optimum
probability amplitude of the associated Fisher information principle, includ-
ing the additional constraint of the fixed value of the system potential energy
[34, 39—-41]. Several strategies for molecular subsystems have been designed
[9, 22, 25, 26] and the atomic resolution of bond descriptors has been pro-
posed [24]. The relation between CTCB and the Valence Bond (VB) theory has
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been examined [23, 27] and the molecular similarities have been explored
[9, 42]. Moreover, the orbital resolution of the “stockholder” atoms and
the configuration-projected channels for excited states have been developed
[43-45].

The key concept of CTCB is the molecular information system, which
can be constructed at alternative levels of resolving the electron probabili-
ties into the underlying elementary “events” determining the channel inputs
a ={a;} and outputs b = {b;}, for example, of finding an electron on the basis
set orbital, AIM, molecular fragment, etc. They can be generated within
both the local and the condensed descriptions of electronic probabilities in
a molecule. Such molecular information networks describe the probability/
information propagation in a molecule and can be characterized by the stan-
dard quantities developed in IT for real communication devices. Because of
the electron delocalization throughout the network of chemical bonds in a
molecule the transmission of “signals” from the electron assignment to the
underlying events of the resolution in question becomes randomly disturbed,
thus exhibiting the communication “noise.” Indeed, an electron initially
attributed to the given atom/orbital in the channel “input” a (molecular
or promolecular) can be later found with a nonzero probability at several
locations in the molecular “output” b. This feature of the electron delocaliza-
tion is embodied in the conditional probabilities of the outputs given inputs,
P(bla) = {P(b;]a;)}, which define the molecular information network.

Both one- and two-electron approaches have been devised to construct
this matrix. The latter [9] have used the simultaneous probabilities of two
electrons in a molecule, assigned to the AIM input and output, respec-
tively, to determine the network conditional probabilities, whereas the for-
mer [38, 46-48] constructs the orbital-pair probabilities using the projected
superposition-principle of quantum mechanics. The two-electron (correla-
tion) treatment has been found [9] to give rise to rather poor representation
of the bond differentiation in molecules, which is decisively improved in the
one-electron approach in the AO resolution, called the orbital-communication
theory (OCT) [38, 46—48]. The latter scheme complements its earlier orbital
implementation using the effective AO-promotion channel generated from
the sequential cascade of the elementary orbital-transformation stages
[43-45, 49, 50]. Such consecutive cascades of elementary information sys-
tems have been used to represent the underlying orbital transformations
and electron excitations in the resultant propagations of the electron prob-
abilities, determining the orbital promotions in molecules. The information
cascade approach also provides the probability scattering perspective on
atomic promotion due to the orbital hybridization [28].

In OCT the conditional probabilities determining the molecular commu-
nication channel in the basis-function resolution follow from the quantum-
mechanical superposition principle [51] supplemented by the “physical”
projection onto the subspace of the system-occupied MOs, which determines
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the molecular network of chemical bonds. Both the molecule as a whole and
its constituent subsystems can be adequately described using the OCT bond
indices. The internal and external indices of molecular fragments (groups
of AO) can be efficiently generated using the appropriate reduction of the
molecular channel [9, 25, 46, 48] by combining selected outputs and larger
constituent fragment(s).

In this formulation of CTCB the off-diagonal orbital communications have
been shown to be proportional to the corresponding Wiberg [52] or related
quadratic indices of the chemical bond [53-63]. Several illustrative model
applications of OCT have been presented recently [38, 46-48], covering both
the localized bonds in hydrides and multiple bonds in CO and CO,, as well
as the conjugated # bonds in simple hydrocarbons (allyl, butadiene, and
benzene), for which predictions from the one- and two-electron approaches
have been compared; in these studies the IT bond descriptors have been
generated for both the molecule as whole and its constituent fragments.

After a brief summary of the molecular and MO-communication sys-
tems and their entropy/information descriptors in OCT (Section 2) the
mutually decoupled, localized chemical bonds in simple hydrides will be
qualitatively examined in Section 3, in order to establish the input proba-
bility requirements, which properly account for the nonbonding status of
the lone-pair electrons and the mutually decoupled (noncommunicating,
closed) character of these localized o bonds. It will be argued that each such
subsystem defines the separate (externally closed) communication channel,
which requires the individual, unity-normalized probability distribution of
the input signal. This calls for the variable-input revision of the original and
fixed-input formulation of OCT, which will be presented in Section 4. This
extension will be shown to be capable of the continuous description of the
orbital(s) decoupling limit, when AO subspace does not mix with (exhibit no
communications with) the remaining basis functions.

Additional, occupational aspect of the orbital decoupling in the OCT
description of a diatomic molecule will be described in Section 5. It intro-
duces the separate communication channels for each occupied MO and
establishes the relevant weighting factors and the crucial sign convention
of their entropic bond increments, which reflects the bonding or antibonding
character of the MO in question, in accordance with the signs of the asso-
ciated off-diagonal matrix elements of the CBO matrix. This procedure will
be applied to determine the w-bond alternation trends in simple hydrocar-
bons (Section 6) and the localized bonds in octahedral complexes (Section 7).
Finally, the weighted-input approach for diatomic fragments in molecules
will be formulated (Section 8). It will be shown that this new AO-resolved
description using the flexible-input (bond) probabilities as weighting fac-
tors generates bond descriptors exhibiting excellent agreement with both the
chemical intuition and the quantum-mechanical bond orders formulated in
the standard SCF-LCAO-MO theory.
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Throughout this article, the bold symbol X represents a square or rectan-
gular matrix, the bold-italic X denotes the row vector, and italic X stands
for the scalar quantity. The entropy/information descriptors are measured
in bits, which correspond to the base 2 in the logarithmic (Shannon) measure
of information.

2. MOLECULAR INFORMATION CHANNELS IN ORBITAL
RESOLUTION

In the standard MO theory of molecular electronic structure the network of
chemical bonds is determined by the system-occupied MO in the electron
configuration in question. For simplicity, let us first assume the closed-
shell (cs) ground state of the N=2n electronic system in the Restricted
Hartree—Fock (RHF) description, involving the n lowest (real and orthonor-
mal), doubly occupied MO. In the LCAO-MO approach, they are given
as linear combinations of the appropriate (orthogonalized) basis functions
X =0 X2 0 xm) =10}, (X1x) =1{8;,;} = 1, for example, Léwdin’s symmetri-
cally orthogonalized AO, ¢ = (¢1, ¢, . . ., @) = {¢s} = x C, where the rectangu-
lar matrix C={C;,} groups the relevant LCAO-expansion coefficients.

The system electron density p(r) and hence the one-electron probabil-
ity distribution p(r) = p(r)/N, that is, the density per electron or the shape
factor of p, are determined by the first-order density matrix y in the AO
representation, also called the charge and bond order (CBO) matrix,

p(r) =20 e(r) = x(N[2CC']x(r) = x(yx(r) = Np(). (1)

The latter represents the projection operator 15(,, =|@){el= . o) {ps| =
3" P, onto the subspace of all doubly occupied MO,

Y=2(x10)(@lx) = 2CC" = 2(x|P,|x) = {y;; = 2(x:lPy|x;) = 2(iIP,Ij)}, (2a)

thus, satisfying the appropriate idempotency relation

¥)* = 412, 1x) (X 1Pyl x) = 4(xIP21X) = 4(XIP,|x) = 2y. 3)

The CBO matrix reflects the promoted, valence state of AO in the molecule,
with the diagonal elements measuring the effective electron occupations of
the basis functions, {y;; =N; = Np,}. The AO-probability vector in this state,
p ={p: = N,;/N}, groups the probabilities of the basis functions being occupied
in the molecule.
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The information system in the (condensed) orbital resolution involves
the AO events x in its input a={x;} and output b={y;}. It represents
the effective promotion of these basis functions in the molecule via the
probability /information scattering described by the conditional probabil-
ities of AO outputs given AO inputs, with the input (row) and output
(column) indices, respectively. In the one-electron approach [46—48], these
AO-communication connections {P(x;|x;) = P(j|i)} result from the appropri-
ately generalized superposition principle of quantum mechanics [51],

Pbla) = (P(li) = 101D, ) = Qrd M vma), Y PGl =1, (4)
j

where the closed-shell normalization constant % = (2y;;) " follows directly
Eq. (3). These (physical) one-electron probabilities explore the dependen-
cies between AOs resulting from their participation in the system-occupied
MO, that is, their involvement in the entire network of chemical bonds in a
molecule. This molecular channel can be probed using both the promolecu-
lar (p° = {p?}) and molecular (p) input probabilities, in order to extract the IT
multiplicities of the ionic and covalent bond components, respectively.

In the open-shell (os) case [48] one partitions the CBO matrix into contri-
butions originating from the closed-shell (doubly occupied) MO ¢ and the
open-shell (singly occupied) MO ¢, ¢ = (¢, ¢*):

Y= (X107 (@) + 2(x10%)(@%1x) = (XIPZ1x) +2(xIPSIx) = ¥y + . (5)

They satisfy separate idempotency relations,

@ ={x|P2|x)x [P ]x) = (x [2)x) = (x |P2]x) = ¥, ©6)

and (y®)? =2y® (Eq. [3]). Hence,

P(jli) = NP, ) * = (% + 2vS) v (7a)

The conditional probabilities of Eqs. (4 and 7a) define the probability scat-
tering in the AO-promotion channel of the molecule, in which the “signals”
of the molecular (or promolecular) electron allocations to basis functions are
transmitted between the AO inputs and outputs. Such information system
constitutes the basis of OCT [46-48]. The off-diagonal conditional probabil-
ity of jth AO output given ith AO input is thus proportional to the squared
element of the CBO matrix linking the two AOs, y;; = y;;. Therefore, it is also
proportional to the corresponding AO contribution 7, ; =y, to the Wiberg
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index [52] of the chemical bond covalency between two atoms A and B,
7(AB)= ) ;.r 2 jes %, or to generalized quadratic descriptors of molecular
bond multiplicities [53-63].

By separating the CBO contributions due to each occupied MO one
similarly defines the information system for each orbital. For example, in
the closed-shell system, each doubly occupied MO ¢ ={¢;} generates the
corresponding contributions to the CBO matrix of Eq. (2):

y=2)_ (xlgdelx) = Zv = {y56s) =2(iIP.lp)},  (2b)

In the open-shell configuration, one separately partitions the contri-
bution of y*= Y "y%, due to the doubly occupied MO ¢%, and the

remaining part y* =} "y, y& = {y5(s) = (i |P,lj)}, generated by the singly
occupied MO ¢®. They satisfy the corresponding idempotency relations
(see Egs. [3 and 6]): (y&)*=2y% and (y*)*>=7y%. One then determines the

corresponding communication connections for each occupied MO,

ROIO)

Vi 9y () }
Vi (9)

P>*(bla) = {PSS(]|1) = 275(5)

} and Pgs(bla)z{Pﬁs(]ﬁ)—
(7b)

were obtained using Egs. (4a and 7a) with the normalization constants
appropriately modified to satisfy the normalization condition for the con-
ditional probabilities:

D PGl = Pe(li) = 1. (7¢)
j j

In OCT, the entropy/information indices of the covalent/ionic compo-
nents of all chemical bonds in a molecule represent the complementary
descriptors of the average communication noise and the amount of informa-
tion flow in the molecular information channel. The molecular input p(a) = p
generates the same distribution in the output of the molecular channel,

pPbla) = {> pP(liy =Y PG,j)=pit =p ®)

and thus identifying p as the stationary probability vector for the molecu-
lar state in question. In the preceding equation we have used the partial
normalization of the molecular joint, two-orbital probabilities P(a, b) =
{P@, ) =p:P(jli)} to the corresponding one-orbital probabilities. It should be
observed at this point that the promolecular input p(a’) = p° in general
produces different output probability p’P(b|a) =p*(a°) = {p;} =p* # p.
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The purely molecular communication channel [9, 38, 46-48], with p defin-
ing its input signal, is devoid of any reference (history) of the chemical
bond formation and generates the average noise index of the molecular IT
bond covalency, measured by the conditional entropy S(bla) = S of the system
outputs given inputs:

1

Sbla) = - Y PG, )log,[PG,j)/pi]
j

==Y _pi Y _P(jldlog,P(jli) = Slplp] = S[P(bla)] =S.  (9a)
i i

1

Thus, this average noise descriptor expresses the difference between the
Shannon entropies of the molecular one- and two-orbital probabilities,

S = H[P(a,b)] — Hlp];
Hlp] = — prlogzpn

H[P(a,b)] = — Y " P(i,j)log,P(i, ). (9b)

]

For the independent input and output events, when P (a, b) ={pip;},
H[P"(a,b)] = 2H[p] and hence S = H[p].

The molecular channel with p° determining its input signal refers to the
initial state in the bond formation process, for example, the atomic pro-
molecule—a collection of nonbonded free atoms in their respective positions
in a molecule or the AO basis functions with the atomic ground-state occu-
pations, before their mixing into MO [9, 38, 46-48]. The AO occupations
in this reference state are fractional in general. However, in view of the
exploratory character of the present analysis, we shall often refer to the
simplest description of the promolecular reference by a single (ground-
state) electron configuration, which exhibits the integral occupations of AO.
It gives rise to the average information-flow descriptor of the system IT
bond ionicity, given by the mutual information in the channel inputs and
outputs:

I(a’:b) = Y )" P(i, )log,[PG, j)/ (pip))] = HIp] + Hlp’] — H[P(a, b)]

i
= H[p"l - S=1[p’:p] = [[P(bla)] =], (10)
This quantity reflects the fraction of the initial (promolecular) information

content H[p"], which has not been dissipated as noise in the molecular
communication system. In particular, for the molecular input, when p° =p,
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Ia:b)=>", Zi P(i, plog,[P3,j)/(pip)]=HIpl — S=I[p:p]. Thus, for the ind-
ependent input and output events, ["*(a:b) =0.
Finally, the sum of these two bond components,

N@’b) =S +1=N[p’;pl = N[P(bla)] = N = H[p"], (11)

measures the overall IT bond multiplicity of all bonds in the molecular
system under consideration. It is seen to be conserved at the promolecular-
entropy level, which marks the initial information content of orbital proba-
bilities. Again, for the molecular input, when p° = p, this quantity preserves
the Shannon entropy of the molecular input probabilities: N (a; b) = S(bla) +
I(a:b)=H]p].

It should be emphasized that these entropy/information descriptors and
the underlying probabilities depend on the selected basis set, for exam-
ple, the canonical AO of the isolated atoms or the hybrid orbitals (HOs) of
their promoted (valence) states, the localized MO (LMO), etc. In what fol-
lows we shall examine these IT descriptors of chemical bonds in illustrative
model systems. The emphasis will be placed on the orbital decoupling in the
molecular communication channels and the need for appropriate changes
in their input probabilities, which weigh the contributions to the average
information descriptors from each input.

There are two aspects of the orbital decoupling in chemical bonds. On one
side, the two chemically interacting AOs becomes decoupled, when they do
not mix into MO, for example, in the extreme MO-polarization limit of the
electronic lone pair, when two bonding electrons occupy a single AO. On the
other side, the two AOs are also effectively decoupled, no matter how strong
is their mutual mixing, when the bonding and antibonding MO combina-
tions are completely occupied by electrons, since such MO configuration is
physically equivalent to the Slater determinant of the doubly occupied (orig-
inal) AO. We shall call these two facets the mixing (shape) and occupation
(population) decouplings, respectively.

It is of vital interest for a wider applicability of CTCB to examine how these
two mechanisms can be accommodated in OCT. In Section 3, we shall argue
that the mutual decoupling status of several subsets of basis functions, mani-
festing itself by the absence of any external communications (bond orders) in
the whole system, calls for the separate unit normalization of its input prob-
abilities since such fragments constitute the mutually nonbonded (closed)
building blocks of the molecular electronic structure. It will be demonstrated,
using simple hydrides as an illustrative example, that the fulfillment of this
requirement dramatically improves the agreement with the accepted chemi-
cal intuition and the alternative bond multiplicity concepts formulated in the
MO theory.

To conclude this section, we observe that by propagating the AO prob-
abilities through the information channels of the separate MO, defined by
the conditional probabilities of Eq. (7b), one could similarly determine the
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IT bond increments for each occupied MO. We shall implement this idea in
Section 5, when tackling the populational decoupling of atomic orbitals, as a
result of an increased occupation of the antibonding MO.

3. DECOUPLED (LOCALIZED) BONDS IN HYDRIDES REVISITED

In the ground-state the chemical interaction between two (singly occupied)
orthonormal AOs x = (a,b) originating from atoms A and B, respectively,
gives rise to the doubly occupied, bonding MO @png. and the unoccupied
antibonding MO ¢,

Poond. = ﬁﬂ + \/@b/ @anti. = — Qﬂ + \/ﬁb/ P + Q =1 (12)

Their shapes are determined by the complementary (conditional) proba-
blhtles P(a“obond) = P(blwanti.) =P and P(blgobond) :P(a|(panti4) = Q/ Wthh con-
trol the bond polarization, covering the symmetrical bond combination
for P=Q=1/2 and the limiting lone-pair (nonbonding) configurations for
P=(0,1). The associated model CBO matrix,

—2| P \/I?Q} 13
Y [\/@ (13)

then generates the information system for such a two-AO model, shown in
Scheme 1.1a.

In this diagram one adopts the molecular input p=(P,Q=1-P), to
extract the bond IT covalency index measuring the channel average com-
munication noise, and the promolecular input p° = (1/2,1/2), to calculate the
IT ionicity relative to this covalent promolecule, in which each basis func-
tion contributes a single electron to form the chemical bond. The bond IT
covalency S(P) is then determined by the binary entropy function H(P) = —
Plog,P — Qlog,Q = H[p]. It reaches the maximum value H(P=1/2) =1 for
the symmetric bond P=Q=1/2 and vanishes for the lone-pair configura-
tions, when P=(0,1), H(P=0) =H(P =1) =0, marking the alternative ion-
pair configurations A*B~ and A~B", respectively, relative to the initial AO
occupations N° = (1, 1) in the assumed promolecular reference. The comple-
mentary descriptor of the IT ionicity, determining the channel (mutual) infor-
mation capacity I(P) = H[p"] — H(P) =1 — H(P), reaches the highest value for
these two limiting electron-transfer configurations P=(0,1):1(P=0,1)=1.
Thus, this ionicity descriptor is seen to identically vanish for the purely
covalent, symmetric bond, I(P =1/2) =0.

Both components yield the conserved overall bond index N'(P) =1 in the
whole range of bond polarizations P € [0, 1]. Therefore, this model properly
accounts for the competition between the bond covalency and ionicity, while
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(@ p P(b|a) p
P—»a—P—pa—>»P 5 = —Plog,P — Qlog,Q = H(P)
Q I=H[p°] - H(P)
P
Q—>»b—Q—>»b—>Q N =1+5=H[p]

(b) 1—»H

1—>» h—> 1 S=I=N=0

Scheme 1.1 The molecular information system modeling the chemical bond between two
basis functions x =(a,b) and its entropy/information descriptors. In Panel b, the corre-
sponding nonbonding (deterministic) channel due to the lone-pair hybrid hg is shown. For the
molecular input p = (P, Q), the orbital channel of Panel a gives the bond entropy-covalency
represented by the binary entropy function H(P). For the promolecular input p°® =(1/2,1/2),
when both basis functions contribute a single electron each to form the chemical bond,
one thus predicts H[p®]=1and the bond information ionicity | =1 — H(P). Hence, these two
bond components give rise to the conserved (P-independent) value of the single overall bond
multiplicity N =1+ S=1.

preserving the single measure of the overall IT multiplicity of the chemi-
cal bond. Similar effects transpire from the two-electron CTCB [9] and the
quadratic bond indices formulated in the MO theory [53-63].

This localized bond model can be straightforwardly extended to the sys-
tem of r localized bonds in simple hydrides XH, [49], for example, CH,, NH;,
or H,O, for r =4, 3, 2, respectively. Indeed, a single ¢ bond X-H,, for X=C,
N,Oand o =1,...,r, can then be approximately regarded as resulting from
the chemical interaction of a pair of two orthonormal orbitals: the bonding
sp® hybrid h, of the central atom, directed towards the hydrogen ligand H,,
and the 1s, = o, orbital of the latter. The localized bond X-H, then originates
from the double occupation of the corresponding bonding MO ¢yong (r), with
the antibonding MO @, () remaining empty:

gobond (Ol) = \/ﬁha + \/éo-a/ goanti. (O{) = _\/éhot + \/ﬁaa P + Q = 1 (14)

In the x, = (h,,0,) representation, the corresponding CBO matrix y, for a
single 0 bond X-H,{y, s} then includes the following nonvanishing elements:

Vit = 2Pl You,0a =2Q/ Via,oa = Yoo ha = 2\/ PQ/ (15)

while for each of 4 — ¥ nonbonded hybrids {#,}, describing the system lone-
electronic pairs,

Yise =2 and  y,,; =0, j#h, (16)
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The corresponding conditional probabilities (see Eq. [4]), which determine
the nonvanishing communication connections, then read:

P(h,hy) =P, P(oulo,) =Q, Phlo,) =Q, Ploylh,) =P, Ph,lh,) =1
(17)

Therefore, the electron probability is not scattered by the lone-pair hybrids.
As a result such decoupled subchannels {h,=h’} representing two lone
pairs of oxygen atom in H,O or a single nonbonding electron pair of
nitrogen in NHj, introduce the exactly vanishing contributions to both
bond components and hence to the overall bond index of these molecules
in OCT.

It follows from these expressions that each localized bond X-H, in this HO
representation defines the separate communication system of Scheme 1.1a,
consisting of inputs and outputs x, = (h,,0,), which does not exhibit any
external communications with AO involved in the system remaining bonds.
Therefore, such orbital pairs constitute the externally closed (nonbond-
ing) subsystems, determining the mutually decoupled information systems
defined by the diagonal blocks

m(bama)zl’a[xuxa]:[l; 8]/ Pa(awba)zl’a[xa'xa]:[gP gﬂ’

(18)

of the associated overall probability matrices in the x ={x,} basis set:
P(bla) = {P,(b,|a,)é,s} and P(a,b) ={P,(a,,b,)s.z}. Such mutually closed
(isolated) subchannels correspond to the separate input/output probability
distributions, p° =(1/2,1/2) or p, =p: = (P, Q), each satisfying the unit nor-
malization [9, 26]. These separate molecular subsystems give rise to the
additive bond contributions S, (b,|a,) = S,, L,(a’:b,) = I, and N,(a’:b,) =
Se + I, = N, to the system overall bond descriptors in OCT:

S(P)=Y S, =rHP), IP)=) L=rl-HP)], N=> N,=r. (19)

We have recognized in these expressions that each lone-pair (dou-
bly occupied) hybrid h, of the central atom, which does not form any
chemical bonds (communications) with the hydrogen ligands, generates
the decoupled deterministic subchannel of Scheme 1.1b, thus exhibit-
ing the unit input probability. Therefore, it does not contribute to
the resultant entropy/information index of all chemical bonds in the
molecule.
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The same result follows from another, delocalized representation of chem-
ical bonds in these prototype systems. Consider, as an illustration, the
canonical valence-shell MO in CH,, with four hydrogen ligands in the alter-
nating corners of the cube placed in such a way, that the three axes of the
Cartesian coordinate system pass through the middle of its opposite walls.
In such an arrangement, the four delocalized bonds are described by the four
(mutually decoupled) orbital-pair interactions between the specified canon-
ical AO of carbon atom and the corresponding symmetry combination of
four hydrogen orbitals. Again, the net result is the four decoupled bonds in
the system giving rise to overall IT bond index A" = 4, with S = 4H(P) and
I=4[1-H®P)]

One observes, however, a change in the bond covalent/ionic composition
resulting from this transformation from the localized MO description to the
canonical MO perspective [48]. As an illustration of this entropic effect, let
us briefly examine the bonding pattern in the linear BeH,. In the localized
bond representation, the two bonding MOs result from the mutually decou-
pled interactions between two-orbital pairs, each including one sp hybrid of
Be and 1s orbital of the corresponding hydrogen. This localized approach
thus gives V' =2, with S = 2H(P) and I =2[1 — H(P)], and hence for the
maximum orbital mixing (P = 1/2), the IT bond composition reads S™>* = 2
and [™> = 0. In the delocalized description, the two doubly occupied canon-
ical MO, expressed in the basis set x = (11, h,,01,0,) used to generate the
localized MO of Eq. (12), read as follows:

Y = ~/a5+\/g(01 +oy) = \/g(hl + hy) +\/g(al +oy), U+V=1,

W T 1%
IﬁzzﬁP'F\/;(ffl—Uz):\/;(hl—hz)'i'\/;(m—(fz), T+W=1

(20)
The associated CBO matrix,
U+T u-rT JUV +TW  JUV — JTW
_ u-T u+T JUV —TW UV + JTW
Vo VOV 4+ VTW VOV — VTW V+W V-W ’
JUV —TW UV +TW V-W V+ W
(21)

indicates that all these basis orbitals in fact exhibit the nonvanishing com-
munications to all outputs in this delocalized representation of the system
electronic structure. In the maximum mixing limitof U =V =T =W =1/2
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it is only partly decoupled,

max.

(22)

O = O -
— O O
O Rr O
— OO

and so is the associated matrix P(bla) = 1/2y™* of molecular communica-
tions (see Eq. [4]). Thus, this delocalized channel is characterized by the
input distributions p = p° = {1/4}, which give rise to the overall unit normal-
ization. The associated entropy/information indices for this channel read as
follows: S™ = [™> = 1 and hence N™> = 2.

The variable-input norm description of the decoupled chemical bonds
gives the full agreement with the chemical intuition, of r bonds in XH,,
with changing covalent/ionic composition in accordance with the actual MO
polarization and the adopted basis set representation. The more the probabil-
ity parameter P deviates from the symmetrical bond (maximum covalency)
value P =1/2, due to the electronegativity difference between the central
atom and hydrogen, the lower is the covalency (the higher ionicity) of this
localized, diatomic bond. Therefore, in this IT description the total bond
multiplicity N = r bits is conserved for changing proportions between the
overall covalency and ionicity of all chemical bonds in the system under
consideration.

In the orbital-communication theory, this “rivalry” between bond compo-
nents reflects a subtle interplay between the electron delocalization (S, =
H(P)) and localization (I, = 1 — H(P)) aspects of the molecular scattering of
electron probabilities in the information channel of a separated single chem-
ical bond, decoupled from the molecular remainder. The more deterministic
is this probability propagation, the higher the ionic component. Accordingly,
the more delocalized is this scattering, the higher the “noise” descriptor of
the underlying information system.

4. FLEXIBLE-INPUT GENERALIZATION

Thus, it follows from the analysis of the preceding section that a gen-
eral agreement of IT descriptors with the intuitive chemical estimates fol-
lows only when each externally decoupled fragment of a molecule exhibits
the separate unit normalization of its input probabilities; this requirement
expresses its externally closed status relative to the molecular remainder.
It modifies the overall norm of the molecular input to the number of
such mutually closed, noncommunicating fragments of the whole molecular
system. This requirement was hitherto missing in all previous applications
of CTCB and OCT to polyatomic systems.
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In the generalized approach the probabilities p? = {p*} of the constituent
inputs in the given externally decoupled (noncommunicating and non-
bonded) subchannel «” of the system “promolecular” reference M’ =
(«°|B°...) should thus exhibit the internal (intrasubsystem) normalization,
Y weo P2 = 1, we have denoted the externally closed status of each fragment in
M by separating it with the vertical solid lines from the rest of the molecule.
Therefore, these subsystem probabilities are, in fact, conditional in character;
pe = P(ala) = p,/P,, calculated per unit input probability P, = 1 of the whole
subsystem « in the collection of the mutually nonbonded subsystems in the
reference M°, that is, when this molecular fragment is not considered to be a
part of a larger system. Indeed, the above summation over the internal orbital
events then expresses the normalization of all such conditional probabilities
in the separate (or isolated) subsystem «”:) ", P(ala) = 1.

This situation changes discontinuously in the externally coupled (commu-
nicating and bonded) case, when the same subsystem exhibits non-vanishing
(no matter how small) communications with the remainder of the molecule
M = (a|B}...). Such bonded fragments of the molecule are mutually open,
as symbolically denoted by the vertical broken lines separating them. They
are characterized by the fractional condensed probabilities P = {PM < 1},
which measure the probabilities of the constituent subsystems in M as a
whole. Therefore, the input probabilities of the bonded fragment « in M,
pM = {pM = P pe}, are then subject to the molecular normalization: Y, p* =
Py . p* = P). The need for using the molecular input probabilities then
causes a discontinuous change in the system covalent/ionic bond compo-
nents compared with the corresponding decoupled (promolecular) values.
Indeed, the former corresponds to the unit norm of input probabilities for
all molecular subsystems, whereas in the latter, each decoupled fragment
appears as a separate system, thus alone exhibiting the unit probability
normalization.

In the previous, fixed-input determination of the IT bond indices this
discontinuity in the transition from the decoupled to the coupled descrip-
tions of the molecular fragments prevents an interpretation of the former
as the limiting case of the latter, when all external communications of the
subsystem in question become infinitely small. In other words, the fixed-
and flexible-input approaches generate the mutually exclusive sets of bond
indices, which cannot describe this transition in a continuous (“causal”)
fashion. As we have demonstrated in the decoupled approach of the pre-
ceding section, only the overall input normalization equal to the number of
the decoupled orbital subsystems gives rise to the full agreement with the
accepted chemical intuition.

Therefore, in this section we shall attempt to remove this discontinuity
in the unifying, flexible-input generalization of the use of the molecular
information systems. We shall demonstrate that in such an extension the
above limiting transition in the communication description of the subsystem
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decoupling in the molecule finds the continuous (causal) representation. In
order to make this transition continuous, the separate input-dependent dis-
tributions, tailored for each ith input event, have to explicitly depend on the
structure of its molecular communications, which is embodied in the ith row
of the system two-orbital conditional probabilities. Indeed, they have to con-
tinuously increase the overall norm of the distribution for the given input
orbital with increasing localization of the molecular scattering of this input
signal to reach the unit input norm in the limit of this orbital being totally
decoupled from the rest of the molecule.

The essence of the new proposition lies in a separate determination of
the entropy/information contributions due to each AO input in the molec-
ular channel specified by the conditional probabilities P(b|a). This goal can
be tackled by using the separate probability distributions tailored for each
input. The hitherto single molecular propagation of the overall molecular
input probabilities p of the previous approach, carried out to extract the IT
covalent bond descriptor, will now be replaced by the series of m molec-
ular propagations of the separate probability distributions {p(i) = {p(k;i)}
for each molecular inputi =1,2,...,m, which generate the associated cova-
lencies: {S(i) = S[p(i)]}. The reference promolecular probabilities, also input
dependent {p(i®) = {p(k;1°)}, will be used to estimate the corresponding
ionic contributions due to each input: {I(i) = I[p(i®)]}. Together, these input-
dependent contributions generate the corresponding total indices {N (i) =
I(i) + S(i) = N[p(@®), p()]}. Finally, the overall IT bond descriptor of M as
a whole will be generated by the summation of all such additive con-
tributions determined in the separate propagations of the input-tailored
molecular/promolecular distributions: N' = Y, N(i). In the average molec-
ular quantities, these contributions must be weighted with the appropriate
ensemble probabilities of each input, for example, the molecular probabilities
p={pi}.

There are obvious normalization (sum) rules to be satisfied by these input-
dependent probabilities. Consider first the completely coupled molecular
channel, in which all orbitals interact chemically, thus exhibiting nonvan-
ishing direct and/or indirect communications with the system remainder. In
this case all molecular inputs have to be effectively probed to the full extent
of the unit condensed probability of the molecule as a whole:

Y pkdl =3 pkiHl =1 (23)
k k

This condition recognizes a general category of these input-dependent
probabilities {p(k; i)} and {p(k;1°)} as conditional probabilities of two-orbital
events, that is, the joint probabilities per unit probability of the specified
input: p(k; i) = p(k|i) and p(k; i) = p(k|®). However, it should be emphasized
that these probabilities are also conditional on the molecule as a whole, since
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they correspond to the unit input probability in Mor M°, > ".p;=>".p) =1,
p(kli) = p(kli|M) = P(kli), pk|®) = p(k|i0||M0) = P(k|®) = P(kli). (24)

In case of the decoupled single-orbital subsystem x!, only the diagonal
probability scattering P;(i|i) = 1 is observed in the molecule (Scheme 1.1b).
The input-tailored conditional probabilities then refer to the unit input
probability of the input (i) alone:

p(kli) = p(ililli) = p(ili)d;x = p(kli®) = pl°[11°) = p°[i°)8ix = 8. (25)

In order to make the fragment decoupling continuous in this general-
ized description, the input probabilities {p(i), p°(i)} have to be replaced by
the separate distributions reflecting the actual participation of ith AO in
the chemical bonds (communications) of the molecule. Therefore, they both
have to be related explicitly to the ith row in the conditional probability
matrix P(bla) = {P(j|i)}, which reflects all communications (bonds) between
this orbital input and all orbital outputs {j} (columns in P(b|a)). This link
must generate the separate subsystem probabilities p°, when the fragment
becomes decoupled from the rest of the molecular system, o — o, when
Pla,) — {P(b,|a,)s,s}, where P(b,|a,) = {P(a'|a)}. Indeed, for the decou-
pled subsystem « = (4,4, .. .) only the internal communications of the corre-
sponding block of the molecular conditional probabilities P(b,|a,) = {P(a'|a)}
are allowed. They also characterize the internal conditional probabilities in
o’ since

p(lille®) = pG, jlla®) /p(lle’) = PG, jIM)/pGIM) = p(lilIM) = P(li).  (26)

Hence, {p(klalla’) =p.(@'|a)s, s =p(kla’||a®) = p.(a'|a")8, 5 = P(@'|a)S,,4); again,
the AO inputs in « are to be probed with an overall unit condensed
probability: > . P(@'|a) = 1.

In the input-dependent molecular channels, all these requirements can
be shown to be automatically satisfied when one selects the input-tailored
probabilities, we seek, as the corresponding rows of the molecular condi-
tional probability matrix P(bla) = {P(j|i)}. Consider the conditional-entropy
contribution from ith channel:

S() ==Y _ > Plkj;Dlog,[PG, k) /p] = = > P(kli) [Z P<j|k>log2P<j|k>].
koo k j
(27)

Since this entropy-covalency corresponds to the overall unit norm of
probability distribution associated with ith input, in the average molecu-
lar quantity, corresponding to all mutually open basis functions, it has to
be weighted by the actual probability p; of this input in the molecule as a



Bond Differentiation and Orbital Decoupling in Orbital-Communication Theory 19

whole. It can be directly verified that such averaging indeed reproduces the
molecular index of Eq. (9):

Saw. =Y _pSG) =Y Si=—Y_ Y [pPklhIP(lk)log,Plk)
i i i ko
=-2. [Z P(k, i>} P(jllolog,P(jlk) = = > peP(jlk)log,P(jlk)
k j i k j

==Y P(,blog,Pjlk) = S. (28)
— &

]

A similar demonstration can be carried out for the mutual-information
(ionic) contributions:

1G) =) Y P, jlilog,[PG, k) / (pip)] = =S@) — Y Y PG, k)log,p}

k j k ]

=—5() — Y_plog,p} = —SG) + HIp°],

k
Lo=)Y pl)=) I=—-S+HIp], (29)

Thus, it follows from these contributions that they also reproduce the
overall molecular bond index as the mean value of the partial, input AO
contributions:

NG =SG) +1G) ==Y Y P, j)log,p},

ko

Now= Y pN() = YN = N = Hp']. (30)

To summarize, in the flexible-input extension of OCT the consistent use
of the molecular channel is proposed, with only the molecular inputs being
used in probability propagation. However, the promolecular reference dis-
tribution is seen to enter the final determination of the ionic (difference)
components relative to the initial distribution of electrons before the bond
formation.

As an illustration (see Scheme 1.2a), let us again consider the two-AO
channel of Scheme 1.1a. We first observe that the input-dependent distribu-
tions in this model are identical with the molecular distribution (see Eq. [18]).
The partial and average IT descriptors are also reported in this diagram, rela-
tive to the reference distribution p° = (1/2,1/2) of the covalent promolecule,
when two AOs contribute a single electron each to form the chemical bond.
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p(a), p(b) p(a), p(b)
p(@°), p(t°) P(bla) p(a°), p(b°)
P—pa P—» a—pP Sa = PH(P) Sp=QH(P)
2 lo=P1=H(P)] I = Q1 —H(P)]
Q—»b—Q—>»bh—>»Q Na=Sa+1la=P M=S+I=Q

Sav. =Sq+Sp =H((P) =S lv. =la+1Ipb =1—HP) =1 /\/;MZNH‘}‘-/\/Z):]:N

Scheme 1.2 The flexible-input generalization of the two-AO channel of Scheme 1.1a for the
promolecular reference distribution p® = (1/2,1/2). The corresponding partial and average
entropy/information descriptors of the chemical bond are also reported.

The flexible-norm generalization of the previous OCT completely reproduces
the overall IT bond order and its components reported in Scheme 1.1.

It follows from the input probabilities in Scheme 1.2 that in the limit of the
decoupled (lone-pair) orbital e, = a(P =1) 0Or @pona. = b(Q = 1) its input
probability becomes 1, while that of the other (empty) orbital identically van-
ishes, as required. The unit input probability of the doubly occupied AO in
the channel input is then deterministically transmitted to the same AO in
the channel output, with the other (unoccupied) AO not participating in the
channel communications, so that both orbitals do not contribute to the resul-
tant bond indices. Therefore, the flexible-input approach correctly accounts
for the MO shape decoupling in the chemical bond, which was missing in the
previous, fixed-input scheme.

It is also of interest to examine the dissociation of this model molecule
A-B into (one-electron) atoms A and B, which determine the promolecule.
Such decoupled AO corresponds to the molecular configuration [¢} 4 @51
since the Slater determinant |@uond. @ans.| = |ab|. Indeed, using the orthogonal
transformations between x = (4,b) and ¢ = (Yoond., Panti.),

XZ"’[—% Jfg]zw and ¢ =xC, C'C=cC =],

one can directly verify that y[p.,, ¢..]=CC' =1=P(bla), so that the
decoupled AO inputs become p(a) = p(a°) = (1,0) and p(b) = p°) = (0, 1),
each is separately unity normalized.

Therefore, while still retaining the essence of the previous approach,
the new proposition introduces in OCT of the chemical bond that is the
desired input flexibility generating the continuity in the IT description of
the fragment decoupling process. This generalization covers in a common
framework both the completely coupled AO in the molecule and the limiting
cases of its subsystems being effectively decoupled in the molecular chan-
nel. In the former case, the resultant input signal corresponds to the unit
norm of the condensed probability distribution. In the case of n-mutually
separated fragments, this flexible normalization is automatically increased
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to n by the choice of the flexible probabilities for each input represented by
the conditional two-orbital probabilities. As we have shown in the previ-
ous section, such an approach dramatically improves the agreement with
the accepted chemical intuition. It also has the conceptual and interpretative
advantages by providing a unifying description capable of tacking both the
coupled and decoupled molecular fragments in a single theoretical frame-
work and generating the continuous description of the shape-decoupling
limit, so that the decoupled subsystems appear naturally as those exhibiting
infinitely small communications with the molecular remainder.

It should be emphasized that in calculating the “ensemble” average
bond components of Eq. (28), the product >, p;P(k|)P(jlk) =Y, P(i, k)
P(jlk) = P (i, }) represents an effective joint probability of orbitals x; and ;
in a molecule. Indeed, the amplitude interpretation of Eq. (4) gives >, p;:P(j|k)
P(kli) o< p; Yo, (1o @Ik (Kl@) @li) = piljIP, P, Pyli) = piIP, liy o piP(jli),  since
p,P, =P, and P,P, = P,. Therefore, this probability product in fact mea-
sures an ensemble probability of simultaneously finding an electron on
orbitals x; and ;. In Section 8, we shall use such diatomic (bonding) probabil-
ity weights, when x;cs and xjes, in determining the effective IT descriptors of
chemical interactions in diatomic fragments of the molecule.

5. POPULATIONAL DECOUPLING OF ATOMIC ORBITALS

The previous formulation of CTCB in atomic resolution was shown to fail to
predict a steady decrease in the resultant bond order with increasing occu-
pation of the antibonding MO [9, 43—45]. The same shortcoming is observed
in the fixed-input OCT. For example, in the N = 3, electron system described
by the two-AO model, [M(3)] = [¢2,,4 ¢i.: ], one obtains S = 0.47, I = 0.48,
and N = 0.95. Therefore, despite a half occupation of ¢,,;, MO the overall
bond multiplicity remains almost the same as in the completely bonding
configuration of the two-electron system [M(2)] = [¢Z, ] Moreover, this
probabilistic approach cannot distinguish between the two bonding config-
urations for N = 1, [M(D)] = [¢},.4 ], and N = 2, [M] = [¢, 4 ], predicting the
same bond indices, reported in Scheme 1.1a. Similarly, for the total popu-
lation decoupling in the N =4 electron system, [M(4)] = [¢Z 4 ¥2..] one
predicts S =0, I = N = 1. This is because the probabilistic models loose the
“memory” about the relative phases of AO in MO [43-45], which is retained
by the elements of the quantum-mechanical CBO matrix and density of the
nonadditive Fisher information [34-38]. Therefore, in this approach only
the covalent index reflects the nonbonding (noncommunicating) status of
AO in this limit. This diagnosis indicates a need for introducing into the
MO-resolved scheme the information about the bonding/antibonding char-
acter of specific (occupied) MO, which is not reflected by their condensed
electron probabilities in atomic resolution.
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Let us now put to the test the performance of the flexible-input chan-
nels, which were shown to properly account for the MO shape decoupling.
In the limiting case of the complete population decoupling in the two-AO
model, when both doubly occupied basis functions remain effectively non-
bonding in the molecule, y = 2I and hence P(b|a) = I. Therefore, the two
completely occupied AOs remain effectively closed (noncommunicating and
decoupled) for any level of their mixing measured by the AO-probability
parameter P. Again, the input-dependent probabilities separately exhibit
the unit probability norm, completely localized on a single orbital: p(a) =
p@®) = (1,0) and p(b) = p(t°) = (0,1). Thus, this scheme correctly predicts
the nonbonding (nb) character of such a hypothetical electronic structure:
S =" = N™ = 0. Obviously, the same result follows from the flexible-
input contributions to the system average entropy/information descriptors.
However, the problem of distinguishing between the two bonding cases, a
half-bond for N =1 and the full single bond for N = 2, still remains, and
the descriptors of the N =3 channel also grossly contradict the chemical
intuition.

This failure to properly reflect the intuitive MO-population trends by the
IT bond indices calls for a thorough revision of the hitherto used overall
communication channel in AO resolution, which combines the contributions
from all occupied MOs in the electron configuration in question. Instead, one
could envisage a use of the separate MO channels introduced in Section 2
(Eq. [7b]). As an illustration, let us assume for simplicity the two-AO model
of the chemical bond A-B originating from the quantum-mechanical interac-
tion between two AOs: x = (a € A,b € B). The bond contributions between
this pair of AO in the information system of sth MO,

/S:z,b(gps) = S[Ps(b |ﬂ)],
Zp(ps) = H[pY] — S(g5),
Yo (@5) = Sup(@s) + Zp(0s) = HI[P"], (31)

would then be straightforwardly recognized as bonding (positive), when
Vap(@s) > 0, or antibonding (negative), when y,,(¢;) <0, and nonbonding
(zero), when y,;(¢;) = 0. Here, p? denotes the input probability in the ¢, infor-
mation channel. Alternatively, the purely molecular estimate of the mutual
information Z[p, :p.] can be used to index the localized bond ionicity.

In combining such MO contributions into the corresponding resultant
bond indices for the specified pair (i,j) of AO, these increments should
be subsequently multiplied by the MO-occupation factor M ={f, = n,/2},
which recognizes that the full bonding/antibonding potential of the given
MO is realized only when it is completely occupied, and by the correspond-
ing MO probability PV® = {P, =n,/N}. The resultant A-B descriptors would
then be obtained by summation of such occupation/probability-weighted
bonding or antibonding contributions from all occupied MOs, which
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determine the system chemical bonds:

SG,j) =Y signlys (@) IPLS: (), 4G, ) =Y signly:i(9)IPfisi (),
M, j) =) signly; (@) P j(@0). (32)

As shown in Scheme 1.3, these resultant IT indices from the MO-resolved
OCT do indeed represent adequately the population-decoupling trends for
N =1 =+ 4 electrons in the two-AO model.

Consider now another model system of the 7 electrons in allyl, with the
consecutive numbering of 2p, = z orbitals in the carbon chain. In the Hiickel
approximation, it is described by two occupied (canonical) MOs:

i [L(Zl +z3) + zzi| (doubly occupied) and

wl:ﬁ «/E
1
= (z,—z singly occupied), 33
¢ ﬁ(l ) (singly pied) 33)

which generate the corresponding MO and molecular CBO matrices,

([t V21 10—
Y1=§ ﬁ 2 \/E/ Yz=§ 0 0 01,
1 V2 1 -1 0 1

[ 2v2 o0
Y=Y1+Yz=§|:\/§ 2 \/E:|, (34)

0 V2 2

and the molecular information system shown in Scheme 1.4. The correspond-
ing MO information systems, generated by the partial CBO matrices {y},
using the MO-input probabilities of AO, p, = {p(ils) = y;(s)/n}, are reported
in Scheme 1.5; their normalization requires that ), p(ils) = 1.

It follows from Egs. (2b, 7a, and 7a) that there are no analytical combina-
tion formulas [9] for grouping the partial MO bond indices of Scheme 1.5 into
their overall analogs of Scheme 1.4. Indeed, the MO channels are determined
by their own CBO structure, and a variety of their nonvanishing communica-
tion connections between AOs generally differ from that for the system as a
whole. Moreover, the input (conditional) probabilities used in Scheme 1.5 do
not reflect the two MO channels being a part of the whole molecular channel.
The latter requirement is only satisfied when the two networks are paral-
lely coupled [42] into the combined information system, in which the input
probabilities are given by the corresponding products {p, = P,p,}, where
the MO probabilities PM° = {P,} = (2/3,1/3). In allyl such molecular inputs
give the following IT descriptors of the two MO channels: 5, = P;S; =1,
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(@) Vo= [ PQ
P—>a~—P—ba—>»P vPQ  Q

Q Slgp) = H(P)

P Agp) =H(3) —H(P) =1—H(P)

Q—>»b—Q—>»b—>»Q

App) = S(pp) + Agp) =1

) o
—»ra—Qq—>a—>a . LVPQ P
>< S(pa) = HP)
Q Apa) =H(1) —H(P) =1—H(P)

P—»b—P—»b—>»P
Mepq) = S(¢a) + Apq) =1

(€)

— P \/P7Q — P Q MO __
Pa Y= [m Q ] P(bla) = [P Q:| PY> =(1,0)

—A—,  5=1s(p)=(1)HP r=1pp)= (NN —HP] =1 Mgp) =1

0o v=2 o O reio=[; 3] P00

S=S(gp) =H(P) r=LAgp) =[1—HP)]  &¥=Mgp) =1

y=|?*Q VPQ P(blay— (P+D?/GP+T)  PQ/GBP+T) PMO_ (2,1
T | VPQ  2Q+P Tl QP/BQR4D (Q+1MY/BQH+ R

+ Pp
—+—
—H— o 5=(3)5) — (3)5(0a) = JHP) 7= (3)4ps) = ()4a) = (7)1 = H(P)]
+ Pa
+ Pb

A= (3)Mgp) — (3)Mpa) =3

v=15 9 i =[] P = (1,1)
5=(3)S(en) — (3)5(pa) =0 7= (D App) — (3)Apa) =0
r=(1)Mep) — (3)Mpq) =0

Scheme 1.3 Decoupling of atomic orbitals in the MO-resolved OCT (2-AO model) with
increasing occupation of the antibonding combination of AO. Panels a and b sum-
marize the bonding and antibonding channels, while Panel c reports the associated
probability/occupation-weighted indices.



Bond Differentiation and Orbital Decoupling in Orbital-Communication Theory 25

p, p° p*
13— 21— 2/3—> 21— 11/36
113
1/4
103—»2,<—12—» z,—» 7/18 S=1N | =046 N =158
1/4
1/3

13— 23=—2/3—»23—» 11/36

Scheme 1.4 The molecular information channel of 7 electrons in allyl and its overall IT
bond indices.

91: 92:
P1 P,(bla) P4 P2 P,(bla) P>

14—z 14—>» zy—»1/4 12— 21— 12— > z;—» 112
1/2

112
12— 25— 12 — > 23— 112

Sz=j\f2=1 l2=0

Sy=N;=3/2

Scheme 1.5 The molecular 7-electron information systems for two occupied MOs in allyl
(Eq. [33]). The corresponding MO bond indices (in bits) are also reported.

I, = —Pilog,P, = 0.39; S, = P,S, = %, I = —P;log,P, = 0.53. Such molecular
inputs thus generate the nonvanishing IT ionicities, which sum up to the
group entropy I = I, + I, = H[P"°] = — }"_P,log,P, = 0.92.

One then observes that the overall index of Scheme 1.4, N' = 1.58 = H[p"],
predicting about 3/2 w-bond multiplicity in allyl, can be reconstructed by
adding to this additive-ionicity measure, the sum of the bonding (posi-
tive) entropy-covalency S, of the first MO and the antibonding (negative)
contribution (—S,) due to the second MO:

Si+(=S)+I1=N. (35)

One also notices that the population-weighting procedure of Scheme 1.3,
with f; = 1and f, = 1/2, gives a diminished bond multiplicity:

N = fiP1S1 — f,P,S, + (fljl —fzjz) =f1(§1 + 1) —fz(gz +1)
=N, — foN, = 0.96, (36)
thus predicting roughly a single 7 bond in allyl. The latter result reflects
the fact that only a single-bonding MO, ¢, is completely occupied, whereas

the antibonding combination ¢, of AO on peripheral carbon atoms remains
practically nonbonding.
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In the same Hiickel approximation the delocalized = bonds in butadiene
are determined by two doubly occupied canonical MOs with PY° = (1, 1)

andfMO =(1,1),

o1 =a(z1 +2z) + bz +23), @2 =bz —z) talzy—z), 2@ +b)=1

a—l 1 ! =0.3717 b—1 1+ ! = 0.6015 (37)
=3 Nl , =3 N .

The corresponding CBO matrices,

a*> ab ab a? v ab —ab -1?
_,|ab b*> b* ab _o| @ a? a*> —ab
Vi=2lap o oab|” VT —ab -2 2 ab |’

a*> ab ab a4 —b* —ab ab b?
V5 2 0 -1
12 V5 1 0
-1 0 2 5

generate the associated AO-information channels as shown in Schemes 1.6
and 1.7.

> 1/4
> 1/4
1110
1/4 ——> 235—1/2 >z, > 1/4
2/5
1110
2/5
14— z, 1/2 >z, > 1/4
S=1.36 1=0.64 N=2

Scheme 1.6 The overall 7-electron channel in OCT for butadiene derived from the Huckel
MO.
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o1 z P, = {p(i)} = (a%,b2,b%,d%)

o
N

Z, a* = 01382, b?=023818

p(l1) —>z; b?
z3 SSi=MN =185 hL=0

Z4
7% 2z p, = {p(il2} = (b?,d* a*,b?)

22

p(il2) —>z
3 S, =N, =185 5, =0
b

A A

24

Scheme 17 Probability scattering in the Huckel w-MO channels of butadiene for the
representative input orbital z; = 2p,; and the associated MO entropies.

The overall data correctly predict the resultant double multiplicity of
all # bonds in butadiene. In the one-electron OCT treatment, they exhibit
rather substantial IT ionicity [48], which indicates a high degree of deter-
minism (localization) in the orbital probability scattering, compared with the
previous two-electron approach [9]. A reference to the preceding equation
indicates that a half of the reported entropy for ¢, is associated with the
antibonding interactions between AOs, as reflected by the negative values of
the corresponding elements in the MO CBO matrix. Therefore, the bonding
and antibonding components in S, cancel each other, when one attributes
different signs to these AO contributions. The group ionicity I =1, + I, =
H[P"°] = 1and hence Eq. (35) now reads S, + (15, — 15,) + I = 1.925, where
S, = P.S,, thus again predicting roughly two 7 bonds in the system.

In the Hiickel theory the three occupied MO, which determine the = bonds
in benzene, PY = 11, where 1 stands for the unit row matrix, read

1
0= —=(21+2, + 23 + 24 + 25 + 2Z),

NG

1
%=§@+h—h—w,

1
Q3 = ﬁ(zl — Zy — 223 —Zy + Zs + 2Z6)‘ (39)

They give rise to the overall CBO matrix elements reflecting the mw-electron
population on orbital x; =z, y,; =2z, y;,; =1, and the chemical coupling
between x; and its counterparts on carbon atoms in the relative ortho-, meta-,
and para-positions, respectively, y;;.1 = 2/3, Viia =0, ¥ii43 = —1/3. The resul-
tant scattering of AO probabilities for the 7 electrons in benzene is shown in
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Zi
1/2
}'zi+1
16 —» z; 0 $=170 L, =089 N =258
Ziy2
1/18
Zj+3

Scheme 1.8 The probability scattering in benzene (Huckel theory) for the representative
input orbital z; = 2p,; and the associated OCT entropy/information descriptors.

Scheme 1.8. The overall bond multiplicity is somewhat lower that V' = 3 pre-
dicted for the three localized 7 bonds in cyclohexatriene since in benzene, the
mw-bond alternation is prevented by the stronger ¢ bonds, which assume the
maximum strength in the regular hexagon structure [64-67].

All matrix elements in y; =2(x |151|x) = (%)1, where x = (21,2, 23,24, Z5, Zg)
and all elements in the square matrix 1 are equal to 1, are positive (bonding),
whereas half of them in y, and y; is negative, thus representing the antibond-
ing interactions between AOs. The nonvanishing elements in y, are limited
to the subset x' = (21,2, 24, 25):

1 1 -1 -1

nh on 1 1 1 -1 -1

-1 -1 1 1

while y; explores the whole basis set x:
-1 -2 -1 1 2
1 2 1 -1 -2
N 1 2 4 2 -2 -4
vs =2(x|Pslx) = = (41)

1
-1
-2
6|-1 1 2 1 -1 -2
1 -1 -2 -1 1 2
2 -2 -4 -2 2 4
These CBO matrices of the occupied MO give rise to the following
communications and input probabilities in the associated MO channels:

110110
110110
1 1 110 0 0 0 00
110110
0 000 0O



Bond Differentiation and Orbital Decoupling in Orbital-Communication Theory 29

1 1
p2 = 1(1/ 1/0/1/ 1/0)/ P3(b|ﬂ) = E

I N N
e e
[N Y TS S
e N = N gy
e
B = s s s s

1
pr=5(L1,4,1,1,4). (42)

The corresponding entropy/information descriptors then read as follows:
51=M=258,11:0, 52:./\[2:2,1220, 832/\/—3:225,1320 (43)

The group ionicity I=L+L+1L =H[P"] =158 and S, = S,/3 then also
gives rise to roughly (2.5)-bond multiplicity, with the bonding (positive) and
antibonding (negative) contributions in S, and S; approximately canceling
each other.

6. BOND DIFFERENTIATION IN OCT

It has been demonstrated elsewhere that the bond alternation effects are
poorly represented in both the CTCB formulated in atomic resolution [9]
and in its OCT (fixed-input) extension [48]. The OCT indices from the alter-
native output reduction schemes have been shown to give more realistic
but still far from satisfactory description of the bond alternation trends in
these molecular systems [48]. This is because in purely probabilistic models,
the bonding and antibonding interactions are not distinguished since con-
ditional probabilities (squares of the MO-CBO matrix elements) loose the
information about the relative phases of AO in MO. However, this distinction
is retained in the off-diagonal CBO matrix elements, particularly in the sepa-
rate CBO contributions {y} from each occupied MO. Since the OCT analysis
of the bonding patterns in molecules provides the supplementary, a posteriori
description to the standard MO scheme in this section we shall attempt to use
this extra information, directly available from the standard SCF MO calcula-
tions, to generate more realistic “chemical” trends of the w-bond alternation
patterns in the three illustrative systems of the preceding section.

The problem can be best illustrated using the simplest allyl case. As dis-
cussed elsewhere [9, 22], the entropy/information indices for the given pair
of atomic orbitals can be extracted from the relevant partial channel, which
includes all AO inputs (sources of the system chemical bonds) and the two-
orbital outputs in question, defining the localized chemical interaction of
interest. In Scheme 1.9, two examples of such partial information systems are
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(@) 1/3 —p 21 ~2/3—Pz;—P11/36
1/3

1/4
13— 2, Z 12— 7z,—P7/18 S(1,2) = 0.82 I(1,2) =024 N(1,2) = 1.05

113
13— 73

(b) 1/3 —» zy—23—Ppz;—P11/36

1/4
13 —» 2, 5(1,3) =059 I(1,3) =045 N(1,3) =105
1/4

1/3 ——P 23— 2/3—Pp-zZ3;—P11/36

Scheme 1.9 The molecular partial information channels and their entropy/information
descriptors of the chemical interaction between the adjacent (Panel a) and terminal (Panel b)
AO in the rr-electron system of allyl.

displayed for the nearest neighbor (z;, z,) and terminal (z;, z;) chemical inter-
actions. They have been obtained from the molecular channel of Scheme 1.4,
by removing communications involving the third, remaining AO of this min-
imum basis set of # AO. It follows from these illustrative sets of indices that
the two partial channels give rise to identical overall index N, with only
the IT-covalent/ionic components differentiating the two bonds: the nearest
neighbor interaction exhibits a higher “noise” (covalency) component and
hence the lower information-flow (ionicity) content. In the Hiickel theory
the corresponding partial information systems in the butadiene 7-electron
system predict identical indices for all pairs of orbitals, S(i, ) = 0.68, I(i,j) =
0.25, and N(i,j) = 0.93, thus failing completely to account for the 7-bond
alternation.

To remedy this shortcoming of the communication theory, one has to
bring into play the known signs of interactions between the specified pair
@i,j) of AO in the given MO g, in order to recognize them as bonding
(exhibiting a “constructive” interference), y; ;(s) > 0, or antibonding (involv-
ing a “destructive” interference), y;;(s) < 0, with y;;(s) = 0 corresponding
to the nonbonding (zero communication) case. The MO-resolved channels
are vital for the success of such an approach since the bonding interaction
between the given pair of AOs in one MO can be accompanied by the anti-
bonding interaction between these basis functions in another occupied MO.
This extraneous information determines the signs of contributions in the
weighted contributions of Eqs. (31 and 32) from the partial MO channels,
including the two specified orbitals in their input and output, and using
the fragment-renormalized MO probabilities [9, 26]. It should be observed
that in the flexible-input approach of Section 4 the nonbonding AOs, which
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(a) zy—zy:
113 —»zy—14—>z,—>» 1/4 o nale) >0
1/2 Sia(p) =1 Aale) =0 Ma(g) =1
1/4
213 —»2,—1/2—»2Z,—» 1/2 S(1,2) =2/3 71,2) =0 M1,2) =2/3
(b) z4—2z5:
12 —» zy —1/4—> zi—> 14 911 ns(g) >0
1/4 S3(p) =1 Az(p) =1 M3(p) =1
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12— 23 7—12—> 23— 12 SO1,3)=2/3-1/6=1/2 Z1,3)=0 1,3)=1/2

Scheme 1.10 The partial MO-information channels and their entropy/information descrip-
tors of the chemical interactions between the nearest neighbor (Panel a) and terminal
(Panel b) AO in the m-electron system of allyl.

communicate only with themselves, gives rise to the separate AO channels
of Scheme 1.1b, thus not contributing to the resultant bond descriptors.

An illustrative application of such scheme to 7 electrons in allyl, for
which PM° = (3, %),fMO =(1L3),7.=(33 1), and p, = (3,0,3), is reported
in Scheme 1.10. One observes that z;—z, interaction has only the bonding con-
tribution from ¢,, while the effective z;—z; interaction combines the bonding
contribution due to ¢, and the antibonding increment originating from ¢,.
This scheme is seen to generate (2/3)-bond multiplicity between the near-
est neighbors and a weaker half-bond between the terminal carbon atoms.
This somewhat contradicts the Wiberg'’s covalency indices predicting a half
Z1-2, bond and a vanishing z;—z; interaction. The reason for a finite value of
this bond index in OCT is the dominating delocalization of electrons in ¢,
throughout the whole 7 system.

Let us similarly examine the localized 7 interactions in butadiene, for
which PY° = (3, 1), f*° = @, 1), p, = @V, 12, a*), and p, = (b*,a%,a%, 1?). A
reference to Eq. (38) indicates that the equivalent terminal pairs of AQO,
Z1—2z, and z3-z4, exhibit only the bonding interactions in ¢; and ¢,, while
the remaining AO combinations involve the bonding contribution from ¢,
and the antibonding from ¢,. These MO increments are summarized in
Scheme 1.11 (see also Scheme 1.7).

These diatomic IT indices predict the strongest terminal (1-2) or (3-4) &
bonds, which exhibit somewhat diminished bond multiplicity to about 92%



32 Roman F. Nalewajski, Dariusz Szczepanik, and Janusz Mrozek

of the unit value in ethylene, and the vanishing bond orders of the (1-3)
and (2-4) interactions. The middle (2-3) = bond measures about 14% of the
ethylene reference value, while the chemical interaction between terminal
carbons (1-4) is diagnosed as being antibonding in character, in full confor-
mity with the negative value of the corresponding off-diagonal element in
the overall CBO matrix (Eq. [38]). These predictions should be compared
with the associated quadratic indices 7, ;= yl.,z]. of Wiberg, 7, =7,,=0.8,
M3 =, =0, and %, , =7%,5 =0.2, which unrealistically equates the partial
bonding (2-3) and antibonding (1-4) interactions.

As final example let us reexamine from the present perspective a differ-
entiation of the localized 7-bonds between the two carbon atoms in the
relative ortho-, meta- and para-positions in benzene [9, 48]. This weighted
MO approach makes a separate use of the diatomic parts of the canonical
MO channels, with the bonding and antibonding contributions identified by
the signs of the corresponding coupling elements in the MO density matri-
ces {y.}. It should be realized that while the canonical (delocalized) MO
completely reflect the molecular symmetry, its diatomic fragments do not.
Therefore, the bond indices generated in this scheme must exhibit some dis-
persions so that they have to be appropriately averaged with respect to the
admissible choices of the corresponding orbital pairs to ultimately generate
the invariant entropy/information descriptors of the ortho-, meta-, and para
7 bonds in benzene. We further observe that in this 7 system, PM® = (.3 3)
and Y = (1,1,1).

Scheme 1.12 summarizes the elementary entropy/information increments
of the diatomic bond indices generated by the MO channels of Eq. (42). They
give rise to the corresponding diatomic descriptors, which are obtained from
Eq. (32). For example, by selecting i =1 of the diatomic fragment consisting
additionally the j=2, 3, 4 carbon, one finds the following IT bond indices:

S(1,2) =a11,2) =042, (1,3) =1,3)=0.01,
S(1,4) =M1,4) = —0.25.

These predictions correctly identify the bonding, a practically nonbonding,
and the antibonding characters of = bonds between two carbons of the ben-
zene ring in the relative ortho-, meta-, and para-positions, respectively, as
indeed reflected by the overall CBO matrix elements. However, due to a
nonsymmetrical (fragment) use of the symmetrical MO channels, these pre-
dictions exhibit some dispersions when one explores other pairs of carbon
atoms in the ring, giving rise to the following average descriptors:

S(ortho) = Mortho) =0.52, S(meta) = V(meta) =0.06,
S(para) = Mpara) = — 0.19.
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Scheme 1.11  The partial MO-information channels and their entropy/information descrip-
tors for the two-orbital interactions in the 7 -electron system of butadiene.

The above ortho result shows that the overall IT bond multiplicity between
the nearest neighbors Af{ortho) ~ 0.5 is indeed compromised in benzene,
compared with A'=1 in ethylene, due to the effect of the prohibited bond
alternation, enforced by the stronger o bonds [64—67]. Again, the magnitudes
of these IT indices generally agree with the corresponding Wiberg indices:
Worino = 0.44, Wyera =0, and %,,.., =0.11. Note, however, that OCT properly
recognizes the para interactions in benzene as antibonding, whereas in the
Wiberg scheme, this distinction is lost.
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Scheme 1.12  The elementary entropy/information contributions to chemical interactions
between two different AOs in the minimum basis set {z; = 2p,;} of the 7-electron system in

benzene.

7. LOCALIZED o BONDS IN COORDINATION COMPOUNDS

The decoupled description of hydrides (Section 3) can be naturally extended
into the localized o bonds between the central atom/ion X and the coordi-
nated ligands {L,}, for example, in the coordination compounds of transition
metal ions or in SF,. Consider, for example, the octahedral complex XL, with
the ligands placed along the axes of the Cartesian coordinate system: {L; (e),
Ly(e)}, e=x, y, z. The X-L, bond then results from the chemical interaction
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between six acceptor (partially occupied) d*sp® hybrids {H,} of X and the
corresponding donor (doubly occupied) {o,} orbitals of ligands. The corre-
sponding localized MO, which determines the communication channel of
the separate bond M-L,, « =1,2,...,6, now include the (doubly occupied)
bonding MO ¢,(«), with the two electrons originating from the donor o,
orbital, 7, = N, (o) = 2, and the antibonding MO ¢,(«), in general partly occu-
pied with 1, = Nx(«) electrons originating from X, which result from the two
basis functions x, = (H,, 0,):

@@ =vPH, +/Qo,, ¢.(@)= —/QH, ++vPs,, P+Q=1. (44)

The associated CBO matrix elements and the corresponding conditional
probabilities they generate now depend on the initial number of electrons 7,
on H,, which are contributed by X to the ath o bond (see also Scheme 1.3),

VHy Hy = 2P + nan You,00 = ZQ + nﬂPI VYHy,00 = You,Hy = (2 - na)\/ PQ (45)

Indeed, n,=0, for example, in SF;, determines the maximum value of the
magnitude of the coupling CBO element vy, ,, = o, n, =2+/PQ, and 1, =1
diminishes it by a factor of 2, while the double occupation of ¢,(«) gives
rise to the nonbonding state corresponding to the separate, decoupled
subchannels for each orbital,

YHoHe = Vou,00 = 2 and VHo0a = YouHa = 0, (46)

which do not contribute to the entropy/information indices of the localized
chemical bond.

For n,=0, that is, the empty antibonding MO, when X-L, channel is
given by Scheme 1.1a, the IT bond indices correctly predict the overall IT
multiplicity reflecting the six decoupled bonds in this molecular system:

S(P) =Y S.(b,la,) =6H(P),

I(P)= Y IL(a):b,)=6[1-H(P)], N=6. (47)

The highest IT covalency of the ¢ bond M-L,, $™* =1, predicted for
the strongest mixing of orbitals P=Q=1/2, is thus accompanied by the
vanishing IT ionicity, [ =0.

The corresponding conditional probabilities P, (b,|a,) = P.[x,|x,] for the
single and double occupations of ¢,(«) are reported in the corresponding dia-
grams of Scheme 1.3c. It follows from these expressions that in the latter case
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(@ P P(b|a) p SMX = 0,469
1y H—09—»H— 1
2 0.1 2
; 0.1 ]
2 —»0—09—>»o—>» 2
(b) p° P(bla) p*
1
11— HCTO.Q—b H—»11/30 ™% 0.479
, 0.1
2 »6=—0.9— »o—»19/30 N — 0,948

Scheme 113 The orbital-communication channels for the localized M-L, bond in the
fixed-input approach, for P=Q =1/2, and the singly occupied antibonding MO: covalent
(molecular input; Panel a) and ionic (promolecular input; Panel b).

the off-diagonal elements identically vanish, yu, ., = Vs, =0, thus giving
rise to the decoupled pair of orbitals and hence to the deterministic chan-
nel of Scheme 1.1b for each of them (see the fourth diagram in Scheme 1.3c).
Therefore, such separate channels do not contribute to the overall IT bond
descriptors.

For the partly bonding, open-shell configuration n,=1 (the third dia-
gram in Scheme 1.3c) and the maximum covalency combination P=Q=1/2,
one obtains a strongly deterministic information system as shown in
Scheme 1.13. It follows from these diagrams that the fixed-input approach
predicts a practically conserved overall bond order compared with the 1, =0
case (the second diagram in Scheme 1.3c), with the bond weakening being
reflected only in the bond composition with now roughly equal (half-bond)
covalent and ionic components.

As already discussed in Scheme 1.3, the populational decoupling trends of
AOQ in the coordination bond are properly reflected only in the flexible-input
(MO-resolved) description, which recognizes the bonding and antibonding
contributions to the resultant bond multiplicity from the signs of the cor-
responding CBO matrix elements of the system-occupied MO. It should be
emphasized, however, that such treatment ceases to be purely probabilistic
in character since it uses the extraneous piece of the CBO information, which
is lost in the conditional probabilities.

8. RESTRICTED HARTREE-FOCK CALCULATIONS

In typical SCF-LCAO-MO calculations the lone pairs of the valence and/or
inner shell electrons can strongly affect the IT descriptors of the chemi-
cal bond. Therefore, the contributions due to each AO input should be
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appropriately weighted (see Eqgs. [28 and 29] in Section 4) using the joint,
two-orbital probabilities that reflect the actual participation of each AO in
the system chemical bonds. In this section we describe such an approach to
diatomic chemical interactions in molecules and present numerical results
from standard RHF calculations for a selection of representative molecular
systems.

8.1. Orbital and condensed atom probabilities of
diatomic fragments in molecules

The molecular probability scattering in the specified diatomic fragment
(A, B), involving AO contributed by these two bonded atoms, x,5 = (XA, X5),
to the overall basis set x ={xx}, is completely characterized by the corre-
sponding P(x .zl xs5) block [22, 26] of the molecular conditional probability
matrix of Eq. (4), which determines the molecular communication system in
OCT [46-48] of the chemical bond:

P(xaslxa8) = [Pty xx); X, Y) € (A, B)]
= {P(j|XAB); Xi € Xas) = {P(]|1)/ (Xir Xj) € Xap)} (48)

Thus, the square matrix P(x,5|x5) contains only the intrafragment commu-
nications, which miss the probability propagations originating from AO of
the remaining constituent atoms x, ¢ X g-

The atomic output reduction of P(x,gslxas) [9] gives the associated con-
densed conditional probabilities of the associated molecular information
system,

P(Xs| Xa5) = [P(AlXp), P(Bl X xp)]

= {P(X|XAB) = (P(X[)}= Z P(j| XaB); Xi € XAB/X=A/B}r (49)

jeX

where P(Y|i) measures the conditional probability that an electron on x; will
be found on atom Y in the molecule. The sum of these conditional prob-
abilities over all AOs contributed by the two atoms then determines the
communication connections {P(A, B|i)}, linking the condensed atomic output
(A, B) and the given AO input yx; in the associated communication system of
the diatomic fragment:

P(A|xap) + P(Blxap) = P(A, Bl xp)

={P(A,B|i)=P(A|i)+P(B|i)= > Pl < 1}. (50)

je(AB)
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In other words, P(A,B|i) measures the probability that the electron occu-
pying x; will be detected in the diatomic fragment AB of the molecule.
The inequality in the preceding equation reflects the fact that the atomic
basis functions participate in chemical bonds with all constituent atoms,
with the equality sign corresponding only to a diatomic molecule,
when x5 = X-

The fragment-normalized AO probabilities

P(AB)=(pi(AB)=v,i/Nas}, Nas= Y v, »_ Pi(AB)=1,  (51)

ie(A,B) ie(A,B)

where N, stands for the number of electrons in the specified diatomic frag-
ment of the molecule and p;(AB) denotes the probability that one of them
occupies Xicap), then determine the simultaneous probabilities of the joint
two-orbital events [47]:

Pas(Xaps Xap) = (Pas(, ) = ﬁi(AB)P(ﬂi) = Vi,j)/j,i/(zNAB)}- (52)

They generate, via relevant partial summations, the joint atom-orbital prob-
abilities in AB, {P,s(X,1)}:

Prp(Xap, Xas) = [Pas(A, Xap), Pan(B, Xap)]
- {PAB<><, =" Pas(i,j) = F(AB)P(X]i), X = A, B}. (53)
jeX
For the closed-shell molecular systems one thus finds

YijVii

Pyg(X, Xap) = {PAB(X/ i) =f7i(AB) Zp(j| )= Z N
AB

jeX jex

}, X=A,B. (54)

These vectors of AO probabilities in diatomic fragment AB subsequently
define the condensed probabilities {Px(AB)} of both bonded atoms in sub-
system AB:

PaB =D S = Y I xoaB ()
AB

7
ic(A,B) ic(AB) jeX 2Nas

where the effective number of electrons Nx(AB) on atom X = A, B reads:

Ne(AB)= ) 3 (56)

ie(AB) jeX
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Therefore, in diatomic molecules, for which x,; = x, one finds using the
idempotency relations of Eq. (3),

PX(AB)=Z(Z ;NZ;) - Zz:rl: S 5(AB), X=A,B,  (57)

jeX i jeX jeX

and hence P,(AB) + Ps(AB) =1. Clearly, the last relation does not hold for
diatomic fragments in larger molecular systems, when x,z # x, so that in
general Px(AB) # > . p; and

PA(AB) + P5(AB) # 1. (58)

We finally observe that the effective orbital probabilities of Eqgs. (52-54)
and the associated condensed probabilities of bonded atoms (Eq. 55) do not
reflect the actual AO participation in all chemical bonds in AB, giving rise
to comparable values for the bonding and nonbonding (lone-pair) AO in the
valence and inner shells. The relative importance of basis functions of one
atom in forming the chemical bonds with the other atom of the specified
diatomic fragment is reflected by the (nonnormalized) joint bond probabilities
of the two atoms, defined by the diatomic components of the simultaneous
probabilities of Egs. (52 and 53):

YiiVii

Py(A,B) =) Pap(Ai)= Y Pap(B,)=Py(BA) =) " N

ieB icA icA jeB

(59)

The wunderlying joint atom-orbital probabilities, {Pag(A,i),i € B} and
{Pa(B,1),i € A}, to be used as weighting factors in the average conditional-
entropy (covalency) and mutual-information (ionicity) descriptors of the AB
chemical bond(s), indeed assume appreciable magnitudes only when the
electron occupying the atomic orbital y; of one atom is simultaneously found
with a significant probability on the other atom, thus effectively excluding
the contributions to the entropy/information bond descriptors due to the
lone-pair electrons. Thus, such joint bond probabilities emphasize of AOs
have both atoms are simultaneously involved in the occupied MOs.

The reference bonding probabilities of AO have to be normalized to the
corresponding sums P(A,B|x,z) = {P(A,Bli)} of Eq. (50). Since the bond
probability concept of Eq. (59) involves symmetrically the two bonded
atoms, we apply the same principle to determine the associated reference
bond probabilities of AO to be used to calculate the mutual-information
bond index:

() =P(A,Bl)/2; i€ (AB), (60)
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where P(A,Bli) denotes the probability that an electron originating from
orbital y; will be found on atom A or B in the molecule.

8.2. Average entropic descriptors of diatomic
chemical interactions

As we have already mentioned in Section 2, in OCT the complementary
quantities characterizing the average noise (conditional entropy of the chan-
nel output given input) and the information flow (mutual information in the
channel output and input) in the diatomic communication system defined by
the conditional AO probabilities of Eq. (48) provide the overall descriptors of
the fragment bond covalency and ionicity, respectively. Both molecular and
promolecular reference (input) probability distributions have been used in
the past to determine the information index characterizing the displacement
(ionicity) aspect of the system chemical bonds [9, 46—48].

In the A-B fragment development we similarly define the following
average contributions of both constituent atoms to the diatomic covalency
(delocalization) entropy:

Hps(Blx ) = ZPAB(B/ i) H(xapl)), Hap(Alxg) = ZPAB(Ar 1) H(xasl?),
ieA ieB

(61)

where the Shannon entropy of the conditional probabilities for the given AO
input x; € x5 = (Xa, Xg) in the diatomic channel:

H(uwsl)=— Y P(jli)log,P(jli). (62)

je(AB)

In Eq. (61) the conditional entropy Sas(Y|x x) quantifies (in bits) the delocal-
ization X—Y per electron so that the total covalency in the diatomic fragment
A-B reads as follows:

Sap = Nas[Has(Blx o) + Has(Alx35)]. (63)

Again, it should be emphasized that the simultaneous (diatomic) proba-
bilities {PAs(X,i €Y),Y # X}, used in Eq. (61) as weighting factors of the
corresponding contributions due to the specified input AO, effectively elim-
inate contributions due to the inner- and valence-shell lone pairs, since
these weighting factors reflect the actual orbital participation in the fragment
chemical bonds.

Accordingly, the probability-weighted contributions to the average
mutual-information quantities of bonded atoms are defined in reference to
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the unbiased bond probabilities of AO (Eq. [60]):

Is(Xa:B) =) PasB,DI(xpp: 1), Tan(Xp: A=) Pas(ADI(Xup: 1),

icA ieB

Pl
I(xas: D)= Y_ P(jlilog, (ﬂ> (64)

jeAB) pu(i)

They generate the total information ionicity of all chemical bonds in the
diatomic fragment:

Tap = Nas[las(Xa: B) + Ls(xs : A)J. (65)

Finally, the sum of the above total (diatomic) entropy-covalency and
information-ionicity indices determines the overall information-theoretic
bond multiplicity in the molecular fragment in question:

Nag=Sss + Zas. (66)

They can be compared with the diatomic (covalent) bond order of Wiberg
[52] formulated in the standard SCF-LCAO-MO theory,

Wy = Z Z Vi,z,' = Z Z%,// (67)

icA jeB icA jeB

which has been previously shown to adequately reflect the chemical intu-
ition in the ground state of typical molecular systems. Such a comparison is
performed in Tables 1.1 and 1.2, reporting the numerical RHF data of bond
orders in diatomic fragments of representative molecules for their equilib-
rium geometries in the minimum (STO-3G) and extended (6-31G*) basis sets,
respectively.

It follows from both these tables that the applied weighting procedure
gives rise to an excellent agreement with both the Wiberg bond orders
and the chemical intuition. A comparison between corresponding entries
in Table 1.1 and the upper part of Table 1.2 also reveals generally weak
dependence on the adopted AO representation, with the extended basis set
predictions being slightly closer to the familiar chemical estimates of the
localized bond multiplicities in these typical molecules. In a series of related
compounds, for example, in hydrides or halides, the trends exhibited by the
entropic covalent and ionic components of a roughly conserved overall bond
order also agree with intuitive expectations. For example, the single chemical
bond between two “hard” atoms in HF appears predominantly covalent,
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Table 11 Comparison of the diatomic Wiberg and entropy/information bond
multiplicity descriptors in selected molecules: the RHF results obtained in the
minimum (STO-3G) basis set

Molecule A-B Wg Nas Sap Tap
H, H-H 1.000 1.000 1.000 0.000
F, F-F 1.000 1.000 0.947 0.053
HF H-F 0.980 0.980 0.887 0.093
LiH Li-H 1.000 1.000 0.997 0.003
LiF Li-F 1.592 1.592 0.973 0.619
CcO C-O 2.605 2.605 2.094 0.511
H,O O-H 0.986 1.009 0.859 0.151
AlF; Al-F 1.071 1.093 0.781 0.311
CH, C-H 0.998 1.025 0.934 0.091
C,H, Cc-C 1.023 1.069 0.998 0.071
C-H 0.991 1.018 0.939 0.079
C,H, Cc-C 2.028 2.086 1.999 0.087
C-H 0.984 1.013 0.947 0.066
C,H, Cc-C 3.003 3.063 2.980 0.062
C-H 0.991 1.021 0.976 0.045
C6Hé C,-GC, 1.444 1.526 1.412 0.144

GG 0.000 0.000 0.000 0.000
GG 0.116 0.119 0.084 0.035

! For the sequential numbering of carbon atoms in the benzene ring.

although a substantial ionicity is detected for LiF, for which both Wiberg and
information-theoretic results predict roughly (3/2)-bond in the minimum
basis set, consisting of approximately one covalent and 1/2 ionic contri-
butions; in the extended basis set, both approaches give approximately a
single-bond estimate, with the information theory predicting the ionic dom-
inance of the overall bond multiplicity. The significant information-ionicity
contribution is also detected for all halides in the lower part of Table 1.2. One
also finds that all carbon—carbon interactions in the benzene ring are prop-
erly differentiated. The chemical orders of the single and multiple bonds in
ethane, ethylene, and acetylene are also properly reproduced, and the triple
bond in CO is accurately accounted. Even more subtle bond differentiation
effects are adequately reflected by the present information-theoretic results.
The differentiation of the “equatorial” and “axial” S-F bonds in the irregu-
lar tetrahedron of SF, is reproduced, and the increase in the strength of the
central bond in propellanes with increase of sizes of the bridges is correctly
predicted [9].
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Table 1.2 The same as in Table 1.1 for the extended 6-31G* basis set

Molecule A-B /A Nag Sap Tas
F, F-F 1.228 1.228 1.014 0.273
HF H-F 0.816 0.816 0.598 0.218
LiH Li-H 1.005 1.005 1.002 0.004
LiF Li-F 1.121 1.121 0.494 0.627
0] c-0 2.904 2.904 2.371 0.533
H,O O-H 0.878 0.896 0.662 0.234
AlF; Al-F 1.147 1.154 0.748 0.406
CH, C-H 0.976 1.002 0.921 0.081
C,H, C-C 1.129 1.184 1.078 0.106
C-H 0.955 0.985 0.879 0.106
C,H, Cc-C 2.162 2.226 2.118 0.108
C-H 0.935 0.967 0.878 0.089
CH, Cc-C 3.128 3.192 3.095 0.097
C-H 0.908 0.943 0.878 0.065
C:H; C-G, 1.507 1.592 1.473 0.119
C-G; 0.061 0.059 0.035 0.024
C,-C, 0.114 0.117 0.081 0.035
LiCl Li—Cl 1.391 1.391 0.729 0.662
LiBr Li-Br 1.394 1.394 0.732 0.662
NaF Na-F 0.906 0.906 0.429 0.476
KF K-F 0.834 0.834 0.371 0.463
SF, S-F 1.060 1.085 0.681 0.404
SF, S-F, 1.055 1.064 0.670 0.394
S-F, 0.912 0.926 0.603 0.323
SFy S-F 0.978 0.979 0.726 0.254
B,H; B-B 0.823 0.851 0.787 0.063
B-H; 0.967 0.995 0.938 0.057
B-H, 0.476 0.490 0.462 0.028
Propellanes’
[1.1.1] C,—C, 0.797 0.829 0.757 0.072
[2.1.1] GG, 0.827 0.860 0.794 0.066
[2.2.1] GG, 0.946 0.986 0.874 0.112
[2.2.2] GG, 1.009 1.049 0.986 0.063

! For the sequential numbering of carbon atoms in the benzene ring.
2H, and Hj, denote the terminal and bridge hydrogen atoms, respectively.
3 Central bonds between the bridgehead carbon atoms C.
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Moreover, as intuitively expected, the C-H bonds are seen to slightly
increase their information ionicity when the number of these terminal bonds
increases in a series: acetylene, ethylene, and ethane. In B,Hs, the correct ~
(1/2)-bond order of the bridging B-H bond is predicted, and approximately
single terminal bond multiplicity is detected. For the alkali metal fluorides
the increase in the bond entropy-covalency (decrease in information ionic-
ity) with increasing size (softness) of the metal is also observed. For the fixed
alkali metal in halides, for example, in a series consisting LiF, LiCl, and LiBr
(Table 1.2), the overall bond order is increased for larger (softer) halogen
atoms, mainly due to a higher entropy-covalency (delocalization) and noise
component of the molecular communication channel in AO resolution.

9. CONCLUSION

Until recently, a wider use of CTCB in probing the molecular electronic
structure has been hindered by the originally adopted two-electron con-
ditional probabilities, which blur a diversity of chemical bonds. We have
demonstrated in the present work that the MO-resolved OCT using the
flexible-input probabilities and recognizing the bonding/antibonding char-
acter of the orbital interactions in a molecule, which is reflected by the signs
of the underlying CBO matrix elements, to a large extent remedies this prob-
lem. The off-diagonal conditional probabilities it generates are proportional
to the quadratic bond indices of the MO theory; hence, the strong interorbital
communications correspond to strong Wiberg bond multiplicities. It also
covers the orbital decoupling limit and properly accounts for the increas-
ing populational decoupling of AO when the antibonding MOs are more
occupied. It should be also emphasized that the extra-computation effort of
this IT analysis of the molecular bonding patterns is negligible compared
with the standard computations of the molecular electronic structure, since
all quantum-mechanical computations in the orbital approximation already
determine the CBO data required by this generalized formulation of OCT.
We have also demonstrated that a dramatic improvement of the over-
all entropy/information descriptors of chemical bonds and a differentiation
of diatomic bond multiplicities is obtained when one recognizes the mutu-
ally decoupled groups of orbitals as the separate information systems. Such
decoupling process can be satisfactorily described only within the flexible-
input approach, which links the specified AO-input distribution to its
involvement in communicating (bonding) with the remaining orbitals. The
other improvement of the IT description of the bond diversity in molecules
and their weakening with the nonzero occupation of antibonding MO has
been gained by applying the MO-resolved channels supplemented with
the extra sign convention of their entropy/information bond contributions,
which is linked to those of the associated MO bond orders. Indeed, the
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bonding/antibonding classification, although lost in the conditional prob-
abilities, is directly available from the corresponding CBO matrix elements,
routinely generated in all LCAO-MO calculations and required to generate
the information channels themselves.

This orbital IT development extends our understanding of the chem-
ical bond from the complementary viewpoint of the information/
communication theory. The purely probabilistic models have been previ-
ously shown to be unable to completely reproduce the bond differentiation
patterns observed in alternative bond order measures formulated in the stan-
dard MO theory. However, as convincingly demonstrated in Section 8, the
bond probability weighting of contributions due to separate AO inputs gives
excellent results, which completely reproduce the bond differentiation in
diatomic fragments of the molecule implied by the quadratic criterion of
Wiberg. In excited states, only the recognition of the bonding/antibonding
character of the orbital interactions, which is reflected by the signs of the cor-
responding elements of the CBO matrix, allows one to bring the IT overall
descriptors to a semi-quantitative agreement with the alternative measures
formulated in the SCF-LCAO-MO theory.

The OCT has recently been extended to cover many orbital effects in the
chemical bond and reactivity phenomena [38, 68-70]. The orbital communi-
cations have also been used to study the bridge bond order components [71,
72] and the multiple probability scattering phenomena in the framework of
the probability-amplitude channel [73]. The implicit bond-dependency ori-
gins of the indirect (bridge) interactions between atomic orbitals in molecules
have also been investigated [74].
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Abstract This work introduces a different way to understand the concept of quantum
state (QS) with incidence on the concept of measurement.

The mathematical architecture is unchanged; abstract QSs are elements
of a linear vector space over the field of complex numbers. Inertial frames
mediate introduction of configuration space (CS); the number of degrees
of freedom defining the material system characterizes the CS dimension.
A rigged Hilbert space permits projecting abstract quantum states leading
to generalized wavefunctions. CS coordinates do not map out particle posi-
tions, but wavefunctions retain the character of abstract quantum states;
operators act on QS can yield new quantum states. Given a basis, quantum
states are defined by the set of nonzero amplitudes. QSs are submitted to
quantum probing; amplitudes control response to external probes. QSs are
sustained by the material system, yet they are not attributes (properties) of
their elementary constituents; these latter must be present yet not neces-
sarily localized. With respect to previous views on quantum measurement,
the one presented here shows characteristic differences, some of which are
discussed below.

1. INTRODUCTION

This chapter deals with a quantum state-based approach to quantum mea-
surements differing from dominant views exposed in standard quantum
mechanics textbooks [1-3].

The headline hints at differences concerning the concept of quantum state
as reported in [4, 5]. In a nutshell, differences are at a foundational level; one
stepwise moves away from either epistemic or ontic models [6] to replace
particle/wave (objects) themes underlying orthodox interpretation: (1) by
an abstract grasp of quantum states (mathematics is unchanged); (2) labo-
ratory projected physical quantum states that are sustained by elementary
constituents of the material systems.

Quantum states belong to Hilbert space and as such they are elements
of an abstract linear vector space over the field of complex numbers. Spe-
cial relativity (SR) provides inertial frames and symmetry groups that help
introducing abstract configuration spaces; the number of degrees of free-
dom associated with the corresponding material systems determines its
dimension. The Coordinates label the base states of rigged Hilbert spaces.
Configuration space projected quantum states are represented as usual by
complex functions over the field of real numbers covered by configuration
space, that is, wavefunctions.

The (inertial) I-frame is an element of ordinary 3D (real) space; it is origin
localizable and can be rotated with respect to a second frame (e.g., Euler
angles). Abstract quantum states are necessarily invariable to translations
and rotations of such frames. Projected quantum states must be invariant
to origin translations and I-frame rotations: linear and angular momentum
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conservation rules hold, and quantum-mechanical phases enter the stage in
a prominent way as illustrated below.

Preparation and probing of quantum states require special attention. The
reason is simple: interactions involving energy exchanges are needed for.
Planck’s discovery in 1900 regulates this real-space exchange. Laws of energy
conservation enter stage now. A fundamental interaction carrier is the quan-
tized electromagnetic radiation incorporated through Fock space base states
(see Chapter 5 in Ref. [5] for an elementary introduction). If interactions
involve scattering processes of elastic type, a description as time evolution
within Hilbert space holds. Otherwise, a break of Schrodinger time evolution
obtains. The mixed region, where such descriptive changes are enforced, is
referred to as a Fence; the alterations require physical quantum states.

Quantum-mechanical phase measurement for I-frame quantum systems
provides a most direct manifestation of underlying abstract physics. Physi-
cal quantum states as projected states are to be probed at a laboratory level.
Registering a resulting physical quantum state generates events with implied
energy conservation rules. It can also be accomplished by further interactions
leading to a detectable physical process. This is the crux of the problem.

This chapter is organized as follows: In Section 2, quantum states are
briefly described. Section 3 presents aspects of standard quantum measure-
ment model. Section 4 includes double-slit, Einstein—-Podolsky—Rosen, and
Tonomura’s experiments. Section 5 illustrates calculations of quantum states
for quantum measurements. In Section 6, atom interferometer experiment
of Scully et al. is analyzed. A detailed discussion is presented in Section 7,
emphasizing a physical perception of quantum mechanics.

2. QUANTUM STATES FOR QUANTUM PROBING

Basically, quantum probes stand as alternative name for measuring devices.
Probing concerns responses that are characteristics of a probed quantum
state.

Given the basic constituents of a material system, namely, the number of
electron and nuclei and a time-independent Hamiltonian H with a complete
set of basis states {j)} and eigenvalues {¢;}, an arbitrary quantum state is
given as a linear superposition with complex number amplitudes:

W, t) = EjCj(\If,t)lj>- (1)

The amplitude C;(¥) controls the material system response. It does it through
spectral activation rooted at energy level g. Zero amplitude at a base
state prevents response; the set {C;(¥)} of nonzero amplitudes presents the
quantum state |¥, t) to probing.
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Consider the excitation operator |k)(k'| corresponding to the elementary
transition relating |k') (root state) to a target state |k); |, t) acting from the
right to commutator [H, |k)(k'|] yields:

(H, KK, 1) = (ex — ex) KK, 1) = [K) (ex — &) Ce (W, D). (2)

Thus, probing the response from root state |k’) with electromagnetic (EM)
radiation matching the gap (ex — €v) actually would elicit the amplitude at
state |k’). The root state is also defined as the initial state for a transition
kK — k

(kIH, [k} (K'[]1W, £) = (ex — &) Cu (W, ). @)

Again, the amplitude at root state would control a possible physical
response.

Yet actual probing is not an operation carried out in Hilbert space; this
requires an appropriate external probe to be switched on. Once the probing
interaction is included, the linear superposition associated to Eq. (1) stands
out for a physical state to the extent it maps out all accessible root states.
In so doing, the presentation stays as near standard QM as possible. Yet
the amplitude has nothing to do with a probability of finding a material
system occupying the g -level. For measurements in intensity regime, ampli-
tude in square modulus controls the relative intensity of the response [4, 5]
(whichever it might be).

The elementary constituents of a material substrate are fixed. But, the
material system is not represented by a base state in the sense that it does
not occupy such state. A quantum state indicates us all possible responses to
external probes that such system may show. The two instances are noncom-
mensurate: one belongs to real space (material system) and the other is an
element of Hilbert space (quantum state).

With a I-frame, one introduces a time axis appearing as a parameter in
Eq. (1), the space component provides a mean to define a multidimensional
Euclidean configuration space, x = (xy, ..., X,), that is, sets of real numbers.
The space dimension is determined by the number of degrees of freedom
related to constitutive elements of the material system; these coordinates
belong to an abstract cartesian product space, whereas origin and relative
orientations of I-frames belong to laboratory space. Spin degrees of freedom
are separately handled.

At the Fence space in which laboratory and Hilbert space magnitudes are
gathered, one gets projected amplitude:

x|, t) = 5,G(Y, H{x]j) = 5,G(Y, H;(x). 4)
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Note that the amplitudes are invariant elements when compared with
that in Eq. (1); the configuration space is the support for the complex func-
tions (x|, t) and the set of base functions ¢;(x) relates to eigenfunctions of
the time-independent Schrodinger equation. The Hamiltonian incorporates
constitutive parameters of the material system.

The I-frame localizes a projected quantum state; this frame is a classi-
cal physics element, whereas configuration base states {|x)} define a rigged
Hilbert space basis [1].

Let R and K be the position vector and momentum of an I-frame with
respect to another fixed one; consider the case where the former I-frame sus-
tains the quantum state (x|¥,#) — W(x,t), and let (X'|V,t) — W(x,t) be the
same quantum state projected in the shifted I-frame. The abstract configura-
tion space is the same; only the I-frames differ in laboratory space location,
and this fact translates into a phase factor exp (iR - K/h) relating states in both
frames. “Internal” and “external” quantum states complete the description
at a Fence, whereas abstract quantum states belong to a general formalism.
In a projected state, one can introduce connections to material elements.

Thus, for projecting a quantum state in any set of inertial frames, the linear
superposition given by Eq. (4) is invariant except for an overall phase that
indicates to us I-frame locations.

Consider a scattering center located at Ry, to determine the interaction
project the quantum state at this position and use it to set up an I-frame
to project the initial quantum state and the quantum state generated by scat-
tering: for example, exp(iR, - K/R) (x| ¥, t) and exp(i(R — Ry) - K/h) (x| D, t). If
one has two or more identical scattering centers interacting with one and
the same quantum state, the projected states would differ in their phases.
The scattered quantum states, except for phase factors, will be the same if the
scattering sources are identical.

This is a moment of maximal difficulty to grasp. The material system that
sustains the quantum state must be the same as the one detected at the end
if the experiment is so designed. In between, it is the quantum state that
describes the whereabouts of the system not as a localized material one but
as presence at Fence space. It is here where one has to calculate quantum
states for quantum measurements. Being infinite in number, they cover all
possible behaviors. What is decisive is the presence of a Hilbert space that
forces first calculations based on quantum states and at last, the laboratory
requirement would impose, at the recording apparatus, the presence of the
material system.

The aforementioned situation is rather perplexing. It originates in the
requirement of bringing together two (or more) noncommensurable levels:
Hilbert space and laboratory space. Local interaction potentials permit knit-
ting both levels. Local sources of interaction have a place (location) in a
laboratory space.
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Interaction with a local potential such as a double slit yields a linear super-
position of scattered states, each one being labeled with phases, for example,
exp(i(R; + Ryy) - K/h) and exp(i(R; + Rp,) - K/h); vectors Ry and Ry, indi-
cate position for the slits 1 and 2. The vectors R;, and R, indicate real-space
location measured from slits 1 and 2, respectively.

For slit-2, for example, one gets a scattered component: V(x; Rp,) exp(i(R —
Rp)K/R)W(x). Take origin between both slits, then |Ry, — R = 2D, and
IRp2| = IRy | = D. To simplify the writing, take the scattered state represented
by the symbols (¥ (x)|V(x; Rop)|¥ (x)), and (¥ (x)|V(x; Rp)|¥(x)), for which
the “internal” degrees of freedom are integrated, and the scattered quantum
states (SQS) appear as follows:

Dgos1 (R) = (W) |V (x; Rop) [V (X)), exp(i(R — Rqy) - K,/h) exp(iy1)
D505 (R) = (V) |V Rp) W (%)) exp(i(R — Rpp) - Ky/h) exp(iyz).  (5)

The phase factors exp(iy;) and exp(iy,) are identical if the scattering
sources have such property. In general, they can signal specific differences.

The role of abstract configuration space is not easy to assay. We are used
to represent particle positions thereby endowing quantum states with parti-
cle overtones. Perusal of Eq. (4) states us that, whatever model we endow to
the configuration space, abstract quantum states are determined by ampli-
tudes. The base states are fixed pillars; the same for all possible quantum
states.

Scattered quantum states ®¢q5(R), i = 1,2, have localized sources (origin)
in real space. The principle of linear superposition works for these states.
These functions carry information on interactions of the internal ingoing
state W(x) with the slits: V(x; Ry)|W(x)); see Scully et al. case, Section 5.1.
In what follows, both elastic and inelastic scattering situations are examined.
Here, we hint at general cases emphasizing what differs from the standard
models.

The classical concept of object dissolves in so far the configuration space
for the internal degrees of freedom is concerned. The material elements such
as electrons and nuclei must be present to sustain quantum states, but locali-
zability is not a requirement; it may be a result of specific operators. The
configuration space is an abstract mathematical space. Of course, one can
force a representation as position vectors for particles. Consequently, one
has to interpret the wavefunction. But again, Egs. (3 and 4) demand ampli-
tudes, energy gaps, and quantum numbers. This is spectroscopy of one type
or another. The introduction of I-frames allows classical frameworks to be
naturally incorporated.

Subsets of these quantum states may trap the material system into spectro-
scopically recognizable chemical species that might be endowed with finite
lifetimes; this is the nearest one may come to the idea of objects, that are taken
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as sources of interaction potentials, but we have to include the EM fields that
make their production at laboratory space. Quantum mechanics handle all
possible states; again, it does not describe the whereabouts of the constitutive
elements of the material systems in specific circumstances. All possibilities
accessible to a system are predicted rigorously.

Of course, life is never that simple. Poly-I-frame systems are important
and must be incorporated in one way or another. See Ref. [5] for further
discussions.

3. ASPECTS OF STANDARD QUANTUM MEASUREMENT MODEL

Let us first set up the stage by introducing selected topics illustrating only the
dominating view in the quantum theory of measurement. The description is
based on selected references. The reader is kindly asked to examine them to
get further information and clarifications.

3.]. Preparing and recording

The nature of quantum superposition states and how one can sense or “see”
them in our world continue to fascinate scientists. A great difficulty in teach-
ing and grasping QM arises when coming to the topic measurement theory;
a reason is that no universally accepted theoretical model exists [7-10]. To
prepare or record a quantum state, an external source standing for the prob-
ing system cannot be overlooked. A probing-recording system is a quantum
system too; quantized EM systems are examples thereof.

A central problem is posed by the so-called interpretation of QM [9].
Thus, for instance, Ballentine [10] discusses two cases: (1) The Copenhagen
Interpretation and (2) The Statistical Interpretation.

As far as linear superpositions or quantum states are concerned, the view
(1) asserts that a pure state provides a complete and exhaustive description of
an individual system (e.g., an electron, molecule, and molecular objects) and
the view exposed in case (2) asserts that a pure state provides a description
of certain statistical properties of an ensemble of similarly prepared systems,
but need not provide a complete description of an individual system. These
statements correspond to those given in Refs. [7-9]. For details, the reader
can go back to Refs. [1, 9, 10].

In the early view, there are correspondence rules relating the primitive con-
cept of state and observable to empirical reality. Observables are mapped
on to the set of eigenvalues of a particular class of self-adjoint operators
(e.g., Hamiltonians). The individual systems would occupy only one base
state; the amplitude appearing in the linear superposition in square modu-
lus represents the probability to find one system occupying a base state when
scanning the ensemble.
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The reader may find a careful discussion on these issues in Ballentine’s
article [10], see also Ref. [1]. At this point, observe that the system is basi-
cally taken as an object or more technically an entity existent in laboratory
(real) space; a res corporea, a substance that is known through anyone of
its properties (attributes); in one word, an object in the sense of classical
physics. Of course, observable asks for observer; thus, an object/subject
philosophy underlies this particular view of QM presentation that now it
becomes a representation. Note that if knowledge is defined as the relation
of given representations to well-defined objects, we will also have a prob-
lem with the theory of knowledge by endorsing our views on quantum
states.

The quotations and comments made above are sufficient for further
discussions. Now, some criticisms voiced, for example, in Refs. [7-10].

Here, two sources of uncertainty become apparent in preparation and
measurement of a quantum system; they originate precisely from the way
the system is prepared (first aspect) and thereafter the interactions leading
to the change of quantum state allows for detection (second aspect). These
two aspects have not always been well acknowledged (cf. de Muynck [8]).
Furthermore, the standard theory requires that each individual material
system, once it is measured, be left only in one eigenstate so that the ampli-
tude squared is assigned a statistical interpretation. This sort of transition is
named as the collapse of the wavefunction [9].

The concept of observables must be excluded whenever a sequential set of
measurements does not yield the same result. This is one reason to introduce
the wavefunction collapse view as an axiom.

Wigner in 1963 [11] concluded that the standard theory of measurement
remains the only one that is compatible with the QM. This is a strong state-
ment made by one of the pioneers that should be nuanced by supplementing
with another comment made in the same paper: “This is a legitimate state-
ment if we acknowledge that the interpretation is sustained by the idea that
QM describes the states of objects (entities) in real space. A measurement put
the object in a particular eigenstate of the observable one selects: the linear
superposition collapse as it were [11].”

The statements displayed above correspond to an ontic view as defined
and summarized by Malin [6]; that is, it gives a meaning to an entity.

Malin’s article [6] raised the question concerning the nature of quantum
states and presented the strong arguments against their ontic and epistemic
interpretations. Let us present a summary including his interpretation.

To get to the point, let us give three quotations from Ref. [6] concerning
the ontic viewpoint first:

1. “...Einstein pointed out that the collapse, which he assumed took place
on a t = constant hypersurface means that the influence of the appearance
of an elementary quantum leads to an instantaneous (faster that light)
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propagation of the change in the value of the wave function everywhere
on the hypersurface. Einstein tacitly assumed the ontic interpretation of
the wave function.”

2. ”...the ontic interpretation is incompatible with Einstein’s principle of
covariance.”

3. Concerning Schrodinger cat paradox one reads: “According to the ontic
interpretation the cat is in a state of superposition of being alive and being
dead in various proportions that change as time goes by.”

For the epistemic interpretation “the superposition says nothing about the
cat, it speaks about us. It says that we don’t know how the catis...”

The third interpretation tries to overcome the “knower” by saying that the
quantum state is the place where the available or potential knowledge about
the system is found.

Malin proposes three principles or working hypothesis:

1. QSs represent knowledge available about the potentialities of a quantum
system, knowledge from the perspective of a particular location in space;

2. Collecting all such perspectives is all what there is about a quantum
system,;

3. “Whether or not the development of entangled systems involves an appar-
ent superluminal connection, such connection can never be used for super-
luminal connection, such connection can never be used for superluminal
transmission of information.”

The ontic point of view considers the QS to represent the material system
itself as if it was an object. Yet the above epistemic interpretation denies
a relationship with the material system to the extent a QS says something
about our knowledge about the system. The QS as perspectives on an avail-
able knowledge about potentialities is taking a step on a direction away from
physics.

3.2. Copenhagen view

Following Omnes, a summary of Copenhagen theses is quoted below (see
page 85 in Ref. [3] for further details):

1. The theory is concerned with individual objects.

2. Probabilities are primary.

3. The frontier separating the observed object and the means of observation
is left to the choice of the observer.

4. The observational means must be described in terms of classical physics.

The act of observation is irreversible, and it creates a document.

6. The quantum jump taking place when a measurement is made is a
transition from potentiality to actuality.

7. Complementary properties cannot be observed simultaneously.

o1
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8. Only the results of a measurement can be taken to be true.
9. Pure quantum states are objective but not real.

These statements speak for themselves. As our point of view develops, the
reader will have elements to qualify the above statements.

3.3. Copenhagen view challenged

The challenges come from Refs. [1, 7, 8, 10]. The Copenhagen view on
QM requires the existence of a classical macroscopic domain in order to
explain the measurement process. Heisenberg uncertainty relations appear
as the mathematical expression of a complementarity concept, quantify-
ing the mutual disturbance that takes place in a simultaneous measure-
ment of incompatible observables, say A and B, that s, operators that do
not commute. ) )

The standard deviations” operators AA and AB can be arranged in the
uncertainty relation with respect to a given quantum state |¥):

AyANGB = AAAB > (1/2)[([A, B)|. (6)

The symbol ([A, E]) is just (\II|[A, B]|\Il), a quantum-mechanical average over
the quantum state |W). The inequality is known as Heisenberg—Kennard-
Robertson relationship, which has often been interpreted as the mathemat-
ical expression of the disturbance following measurement. Ballentine noted
that this relationship does not seem to have any bearing on the issue of joint
measurement; instead, this relation can be traced back to the preparation
process of an initial state, see Ref. [1, 10].

The reason behind this statement lies in the fact that separately measuring
each standard deviation, (AA)* and (AB)?, makes product, +/((AA)?(AB)?) =
AAAB; this relationship can be experimentally tested. Thus, for the
momentum-position operators, the quantum state prepared as a plane wave,
that is, an eigenstate of the momentum operator, Ap = 0, so that Ar must be
infinite in such a way that the product has a lower bound, namely, ./2. Here-
after, we select the direction of the momentum along the x-axis to simplify
the discussion. Including a screen perpendicular to x-direction, the possibil-
ity to define position and momentum of a system passing a slit located at the
plane x; is limited by the screen observables uncertainties

AzsApys > h/2. )
In our view, this inequality defines the preparation of system at the slit;

note that the interaction between the ingoing quantum state and the material
system that make up the slit produces a scattered quantum state component.
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This state contains the characteristics of the scattering center, for example,
(double) slits. The final state is a linear superposition of the ingoing quantum
state with the scattered one. In the model developed in this paper, it is the
production of this quantum state that will be essential to grasp phenomena
beyond the slit. Whether the particle went this or that way is not an issue
here when quantum states for measurements are considered.

For a particle model, the latitudes 8zs and ép,s of particle position and
momentum perpendicular to the propagation direction (x in our example)
must satisfy Heisenberg’s inequality, the product being larger or of the order

8zép, ~ h/2. (8)

This relation would represent a lower bound for the disturbing effect due to
the measuring instrument on the particles. This would cause a postmeasure-
ment state of the object that satisfies the uncertainty relation.

Inequality in Eq. (8) must be distinguished from the relationship satisfied
by the standard deviations Az and Ap,:

AzAp, > h/2. 9)

As mentioned earlier, the latter inequality concerns the (initial) quantum
state preparation. Thus, Eq. (9) being an instance of Eq. (6) does not refer
to a joint measurement of position and momentum. On the contrary, Eq. (8)
makes sense if a particle interacts at the slit; therefore, there is no direct
connection to a quantum state in this case.

It is the presence of the uncertainty products that would state us that an
interaction took place between the incoming quantum state and the quantum
states from the slit (not explicitly incorporated) in Hilbert space leads to a
scattered state; combining both, one can easily understand the emergence of
diffraction effects. It is not the particle model that will indicate us this result.
The scattered quantum state suggests all (infinite) possibilities the quantum
system has at disposal. One particle will only be associated with one event
at best; yet, the time structure of a set of these events may be the physically
significant element (see Section 4.1).

For the two-slit experiment, according to standard QM, strict completion
of Eq. (7) would make impossible to determine which hole the electron or
photon passes through without, at the same time, disturbing the electrons
or photons enough to destroy the interference pattern. This is a puzzling
situation within the particle model. Somewhere, there is a missing link (see
below).

Following de Muynck [8], the problem stems from a poor distinction
made between different aspects of preparation and measurement. From the
Copenhagen viewpoint, a measurement is not perceived as a mean to obtain
information about the initial state of the system but as a way of preparing
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the system in some final state: a postmeasurement state. The complementarity
problem according to de Muynck has actually two aspects [8]: preparation
and measurement that are not sufficiently distinguished.

The concept of measurement disturbance should apply to cases given in
Egs. (7 and 8), while Eq. (6) refers to the preparation step. de Muynck con-
cludes [8] that “[wl]ith no proper distinction between preparation and
measurement the Copenhagen interpretation was bound to amalgamate the
two forms of complementarity, thus interpreting the Heisenberg-Kennard-
Robertson uncertainty as a property of (joint) measurement.” Statements
such as these may appear to be unclear, but this is the state of the matter
as given by de Muynck.

The elements of information summarized above are sufficient for our
needs. We move on to examine the measurement problem from a perspec-
tive advanced in Refs. [4] and [5] and further developed here. Because the
quantum evolution of probing and probe is entangled in Hilbert space and
the events in real-space elicit results in measurements, this junction zone is a
Fence.

4. VIEW FROM A FENCE

Using the example of the two-slit experiment, differences between the
present approach and the standard ones can be sensed.

For atom or electron interference experiments, one material system at
a time is allowed through the setup sequentially [12]. A sensitive surface
located at a point beyond the two-slit surface acts as a recorder or detecting
screen. The elementary result is an event (click revealing a quantized energy
exchange) at a detecting screen (screen location x = xp); the interaction at
this Fence is local. All energy exchange interactions in real space are local;
yet, they involve a change of quantum state.

For an excellent overview of basic quantum concepts and phenomena
related to measurement, see Karlsson and Bridndas’ article [13] and those
reported at Gimo’s meeting appearing in book form [13].

41. Double-slit case

The present model allows the material system somehow to go through while
focusing on changes of quantum states that cover all available possibilities.
This is a completely different view: element of Hilbert space, not a represen-
tation of the material system.

This situation requires that the quantum states entering the description of
a given experiment are carefully constructed:

1. Before interaction with the double slit;
2. Quantum state preparation at the slits;
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3. Quantum state beyond the surface including the double slit (xs) propa-
gates toward a detecting screen (at x = xp) or can be used for some other
purposes.

Hence, the quantum state just before interaction at x = xp must be well
defined. This is a key point.

The quantum state incident to the screen with a double slit is usually taken
as a plane wave; this is a useful model for a coherent state, and the reciprocal
vector k characterizes the base state.

What is the meaning assigned to the initial state? For the time being, it is
a laboratory prepared state with a given initial internal quantum state. The
basic (material) elements sustaining the quantum states are fixed. In chemical
terms, they may belong to a molecule, atom, free electron, or electromag-
netic radiation (see examples discussed later), but in QM terms (as presented
here), the whereabouts of such elements are not an issue.

To examine the interactions, the origin for the slits is given on the y-axis.
The plane wave propagates along the x-axis so that ép, is zero by construc-
tion and Sy must be infinite in such a way that an equivalent to inequality
Eq. (9) holds (replace z-axis by y-axis only).

Note that the initial quantum state translated at x5 will interact simulta-
neously with full screen. The base states of interest are those originated by
interaction with the slits labeled as hole states |H-1) and |H-2):

[H-1) = exp(iy) (x,y, z|1) exp(i(kex + ky1 (v — D) + kn2)) V)
[H-2) = exp(iy2)(x, y, z|2) exp(i(kx + kyo(y + D) + k2)) |W). (10

The holes centers are located on the y-axis at distance 2D and radius d « D.
To alleviate notation, the z component is made implicit in the Fresnel inte-
grals (x,y,z|1) and (x,y,z|2) [14]. If there are differences in the interaction
at the slits, the phases y; and y, might differ. An internal quantum state is
designated as |W¥).

Let the quantum state after screen at xs be labeled as |®). The funda-
mental principle of QM allows us to write the quantum state as a linear
superposition:

|®) = {Ci[H-1) + C,|H-2)}|W). (11)
C, = (H-1|®); C, = (H-2|®). Because the case discussed now does not

affect the internal state, focus on the pure space part designated as
(6, Y, 2| P) (yxg) is

((x)xs; z = 0)|®) = Cy exp(iyr) (x, y|1) exp(itkex + ky1 (v — D))
+ G exp(iy2) (x, y12) exp(i(kx + ko (y + D))). (12)
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This is a plane wave state to the extent as x-axis propagation is con-
cerned. The quantum state includes information about interactions at
the slits through amplitudes, phases, and Fresnel integrals ({x,y|1) and
(x,y12)) [14]. For us, these quantities are parameters that can be controlled
by one way or another. The linear superposition form is what matters. This
is the form taken by the abstract factor of the physical quantum state.

The projected global quantum state |®) propagates (x ) xs) until getting at
a neighborhood of a detecting screen that can be located at xp, ) x5. The key
result is a well-defined quantum state given by

(X, y,2|®) = ((x) x5;2 = 0)|D);

The (generalized) function in Eq. (12) is well defined at any point of a screen
that can now be replaced by a recording screen thereby allowing for interac-
tions in real space to take place. To make Planck’s law effective, a mechanism
for energy exchange between impinging material system and the detect-
ing plane must be included. For the time being, we assume that Planck’s
law would hold now thereby introducing local energy exchange effects; this
granularity is imposed by the nature of the detector. Such process belongs to
a Fence region.

Note that Eq. (12) requires that the material system sustaining the quan-
tum state went through the double slit; the way it actually does is of no
concern. Why is this so? Answer: QM works on all possibilities epitomized
by quantum states. Remember the Feynman scheme where all possible paths
must be in the calculation of the propagated quantum state [14]. Therefore,
one particle path in real space does not make sense in Hilbert space.

Thus, whatever a recording screen will record, this recording must be (co)
related to the interaction with the quantum state generated at the double slit;
this latter being corelated to the source quantum state.

The recording screen does not create correlations backward with events
that might have happened at plane xs; it records a material system interaction
only. This is the place for local interactions. Of course, any correlation that
might be set up at xs is included in the quantum state impinging at xp. This
caveat may be useful later on (Cf. Section 4).

Before discussing this part of the problem, let us see whether we can glean
some information from the values a quantum state has at a screen located at
xp that has not yet been sensitized as it were.

A firm result will be this: if the value of the function at a given neighbor-
hood to a point on the surface is zero, whatever you do there will never be
a spectral response derived from a quantum-mechanical interaction at that
neighborhood; no imprint mediated by the quantum state. Another one is
that any finite value different from zero of the quantum state function at a
given neighborhood of a point opens a possibility for a response from a pro-
perly sensitized surface that would reflect the wavefunction at that region
(Cf. Eq. (3)).
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Interference effects result from coherent superposition between the states
originated at each slit. Fresnels’ functions [14] have zero overlap just after the
double-slit screen. The quantum state in this region would correspond to two
separate (noninteracting) beams. Using collimators, a two-channel state can
be prepared if one wants to do this. Because these channels are separated in
real space, experiments can be designed that will modulate each channel at
will; Scully et al. [15] presents thought experiments using this type of device
discussed in Section 6.

We want to emphasize one aspect that is essential to understand the work-
ings of modulating devices required for probing (measurement). Preparation
of above two-channel states spatially separated permits, if it is so required, to
modulate each channel in an independent fashion. Modulation devices are
local (Cf. Section 5.3 for a simple example).

A condition for interference pattern to appear is related to sameness of the
quantum state that interacts at the holes; the holes are assumed to be of equal
nature.

When the two-channel state is manipulated so that they come up different
from each other and thereafter channeled to another two-slit device, interfer-
ence cannot be necessarily expected; the relative intensity response at a given
point is determined by the numeric value of the modulus square amplitude.
Whenever a mechanism is set up to restore both channels” quantum state
sameness, then interference effects will show up. The way one stores (or
restore) such sameness is the key to elicit interferences. Coherence can be
lost and regained; this issue is discussed below. For an experimental case,
the reader is referred to Chapman’s et al. [16].

The mathematical expression of the wavefunction ((x = xp;z = 0)|®)
yields further insights.

((x = xp;z = 0)|®) = C; exp(iy)(xp, y|1) exp(itkxp + k1 (v — D))
+ Cexp(iy) (xp, y12) exp(itkxp + k(v + D))).  (13)

The factor exp(ik.xp) indicates where to look at, namely, at the detector
plane surface located at xp;k,; points in the direction of interest from the
frame located at hole-1; k,, does it from that at hole-2.

Furthermore, if the state corresponds to y = 0 and z = 0, the values of the
integrals (xp,y = 0,z = 0/1) and (xp,y = 0,z = 0|2) are equal (say, FI) so that
approaching sameness for these channels is apparent:

(x,y,zl(xp,y = 0,z = 0) = exp(ikxp)FI x {C, exp(—ik, D))
+ G expi(y, — y1) exp(iky.D)}.

The amplitude reflects the geometric characteristic of the holes and the
physical character of the interaction cloaked in the coefficients C; and C,.
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A coherent response in the tensity regime leads to

I(xp,y =0,z =0) = [FIP{|C,|* + |C)* + C:C; exp(—i(ky; + ky») D)

expi(y, — y1) + CCl exp(itky + ky2)D) exp —i(y, — ).
(14)

For this specific setup, (k1 + k) = 0, and if no phase effects were intro-
duced by the interaction, namely, (y» — 1) = 0, the intensity is a function of
the amplitudes

I(p,y = 0,2 = 0) = [FIF x (|G + G+ C.C + GC). (15)

The cross terms add up to the real part of the product: 2Re C,C;. The inten-
sity at this point reflects the nature of the interactions between the ingoing
quantum state and the two-slit device. The particular case, C; = C, =1 N2
and (y, — ») # 0, produces the result

I(xp,y =0,z =0) = [FI{1 + 1/2 (expi(y, — v1) + exp —i(y» — n))}.  (16)

An interesting case corresponds to (y, — y1) = /2. For now, the real part in
the interference term cos(y, — y;) annihilates while the imaginary part of the
exponentials sum cancels out. The relative response intensity being |{xp,z =
0[1)|* while for (y, — y1) = 0 the intensity is twice this value.

For an interaction at the slits producing a difference in phase (y, — y1) =
m it is easy to check that the intensity at the origin of the recording screen
annihilates as it is defined here. The factor {1 + 1/2(exp ir + exp —ix} is zero.

The preceding discussions show that the amplitude at the midpoint
between the slits but calculated now at the detector screen xp can be modu-
lated in different manners; this modulation should be reflected at the screen
where we may place an energy conserving detector device. The quantum
interactions at the two slits determine the type of response to be measured at
the recording screen. The fringes may disappear if the amplitudes C; and C,
are independently changed thereby breaking coherence.

The just exposed correlations then do not originate between a measur-
ing apparatus and system being observed; as a matter of fact, there is no
need for an observer. The quantum state at the recording screen is totally
independent from the presence of the sensitized screen element. Bearing in
mind that a quantum state does not represent a particle in laboratory space
and the idea that its square modulus stands for the probability of finding
the material system (particle) in a volume element is foreign to the present
view, the underlined result obtained from the present theoretical approach is
reasonable from a physical point of view: It is measurement of a wavefunction
that is a basic element of the theory.
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Note again that it is not the material system going through the two-slit
device that is the subject of the analysis. If the interaction between the quan-
tum state and the slits results into another quantum state the case does
not qualify as an event. We keep the word event to indicate an energy
exchange ruled by Planck’s law and localized in real space, a Fence happen-
ing. Thus, there is no event that can be realized in two nondistinguishable
ways that could impose the linear superposition state. See Section 4.3 for fur-
ther details. In our case, it is the quantum interaction of the same quantum
state with the two scattering centers that generate the superposition state.
In this sense, what is new from the physical point of view is the concept of
sameness for the ingoing state.

Notwithstanding, the kind of response at xp depends upon the detector
nature. The event showing the local interaction appears to be contingent to
the extent both place and time are concerned. But it is a necessary correlate to
the interaction between both systems: screen and material system’s quantum
states we are interested in probing (measuring); the way that this probing is
done depend upon the type of experimental management. Implementation
will be on the side of quantum technology.

It is the alteration in quantum state elicited by the event that uncov-
ers a presence of the material system supporting the quantum state. The
whereabouts of the material system in terms of particle trajectories are not
described. But we are not yet there with the theoretical description.

We also have the “shadows” corresponding to the slits we place on the
first screen; here for shadow-1, the wave vector component will be k,p, and
k,m for a circular slit; to get a simple picture, we keep z = 0.

If we look at the theoretical intensity pattern, we can infer a simple result,
namely, a decrease in amplitude squared from the origin in the detection
surface toward the origin of the (virtual) slit's shadows. For the intensity
pattern, this is controlled by the overlap between Fresnel integrals. But
there is need for a reference just in case we decide to close one slit for beal
example.

The quantum state interacting with the open slit-1 is the same as the one
we used with the open slit-2. The interaction generates a scattered state
represented by Eq. (13) by taking C, = 0 to get:

(x,y,zl(x = xp)) = Cy exp(iy1) (xp, yI1) exp(itkyxp + ky1 (v — D)).

To this base state, adds the incoming initial state exp(ik,x) to form a
diffraction quantum state:

(x,y,z|(x = xp); diffraction) = exp(ik.x)

x {14 Cyexp(iy1)(xp, yI1) exp(itky1 (y — D)}
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The intensity pattern obtains from |({x,y,z|(x = xp); diffraction)|*>. The
contribution to the diffraction takes on a simple form when C; (xp, y|1) is the
product of two real numbers:

2C; (xp, yI1) cos(kex + y1 + ki (y — D)) + Ca{xp, yI1)%.

Consider a Fraunhofer diffraction case. At the detecting surface, there will
be a maximum intensity at the center of the shadow slit, followed by concen-
tric circles with decreasing intensity. The diffraction pattern will reproduce
itself a shadow slit at 2 when slit-1 is closed. If there were no interference
between states 1 and 2, one would expect a sum of each slit’s diffraction
intensity pattern. Thus, very little intensity will be found in between the
shadow slits.

If two slits being simultaneously open and (y, — y1) = 0, the preceding
analysis shows that the intensity of the diffraction pattern at a shadow slit
becomes weighted down by the small overlap between Fresnel integrals.
However, the intensity increases at the middle. The interference pattern
would clearly appear. The complete diffraction pattern should appear if we
could measure the quantum state or something directly related to.

Such will be the patterns if one could get imprinted the quantum state in
one step. Let us examine the situation at recording screens.

4.2. Recording screens

The quantum state discussed above not only must have the response spectra
that are able to disclose the interaction with the measured quantum system
but also must allow register it. This type of effect occurs at a Fence that
is a region where different levels of description are mingled. If no register
is implied, quantum interactions entangle measuring/measured quantum
states keeping everything in Hilbert space (Cf. Section 6.4). You will never get
funded to produce Hilbert space description only! At some point, informa-
tion must be produced; this implies a change of entropy (energy dispersion).
Even if we can claim that it is the evolution in Hilbert space that determines
the way the quantum state sustained by the material system will change, it is
at the laboratory world with its real-space elements that such effects should
manifest themselves. At a Fence both spaces coexist as a matter of speaking;
interestingly, as levels of complexity develop leading to the emergence of an
object concept (I-frame system), it becomes apparent that quantum theory
cannot be founded and be concerned with individual objects.
Information production has at least two aspects:

1. Imprint a quantum state in a material support;
2. Reading of such imprint (interpretation).
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The first item concerns physics; the second has a social aspect that at the
very least expresses itself through communication (cultural) channels, such
as pictorial views, journalism, etc.

Let us consider some examples of how information can be produced using
a toy model: a two-state I-frame quantum system. A ground base state |0)
and an excited state |1) gathered in the row vector (|0) |1)) are used to
represent any quantum state of the quantum reading system as a linear
superposition; the energy difference is AE = E; — E,.

Yet, the eigenvalues with energy dimension are elements from Hilbert
space. The connection introduced by Bohr (E; — E; = hw) is not that inno-
cent. As the sources and sinks of electromagnetic energy are located in real
space and (E; — E;) is a magnitude from Hilbert space, we must connect two
noncommensurate levels. Bohr’s equality looks more as a postulate than
a law of Nature. This is the locus in which we transform as it were an
abstract magnitude (E; — E,) belonging to an abstract space into an infor-
mation datum belonging to laboratory (real) space. In fact, the connection
must be done with Eq. (3), viz. (&x — &,) Co(¥,t) that clearly includes sig-
nificant elements of Hilbert space. If the amplitude at root state (C,(¥, 1)
in the present example) is different from zero, then frequency w identifies
a system external to Hilbert space endowed with sources (sinks) of energy.
Planck’s law provides the connection introducing quantized exchanges of
energy: hv = hw. Thus, the electromagnetic field must be quantized as well
to get Niels Bohr’s postulate right: E;x — E) = hv = how. Implicit now is the
requirement of nonzero amplitude in the probed quantum state.

Let us continue with the simple toy model. In the base (|0) |1)), the
quantum state given as column vector [C(0) C(1)] for which C(0) =1 and
C(1) = 0 corresponds to the ground state: |1,0) — (1 0). Off-resonance fre-
quencies o’ set the system in a linear superposition state once an interaction
operator is switched on; normalization leads to amplitudes proportional to
[cosw't sinw't]; the parameter o' can reflect coupling between base states
and probed system.

Consider a resonance case: ' = w. For the global system, there are two
states: |0)|n, = 1) and |1)|n, = 0) with equal energy; note the qualitative dif-
ference: for |0)|n, = 1) the energy is in the field; while |1)|n, = 0), energy
localizes at the material system; the photon field has not available energy (it
is “empty”).

But now you know something about this system. For example, if the
amplitude at base state |1)|n, = 0) is near one, the interaction with the vac-
uum may prompt for spontaneous emission in any arbitrary direction; the
I-frame system “return” to the ground state C(0, n, = 1) ~ 1, while C(1,n, =
0) ~ 0. We do not want this because a full control of the energy is required
to construct a theoretic recorder; thus, select adequate material systems to
sustain this type of states with minimal spontaneous emission. Assume we
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have it. A premise that required for a quantum system to be transformed
into a detector is laid down. For a finite time interval, one can consider the
energy localized at the I-frame system. Connect this I-frame to a secondary
system able to get hold of (trap) that energy and use it in activating a cas-
cade process, now we have the premises of an event. A trapping event can
be amplified and stored elsewhere; the actual mechanism of recording may
well enter into complex devices is not now the focus for the elementary mea-
surement model we are discussing. An important point is that the recording
subsystem is left in a “ground” state, probably ready to act again. More fun-
damental is the local character of such event borrowed from the local nature
of the I-frame and SR theory.

There is not a quantum jump in the description given above. The import
of this situation can be appraised with respect to thesis 6 from Copenhagen
view [3]. The physical situation is subtler.

A new fundamental feature pops up: the event leading to an actual energy
transfers between the measuring I-frame system and the amplifier device.
This kind of event discloses an interaction with the measured system albeit
indirectly. At any rate, energy conservation is required because this is a Fence
event between two different material systems.

To stay in Hilbert space would imply the measuring/measured quantum
systems to remain in an entangled state unknown to people at the Fence.
But all possible changes are there anyway. To disclose them, energy must
be exchanged, and consequently, entropy must vary. One is coming close to
thermodynamics as soon as the description of phenomena forces to take the
systems away Hilbert space arena. In other words, Hilbert space alone is not
adequate to handle this type of physics because it is an abstract formalism
only. This implies that actual emergence of a particular outcome cannot be
accounted for by a quantum theory: the space-time occurrence of one click is
not predictable by the theory.

So far, a photon field makes part of the Fence quantum system of interest.
We do this because not only it is easier to construct the formalism but also
EM radiation is an energy carrier allowing for sensing the sources of such
radiation. The photon field transports information in a world from external
to Hilbert space; you do not have an elephant at the retina but a coded quan-
tum state; the information is there to be decoded, we call it an image and
assign a name (label) to that which is the case. Thus, at the end of the day,
the material system that sustains the quantum states must have energy to
exchange with the I-frame detector system or the probing (measuring) field;
it can appear as an energy source or it can be a sink, or both at different field
frequencies.

Therefore, clicks have a cause as discussed earlier. That at the Fence, the
theory is not able to predict the position and time of appearance for a par-
ticular click does not mean that it is produced without cause, this result
contradicts the tenets of Ref. [17].
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A quantum state sustained by a material system describes all possibilities;
the mapping discussed (N. Bohr’s postulate) is used to introduce the con-
cepts of imprint and reading. In this mixed space, we live and die. In Hilbert
space, we don’t; see also Ref. [4].

Retain the two-state model idea for the photon field and define the
operator

R = | =) (=] + [+ (+]. (17)

This is a unit operator in this new space. The energy quantum state can be
written as a linear superposition:

|AE) = |=)(—|AE) + [+)(+ |AE). (18)

Prepare the system in the particular state (+|AE) =1 and (—|AE) =0.
This means the system can deliver energy AE sustained by the transition
|+) — |—). The energy states are used in conjunction with the scattered
quantum state.

The total wavefunction after interaction with the double slit including
energy states is given by

(x,y,z(x ) x5))|AE) = {C; exp(iy1) (x, yI1) exp(ikx + kyi (v — D))
+ Cexp(iy2) (x, y12) exp(i(kex — ky2 (v + D)HAE)
= A(Cy, Co, v, 12, (Y1), (%, YI2))|AE). (19)

The operator R permits mapping a possible energy exchange into the
abstract formalism in a simple manner. Using the I-frame energy basis, the
quantum state can be written as

<x/ ]//Z|(x>xs)>|AE) = A(Clr C2/ Yi, V2, (x/ y'l)/ <x/ ]/|2>)
{{(=IAE)|=) + (+|AE)|+)}. (20)

From the perspective of a photon field, the interaction information embed-
ded in the function A(Cy, Gy, y1, 2, (x,¥1), {x,y|2)) would imprint at both
channels.

Now, look at quantum state for an I-frame system prepared as
(+|AE) =1 and (—|AE) =0, the propagating quantum state is the linear
superposition:

{Cyexp(iyy) (x, y|1) exp(itkx + ky1 (y — D))) + Gy exp(iyz) (x, yI2)
exp(i(kx — ky(y + D))} +). (21)
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The base component |—) has zero amplitude. Surreptitiously, the quantum
side of the energy exchange is hidden. One should keep track of this point.

The coherent response in intensity at the detecting screen is just the
equation

{Cy exp(iy) (x, yI1) exp(i(kx + ki (y — D))) + C, exp(iy») (x, y12)
x exp(i(kx — ko (y + D)} (22)

This simply means that for the relative response intensity, a change of state
involving a photon release would reflect the interference pattern. If Eq. (22) is
zero in a neighborhood of a surface point, there will be no change of state that
would trigger a detector chain. If only one energy quantum could exchange,
the spot may appear anywhere except at nodal regions.

Thus, at whatever space point where an amplification event might take place, the
system would be measuring the interference pattern at given neighborhood.

Such is a translation of Eq. (22). A local detector permits calculating the
amplitude just there so that the amplifier may or may not be triggered.

Actual localization of a triggering process does not belong to the present
model. Once it happens, a spot (click) becomes visible (localized), and we
can use Eq. (22) to rationalize the result.

The spot produced by the material I-frame system (if there is any) is
given a particulate property. However, there is no compelling quantum-
mechanical reason that would permit to identify the real-space event to a
particle, although in the particle model philosophy such assignment would
seem natural. In this case, the I-frame kinetic energy would play the role of
energy carrier.

Anyway, the click/spot may be fully related to the quantum state at
the neighborhood in real space to the extent the material system sustains
the quantum state. Thus, a view from outside (without the Fence walls)
that counts such spots will reflect the quantum state and nothing else;
wouldn’t it?

The orthodox and standard quantum measurement theory uses a proba-
bility density view focused on the particle conception. The physical nature
of the interaction that may lead to an event (click) is not central. Generally,
it is true that a click will be eliciting the quantum state, but due to exter-
nal factors, a click can be related to noise or any source of systematic error
(lousy detectors); from the QM viewpoint developed here such events have
no direct QM-related cause; see Ref. [17]. The probabilities cannot be primary.
They can be useful as actually they are. One thing is sure: the clicks do have
a cause. But causality is a concept more related to a particle description: it
belongs to classical physics.

In a way of speaking, the particle picture hides the quantum state by
directing the view to the I-frame instead of the quantum state. We come back
to this issue below.
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43. Tonomura’s experiment

The feature we have just found at the Fence is the activation of a detection
screen. It appears as an event localized in real space that can be timed once
the system is clocked at when action initiates. Thus, an arrival time can be
registered. Then, all these events occur in laboratory (real) space.

There is more. Tonomura reports experiments on electron interference
using field-emission electron microscope equipped with an electron biprism
and two-dimensional, position-sensitive, electron-counting system [12].
Events could be counted one-by-one on a TV monitor. Let us describe some
results from the present perspective.

1. The first event may happen anywhere on the TV screen; you can prepare
the system as many times as you want and check that the first event
appears localized (almost) at random; this randomness is only appar-
ent if you use the theory presented here. What has happened was a
change in amplitudes for a transition from state |+) to |—) by capturing
energy from the I-frame system; the relative coherent intensity response
being:

{C1 exp(iy1) (x, yI1) exp(lkx + k1 (y — D)) + C, exp(iy2) (%, y]2)
exp(itkax — koo (y + D). (23)

This is calculated at a spot neighborhood. Thus, the information con-
tained at the spot is there to reflect the value given by the mathematical
framework unless the detector is lousy; by the structure of this equation,
we know then that it makes part of an interference pattern.

Why does the event appear at that position and not at another one? Such
a question is related to the amplifier device not to the quantum mechanics
of the probed system. Actually, this is inherent to mixing levels of pre-
sentation as discussed earlier, Cf. N. Bohr’s postulate supplemented with
Eq. (3).

2. When the number of electrons from the source increases, an interference
pattern becomes recognizable. This result elicits Eq. (23).

3. We quote Tonomura [12]: “Even when the electron arrival rate is as low as
10 electrons/s over the entire field of view (so that there is at most only one electron
in the apparatus at one time), the accumulation of single electrons still forms the
interference pattern.”

This statement can be seen from the present perspective in a different
light. The emergence of an interference pattern is ensured even if you send
one-by-one during a period of 1 year or a millennium (all other things
been equal) provided the information revealed by the spot is directly related to
the values of Eq. (23). The distribution when there are few electrons may
seem quite random but “the-what-is” emerging there is just the quantum
state given as amplitude squared in Eq. (23).
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For the present view, even if there are two slits there has never been talk
about which slit (path) the electron has taken. Quantum mechanics is
about quantum states. This means that the electron I-frame would real-
ize only one of the possibilities derived from Eq. (23). It is in this sense
that a quantum state is sustained by a material system; sustained but not
piloted.

If you know which slit is used then this would mean that either C; or
C, is zero. In that case, the interference trivially vanishes. The quantum
state has changed because the experiment being scrutinized is different
compared to the preceding case.

. Theoretically, there are nodal strips so that no particle spots would be

appearing on the screen. In practice, the screen will end up fully covered if
you allow the experiment to proceed for a long time. You can discuss this
result in the classroom now! In such situation, we would have been doing
the theory based on the recording-reading data elicited by the spot count-
ing. The point is that we seek after a quantum-mechanical description of
the double-slit diffraction from abstract Hilbert space quantum mechanics
projected in configuration space. Spot counting occurs in real space with
all experimental errors naturally associated to them. No offense implied!

. There is never talk about collapse of the wavefunction, quite the contrary.

Only a quantum transition is involved; the energy carrier wavefunction
where the amplitude affecting the base state |+) is to be imprinted; the
Hilbert space is never reduced. With hindsight, the initial state could be
restored; in Section 5.5, we discuss about this issue.

. Performing a phase change so that (y» — y;) = we know already from

Eq. (16) that instead of a maximum in the interference pattern at the mid-
dle, there must by a nodal region. The experiment was performed by
Tonomura and found this good result.

The energy transfer in our view does not destroy the I-frame quantum
state. Only the amplitudes have changed. By disentangling the classi-
cal mechanics view of particle from the quantum state sustained by the
material system, the “welcher Weg” (which-path) problem vanishes.

Obviously, the I-frame as a material system must have gone through
one of the slits, mustn’t it? The imprint at the detection screen elicits an
energy exchange process.

But this is not the point. The material system evolves in laboratory
space, and the event amplified is, in itself, totally irrelevant to quantum
mechanics we are probing because it states nothing new; it confirms that
quantum state scattering, prepared the way it was, would produce a dis-
persion of the material system that is tightly associated with a specific
interference pattern.

However, the event is relevant to the experimental work that must be
designed so that timing, for example, can be exactly measured. For this
particular case, it is the material system that sustains the quantum state.
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It is the information carrier as it were; by smashing at the surface makes
its presence apparent. The corresponding quantum state exists no more
as information is exhausted; by eliciting a location that piece of data
can eventually be stored in conjunction with any other datum previously
collected.

Before endeavoring the following sections, the reader will find most
advantageous to peruse the paper by Karlsson and Brdndas presented at
the Nobel Symposium in Gimo: Modern Studies of Basic Quantum Concepts
and Phenomena [13] where most of the experiments discussed in what fol-
lows have been examined or reported in the references. Comparisons with
the model presented below can hence be performed.

5. QUANTUM STATES FOR QUANTUM MEASUREMENT

We have already hinted the character of a physical quantum state in pre-
ceding sections; for example, in Tonomura’s experiment. Here, we present
analyses of several experimental proposals reported in the literature from
the perspective provided by the model underlying the present approach:
physical quantum states for quantum measurements. These cases provide
severe tests for this new view.

5. Scully et al. double-slit setup: basic elements

The reader is referred to Figure 3 in Scully et al. [15]. The issue now is to
dissect how the abstract QM approach works.

From that figure, after the first screen (DS-1), the scattered states are col-
limated by sets of wider slits. The point is that the resulting quantum state
has the same nature for both beams; that is, they are prepared in the same
manner. After collimation zones, a laser beam is set up perpendicular to the
propagation direction from the slits in their way to two cavities; thereon
the physical quantum states propagate until interacting further away with
the second two-slit screen (DS-2). A recording screen completes the scene.

The key is to calculate the physical quantum states as they reach DS-2.
From preceding sections, the theory predicts that if sameness is there, an
interference pattern will form and shall be detected.

If the beams come out in different quantum states because of the interac-
tion with each cavity then, depending on the degree of difference, interfer-
ence pattern may fade away. Before coming to the quantum state generated
by the laser, observe the quantum states associated with the collimated
beams, |®). They correspond to |[Hole-1) and |Hole-2) states in their linear
superposition given in Egs. (10 and 11). Since the beams cross a laser beam,
we have to introduce an operator action equivalent to the one defined in
Eq. (17).
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Let xs indicate location of the first two-slit plane, |®;,.) stands for the
quantum state impinging at xs; the interaction with the slits represented by
two potential sources generates scattering states. The collimators are sources
of containment leading to two identical (beam) states. The interaction with
the laser beam leads to the space amplitude (wavefunction) multiplying the
I-frame quantum state (x,y,z|(x)xs)) |¥) in which (x,y,z|(x) xs)) is defined
in Eq. (19) and |¥) stands for the internal quantum state sustained by the
material system. Labels are added below to identify interactions with the
cavities.

Thus, the interactions with double slits, collimators, etc. signal the source
of quantum states located inside the setup, but only one material system sus-
tains quantum states: a rubidium atom. The physical quantum states address
all possibilities the material system may express. Therefore, the state does
not address to the material system as particle so that its whereabouts are not
an issue. We summarize the situation by saying that presence of the mate-
rial system in laboratory space is sufficient yet not its being localized. The
concept of presence is required to articulate physical quantum states to the
extent they are sustained by material systems.

At the region covered by the laser beam, there is an interaction so that the
excited state associated with the internal part of the I-frame system state |¥*)
is assumed to have a sufficiently long lifetime. The quantum state prepared
by the laser is given by

{COUHIPH0,) + C¥) W) 1,,)}

This is a characteristic entangled state between an EM field and the sys-
tem to be probed that we write in a simplified manner. The base states are
products signaling the possibilities offered by the join system.

The Fence description is completed with the asymptotic states of the
EM field |k;1,), where the emission source is located at the origin of the
k-vector that also identifies a direction k/|k| in reciprocal space. Thus, con-
ventionally, |¥)|—k;1,) signals an EM field in a direction pointing to the
I-frame sustaining |W) whereas |¥)|+k’;1,) stands for one photon emis-
sion from the I-frame. These base states supplement a real-space (Fence)
description.

The linear superposition given as the scalar product (|W¥)[1,) |¥*)
10,))-[C(¥) C(¥*)] represents an entangled state. This form is used to
remind that whatever we do with this model, only the amplitudes
would change. In an extended base set (|V)|—k;1,) [W)[1,) [¥*)]0,)
|W)|+K’;1,)), a more detailed description becomes possible. In what fol-
lows, we discuss situations with the “inner” part of this extended base
set, but implicitly, unentanglement/entanglement processes require mech-
anisms changing the amplitudes.
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The amplitude C(W) if different from zero indicates a possibility to engage
an interaction with the ground state sustained by the material system that
is to be probed; here, one photon could be exchanged. The amplitude C(¥*)
if different from zero opens the channel to detect a response from |¥*), that
is, a quantum state sustained by the material system; and the energy of the
EM field being depleted by the equivalent of one energy quantum. Energy
appears “dispersed” so that no exchange with other states is possible. As
soon as either C(¥) = 1 and C(¥*) = 0 or vice versa, the possibility opens to
sense a full photon exchange through the asymptotic base states. Although
the system is trapped in such entangled state, other processes may happen
(see below).

Thus, at the entrance of the cavities one has the quantum state |K):

IK) = (x,y,z(x ) xs) {C(¥H)[W)]0,) + C(¥)|W)[L,)} = C(¥)
(x, v, 21(x ) X)) [ W) 0,,) + C(¥)(x, Y,z (x ) x5)) W) [1,,). (24)

That can be made more explicit because the function (x, y, z|(x)xs)) brings
information on the channels as linear superposition, given in Eq. (21).

Space information is gathered that will affect the amplitudes of quantum
states involving laser excitation.

The base state |W¥)|1,) stands for the beam’s internal quantum state and
the laser at frequency w. The base state |¥*)|0,) represents the electronic
excited state with no free electromagnetic energy quantum yet coupled to
this “colored” vacuum. The high-energy photon is trapped in the atom as it
were, and it will go through the cavity device as long as the entangled state
does not spontaneously emit a photon fiw. Such process would destroy the
experiment, as we will see below.

Thus, consider C(¥*) ~ 1 and C(¥) ~ 0 in the state vector [C(¥) C(¥*)].
This writing is made for convenience to emphasize that it is the excited state
in the cavity which is of our interest. But you cannot erase the base states!
Hence, [0 1] refers the internal quantum state while the material system
would be present but not localized.

We tinker now with two independent cavities; rearrange the quantum
state to make appear the beam labels:

IK) =|Cavity) = C; exp(iy1){x, yI1) exp(ilkox + k (y — D){C(W™) W)
10,) + CO)[W)[1,)[1,)} + Crexp(iya) (x, yI2)
exp(i(kx + kg (y + D){C(W)[W7)(0,) + C(¥) W) [1,)}. (25)
The material system is chosen so that the excited state shows a lower

energy state |W¥); the energy gap with respect to |¥*) is negative, and the
quantum of energy shows a frequency «’'.
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For real space separated the high-quality micromaser cavities, the quan-
tum state along the beam directions can be separately coupled requiring
minimal base states written in the following manner:

B-1: (1W)[1.)  [¥")001002)10.) W5} [101002)10.))
B-2: (IW)[L,)  [¥*)10,1002)10,)  [W}001102)10))- (26)

At the cavities, the base states read as follows:

Cav-1: (|W*)10,10,2)100) W) [1010.72)10,,))
Cav-2: (|W*)10,1002)[00)  [¥3)[001102)10,,)-

The base state |¥})|1,10,2)|0,) corresponds to one photon state at cavity 1
and zero photon state at cavity 2; the energy can be made available in the
micromaser photon field; remember that the amplitudes control the pro-
cesses. The base state |¥*)|0,,0,,)|0,) corresponds to the internal I-frame
excited state system coupled to its electromagnetic vacuum; eventually, it
might be coupled to all possible vacua. Both states have the same energy
(no jumps then) and, if transition moments are finite, they can be coupled
easily by an EM field of frequency in a neighborhood indicated by the labels
of 11,10,). The corresponding linear superposition (quantum state) is an
entangled state.

In order to make contact with Scully et al. article, quantum states are
decomposed along beam representations; the base state |0,) is not explicitly
written (but is always implicit). The quantum state amplitudes take on the
form

(x,y,z|Beam-1) = C, exp(iy1)(x, y|1) exp(itkx + k1 (y — D)))
X (|W*}0,1042) |‘I’:)|1w/10w'2>) - [C(¥™;0,10.2) C(‘I’:}lw’lowfz)]

and

(x,y,z|Beam-2) = C, exp(iy2) (x,y12) exp(i(kx + ky, (y + D)))
X (|ly*>|0w’10w’2) |w:>|0w’11w’2)) : [C(\IJ*’ Ow’low’Z) C(\D:;Ww’llw’z)]' (27)

Observe that if we find physical means to independently modulate
C(¥*;1,10,,) and C(¥*;0,11,2), the local quantum states can be made dif-
ferent. Thus, the quantum states impinging at the second double slit can
thereby affect outcomes at the detecting screen. In what follows, we separate
the terms just to simplify the writing.
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Once the beams are prepared in the way described above, the quantum
state is a linear superposition:

Ciexp(iyy) (x, yI1) exp(i(kx + k1 (y — D)) + C, exp(iy2) (x, y|2)
exp(i(kx + ky (y + D))). (28)

This term multiplies the base state |¥*)|0,/,0,,,) that carries the information
of the state cavities before switching the maser.

Case 1: In Eq. (28), C; = C; and C, = C, and nothing was placed between
DS-1 and DS-2 before the recording screen. Then, both beam states are
pretty much the same; The conclusion is simple: if this quantum state
interacts with the double slit at the right hand side, interference pattern
will show up at a recording screen.

Case 2: Coupling to the maser field at frequency w'. The local base states are
given as B-1 and B-2 above Eq. (26). The quantum states are given by the
scalar product:

€)= (W) 10.102) 1W ) 101002) 1W)00110r2))
X [C(\IJ:/ Ow/lom’Z) C(\L’:, 1&)/10@’2) C(\p:/ Ow’lla)’Z)]
The linear superposition state with C(¥*;1,,0,,) =1, C(¥*;0,11,,) =0

and C(¥*;0,10,,) =0 defines Beam-1 state where one can detect an o’
photon:

{(x,y,z|Beam-1) = C, exp(iy1) (x, y|1) exp(i(kx + ky1 (y — D))
|\Ij;> |1m’10m/2>

For Beam 2, there is no photon left behind, leading to the amplitudes
C(\IJ:, ]-w’loa)’Z) = C(\IJ:/ Ow’llw’Z) =0and C(\I’:;quow'z) =1L

(x,y,z|Beam-2) = C, exp(iya) (x, y2) exp(i(kx + ko (y + D)))
W) 1001042

Beyond the cavity, we have the quantum state:

|Case 2) = (x,y,z|Beam-1) + (x,y, z|Beam-2) = C; exp(iy1)
(x,yI1) exp(itkex + ky (y — D))W;) [1,1002) + Coexp(iya)
(x, y12) exp((kex + kyo (y + D)) W) [04,10,2)
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It is apparent that the interference pattern will not show up because rele-
vant beam states are different. One can see that the overlaps (1,0,/0,0,) and
(Wr|Wr) are both zero. No interference might be expected. This result obtains
also by inspecting the incident quantum states that are different, and con-
sequently, one cannot expect interferences. And, whether we know it, the
physical quantum state has been formed.

A clear hint follows from the quantum analyses presented so far: the pic-
tures one might obtain are determined by the quantum states impinging at
and produced by interaction with DS-2. There is no observer required.

The observer we are talking about is the one appearing in the standard
QM scheme discussed in Section 2; this is an observer that finally collapses
the wavefunction [11]. The physical quantum state discussed here offers a
possibility to go beyond passive observation and then using it with varied
aims in laboratory devices.

We will come back to this system for further analyses. Now, some impor-
tant thought experiments are presented for illustrative purposes.

5.2. The Einstein—Podolsky—Rosen thought experiment

This type of experiment [3, 13] involves real-space entangled states. Entan-
gled states belong to Hilbert space, and consequently, a careful definition is
required. What entanglement might be and whether one can create entan-
glement in real space are two key issues to be examined within the quantum
state framework. A hint was obtained for the EM field interacting with
physical quantum states. Note the contrast between abstract and physical
quantum states; the former belongs to the mathematical and the latter are
sustained by specific material systems.

For the equivalent to EPR case, two limit situations are taken into
account:

1. One-I-frame system: quantum states are sustained by the whole set of
interacting material elements. These states are elements of a projected
Hilbert space.

2. Two-(or more)-I-frame asymptotic systems: the sum of partial material
contents matches material content of the one-I-frame system.

Two (or more) noninteracting quantum states each associated with a cor-
responding I-frame so that in laboratory space they are located at will in an
experiment; these are asymptotic states.

Quantum states for systems’ type (1) and (2) are not commensurate.
I-frames belong to laboratory space, and consequently, asymptotic states
evolve in real space separately, whereas the one-I-frame states evolve in
Hilbert space; following the I-frame motion, the internal quantum states are
not changed unless real-space interaction sources are allowed for.
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Consider a setup where the two-I-frame states are sent in a collision trajec-
tory; remember the I-frame is a classical physics device. The initial state is a
direct product of state functions for each I-frame system; at a collision point,
they continue to be a simple product and they separate away as a simple
product. This product defines a nonentangled state.

The quantum states for the one-I-frame system involve a nonseparable
materiality; these states should not include I-frame-related asymptotic states.

At the Fence, let us introduce a model incorporating both types of states
that may be used to carry out calculations.

The one- and two-I-frame systems are put together in a box with equal
volume. Use base functions constructed with box base states; these latter
have only one-I-frame reference, namely, the box size, location, and possibly
orientation.

Asymptotic states are simple products labeled with box (1,) and internal
(Akm) quantum numbers. For example, |11, An1) @ [1m, Amk), etc.

The one-I-frame case has one box label and internal quantum numbers.
For example, |11, k), [, k), . . . etc. The first number is a box state label.

With this trick, one can now handle processes where entanglement can be
varied at will. The issue is the representation of quantum states of systems
having the same material content although a large number of autonomous
subsystems are identifiable at a Fence. This is physics and chemistry unified
by quantum physics.

All sorts of asymptotic states together with the one-I-frame system quan-
tum states cover all possibilities; meaning is that all thinkable processes can
be described as changes of quantum states using as base states simple prod-
ucts, and I-frame base states provided the total number of material elements
are conserved. Basically, a sort of abstract quantum chemistry emerges if base
states can be related to those characterizing chemical species.

Consider an entangled base state |m, k,,) and an asymptotic state |1, A,,) ®
[11m, Amp), the quantum state is the linear superposition:

(|m1/Km1>|n/ )\'na) ® |nm/ kmb))[cl CZ]

The states [C; C,] define an entangled state with limit point states [1 0] and
[0 1]. All these states belong to the same box-Hilbert space. Yet, we keep the
information on the I-frame by using labels a and b.

The box-Hilbert space is now rigged with the asymptotic states that can be
probed at the laboratory as if they were space separate quantum objects.

A probing process would force a physical transition from box-Hilbert
space states to an asymptotic (laboratory) physical space. The transitions
from box states to asymptotic or laboratory states are produced by external
sources forcing conservation laws as the case might be. If one wants to speak
in terms of time evolution, such process cannot be given in terms of standard
unitary quantum-mechanical time evolution.
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In probing, the state [0 1] correlations to the product |1, Ana) ® |1, Amb)
would allow measurements associated with I-frame system sustaining
[11m, Amp) the time in laboratory space, this helps introduce a concept of event.
The probing apparatus defines the location of the event.

Furthermore, if we want to stick to the asymptotic system definition, note
that such states do not entangle with each other because they never interact.
The entangled base state is already there! The process leading to a change
of amplitudes is completely based on quantum mechanics, no superluminal
effects.

By counting asymptotic base states, one can find a permutation involv-
ing labels a and b, |1, Anp) @ |1, Ama), OF the equivalent writing, |1, Ama) ®
|10, Anp). Thus, the preceding probing would have yielded a response from
[0, Anp) -

Arranging the possible responses (keep a and b in order) for our present
illustration, the quantum state would read as follows:

1
<ﬁ> (|nn/ kna) & |nm/ kmb) =+ |nm/ )‘*ma) ® |nn/ )‘*nb)) (29)

This entangled quantum state states us the available possibilities. Probing at
b-position will yield a response from either |1, Amp) OF |11, Aw). The relative
intensity responses are equal to 1/2. Moreover, Eq. (29) imposes correlations
at a-position. The probing device will register correlations implied by the
quantum state (Cf. Eq. (3)); the probing device for this case cannot impose
these correlations.

Examine now correlations including I-frames. Let us designate the
momentum associated with I-frame, one by k; and other by k,. The frame
state reads exp(ik; - x) ¢1(x;) and exp(ik; - x) ¢,(x,).

The simplest procedure is to take the origin of a global I-frame so that
P = 0 and linear momentum conservation forces k; = —k,. At the antipodes,
Ik;| = |k;| so that the common I-frame is restricted now. The particle model
in this frame becomes strongly correlated. If spin quantum state for I-frame,
one corresponds to the linear superposition (¢ B)[cic,]; and the other I-frame
system should display the state (o« B)[c, — c1],, namely, an orthogonal quan-
tum state. The quantization of three axes is fixed. Spin and space are cor-
related in this manner. Now, the label states (a B)[c; —c1]: and (o B)[cic]»
present another set of possibilities. This is because quantum states concern
possibilities. All of them must be incorporated in a base state set. At this
point, classical and quantum-physical descriptions differ radically. The for-
mer case handles objects that are characterized by properties, whereas the
latter handle objects that are characterized by quantum states sustained by
specific materiality.

The base states necessary to complete a discussion of the EPR experi-
ment can be reduced to three generic ones. A two-label system with total
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spin § =s; + s, with values 0 or 1 is quantized along the three directions
(arbitrary z-axis): S, =s, + 5,. Including spin space, functions read as
follows:

V(S =0,Ms=0) = (x;,%|¢s—)(@(D)B2) — B(1) «(2))///2
V(S =1,Ms=0) = (xi,%|¢s=1)(@(1)B(2) + B1) 2(2)) /2
WS =1,Ms=1)=(xq, X |¢ps=1) (1) ¢(2)

V(S =1,Ms =-1) = (x,%[¢ps-1) (D) B(2)

Note that the configuration space function (x;,X;|¢z—;) under permutations
must be antisymmetric to ensure symmetry.

A model function for the one-I-frame system is formed from products
d1(X1)2(x,) and ¢, (x1) @1 (x,) referred to a unique I-frame. The space functions
standing for (x;, X;|¢z—o) and (x;, X,|¢s_;) are represented by:

(X1, X% |Px—0) = 1//2 (¢1(x1) P2 (X2) + 2(X1) P1(x2))
(X1, % |pz_1) = 1/«/2 (1(x1) P2 (X2) — P2 (x1) P1(x2))

These functions represent genuine entangled states in configuration space.
Now move to a Fence region.

In the limit where asymptotic states 1 (x;)¥2(X2) or ¥, (x1)¥(x,) can be
locally probed, an entangled state is defined by the mappings

(X1, X l¢ps—0) = (X1, %a|¥s—0) = 1/3/2 (Y1 (x) Y2 (x2) + Y2 (X1) Y1 (X2))
(X1, %|Ps=1) = (X1, X |Pso) = 1/«/2 (W ()Y (X2) — ¥ (X1) Y1 (x2))

The condition imposed onto the I-frames must conserve linear momentum
thereby implying that a successful probing at a space point directly implies
a possible response at the antipode.

Now, introduce the spin to get (S =0,Ms = 0) corresponding to the
state W(S =0,Ms = 0) where the space function (x;,X;|¢z—o) is replaced
by (x1,%:|¥s-0). A similar operation applies to ®(S5=1,Ms=0),d(S=1,
Ms =1), and (S =1,Ms = —1) where the space function (x;, x;|¢s_1) is
replaced by (x;, X;|¥s_1).

A probing device designed to detect locally an asymptotic quantum state
must correlate to a linear superposition of states with different spin states
with Ms = 0. This would stand as a physical process at the Fence.

One obtain states that have the form

1/7/2 (i (x) 2 (x2)a(DB2) + BDa ()Y (x1) Y1 (x2))
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Thus, there are two possible outcomes: either ¥ (x;)v¥,(x)a(1)B(2) or
BMa(2)y,(x1) ¥ (xy), so that at position 1, if spin state is probed and one
gets [1 0] (spin o), necessarily, without sending any signal position 2 detects
state [0 1], no superluminal signal. There is just a quantum phenomenon. Or
if one gets the product form: 8(1)«(2) ¥ (x1)¥1(x,), signaling at position 2 one
measures spin state for one-I-frame system [1 0] or spin « and necessarily,
without sending any signal position 1 detects state [0 1] or spin . One can
generalize the results with the more general spinor representation.

The reality criterion defined by EPR is the following: If, without in any way
disturbing a system, we can predict with certainty (i.e., with probability equal to
unity) the value of a physical quantity, then there exists an element of physical reality
corresponding to this physical quantity.

Probing a quantum system implies quantum transitions that may gener-
ate one among various alternatives (possibilities). For the present case, when
probing the result is, say, [c1 ¢,]i, one should get [c, — c1], when both appara-
tuses have equal orientation. The physical quantity is the entangled quantum
state that clearly does not lead to a classical physics property.

The difference with respect to the standard approach lies in the nature of
the quantum state. Spin is not taken as a property of a particle. Spin quantum
state is sustained by material systems but otherwise a Hilbert space element.
A quantum state can be probed with devices located in laboratory (real)
space thereby selecting one outcome from among all possible events embod-
ied in the quantum state. The presence of the material system is transformed
into the localization of the two elements incorporated in the EPR experiment.
If you focus on the localization aspect from the beginning, one is bound to
miss the quantum-physical edge.

A usual manner to set up EPR paradox is to consider a pair of spin one-
half particles formed somehow in the singlet spin state and moved freely in opposite
directions. This view collides head-on with the quantum state description
advanced here. The spin singlet is a one-I-frame state so that no free motion
is possible for individual particle-states. The quantum-mechanical entangled
state in the box state representation does not have real-space location, the box
does; if you like, it is present but not localized. On the other hand, the prob-
ing apparatus has a definite space position with respect to the box; actually,
it is implicitly included there and can be located through interaction sources.
The physical interaction with the material support is exclusive—only one
possibility is “materialized” as it were—to predict which one is beyond the
capabilities of QM. Yet, it predicts all of them so that relative intensities are
predicted as discussed above. The magnetic field and its gradient prompt
for a transition of the entangled state to one of the base components with
their own I-frames; thus, a kick on the I-frame of this asymptotic state sends
that system in a particular direction. The EPR experiment only dissolves into
nothing more than a misunderstanding.
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The box space used to “dissolve” the I-frames of particle states so that
only one-I-frame system obtains and its quantum state embraces all spaces
required to actually locate the measuring apparatuses. Interactions between
both systems implying energy exchange stop quantum evolution of the
probed quantum state by generating another quantum state transporting
relevant information to be recorded or translated into reading devices. The
probing apparatus prompts for a transition from entangled to asymptotic
states that would remain correlated. The distance between the asymptotic sys-
tems may be as large as one wishes provided these states are shielded. It is
constructed to do that job.

5.3. The Wheeler’s delayed-choice experiments

During the “thought” experiment era, Wheeler proposed a challenging one
named by him as a delayed-choice experiment [18]. Today, the families
of experimental setups can be constructed with beam splitters, mirrors,
and photodetectors so that the ideas underlying “thought” experiment
could be tested. Recently, it was reported as an experimental realiza-
tion of Wheeler’s delayed-choice thought (“gedanken”) experiment [19];
there, results’ descriptions are made with the help of wave/particle
paradigm.

Here, quantum states describing the physical situations are constructed.
Only one material system at a time is assumed to be in the apparatus much
like Tonomura’s experiment.

We first define basic elements of the model to, thereafter, construct basis
wavefunctions; finally, a quantized EM-field representation is used to further
discuss the experimental results.

1. Beam splitter. This device (BS) is similar to a double-slit arrangement;
here, it is the nature of the material located at vertex-1 (v-1), that produces
the physical effect, that is, a quantum state |¥) impinges at v-1 where a BS
is placed; after interaction, the quantum state coming horizontally to v-1 is
scattered along two principal base states: |a)(a| 4 |b)(b|, where the label a
indicates direction 1-2 or 3—4 and label b signals either directions 1-3 or 2—4
as the case might be. Colloquially, |W¥) is a split resulting in a quantum state
that is given by a linear superposition:

|V) — BS — |1) = (a|¥)]a) + i(b|¥)|b)

The scattered state at vertex-1 is labeled as [1). The amplitudes are (a|¥) =
1//2 and (b|W¥) = 1/,/2. The linear superposition reads (|a)[b})) [1/,/2i/s/2],
and if necessary, a subindex may refer to the vertex added to the column
vector amplitudes; the base row vector is always (|a)|b)).
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Mirror ; D1 ; Mirror ; D1 ;

BSoutp t

1

X BSinput 3 X BSinput
Single-photon Single-photon
pulse pulse

(a) (b)

Scheme 1 Mach—Zehnder like interferometer

Decomposing a global quantum state following the channel disposition of
the mirrors, one gets Scheme 1a:

Input |W)—BS;,,.e 1 Chanel 1-2 : [i//2 0]; Chanel 1-3: [0 1/,/2]

Input Mirror-2: [i/y/2 0]; — Output Channel 2-4: [0 -1/,/2];

Input Mirror-2: [0 1/,/2], — Output Channel 3-4: [1/,/2 0],.

Detector D1 interacts with quantum state [1//2 0]; yielding relative inten-
sity response |1//2> = 1/2.

Detector D2 interacts with quantum state [0 —1/,/2]_., yielding relative inten-
sity response |-1//2|* = 1/2.

Quantum mechanics describes propagation of the quantum state that can
be locally modulated (mirrors). The detectors, on the other hand, belong to
real space where information gathered from them includes supplementary
elements corresponding to energy that is exchanged in quanta. The granu-
larity associated with this process does not belong to Hilbert space. Or, in
other words, quantum mechanics does not predict the trajectory of energy
quanta. The quantum must be present when the experiment proceeds, but
its localization is irrelevant to QM.

We examine now the modulation introduced by a beam splitter located at
vertex-4 as shown in Scheme 1b. The result is

toward D1: 1//2[—i/s/2 0]; Channel 2—4: [0 —1//2]_. = BSusput
toward D2: 1/,/2[0 -1//2]_.

toward D1: 1/,/2[i//2 0]; Channel 3—4: [i/,/2 0]; — BSquput

toward D2: 1/,/2[0 -1//2]..

Detector D1: 1//2[—i//2 0]+ 1/3/2[i/s/2 0] = [(—i/2 +1/2) 0] = [0 0]
Detector D2: 1/,/2[0 -1//2] +1//2[0 -1//2] = [0 -1].

The relative intensity concentrates on detector D2.
The analysis displayed above shows that it is the quantum state that is
probed at the detectors determining the outcome.
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Yet, quantum events do take place at the detectors. No-event is an
event. The quantum state relevant under these circumstances is the physical
quantum states equivalent to Eq. (19). First use Eq. (18) with state [1 0] indi-
cating one-energy quantum in the system. This statement means everywhere
inside the setup. The quantum state impinging at D1 is a direct product
[0 0]®[1 0], whereas at D2 it reads [0 —-1]®[1 0]. Using Eq. (3), we see that
the root amplitude multiplying the photon transition is zero at D1, is zero
always, whereas at D2 the root amplitude is —1 which ensures the possibility
that the photon is transferred (emitted) thereby prompting for an event.

It is the quantum state that is probed seems obvious from presentation
given, but a phase shift (PS) operation can check it: PS[a b] — [a bexp(i®)].
Now,

Channel 2-4: PS[0 -1//2]., — [0 -1//2exp(i$)] = BSouput
toward D1: 1/,/2[—i/,/2 exp(i¢) O],
toward D2: 1/,/2[0 — 1/,/2 exp(ip)]_.

Whereas

Chamel 3—4: [i/JZ O]T e BSOutpu‘(
toward D1: 1/,/2[i//2 0],
toward D2: 1/,/2[0 -1//2]..

The quantum state arriving at D1 yields
1/4/2[—i/y/2 exp(ip)0]; + 1//2[i/y/2 0], = 1/2[i(1 — exp(i$))0];.
The quantum state arriving at D2 yields
1/4/210 -1/4/2 exp(i®)]. +1/4/2[0 -1/4/2]. =1/2[0 — (1 + exp(ip))]-.

For ¢ = /2, we have the quantum state at D1 equals to 1/2[(1+ 1) 0], and
at D2 equals to 1/2[0 —(1 +1i)]., and both detector will click with equal
relative intensities!

A phase shift is a pure quantum-mechanical modulation that, for the
present case, produces an effect at the Fence (laboratory).

The results of this thought experiment and the way it is described in
the present approach deny validity (pertinence) to the common statement:
quantum entities can behave like particles or waves depending on how they are
observed.

If the terms, particles or waves, imply classical physics systems, as they do
when invoking the principle of complementarity, then the results analyzed
here imply the particle-wave duality belonging to a classical view with no
place to claim in QM as presented here.

This issue is very important. We will examine this matter a little further.
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5.4. Particle picture and delayed-choice experiment

The particle picture has not been retained in this paper. Yet, it is a dominant
view. Thus, it seems timely to introduce it through the master presentation
made by Wheeler himself.

Referring to the fundamental discussions between Albert Einstein and
Nils Bohr, Wheeler writes:

“Of all the idealized experiments taken up by the two friends in their effort
to win agreement, none is simpler than the beam splitter.” (See Figure 4
from Wheeler’s paper [18]). He continues: “With the final half-silvered mir-
ror in place the photoreceptor at the” lower left (D2 for the present case)
“click-click as the successive photons arrive but the adjacent counter register
nothing;” (this corresponds to our D2 counter). “This is evidence of interfer-
ence between beams 4a and 4b; or, in photon language, evidence that each
arriving light quantum has arrived by both routes,” that is, 134 and 124. “In
such experiments, Einstein originally argued, it is un-reasonable for a single
photon to travel simultaneously two routes. Remove the half-silvered mir-
ror,” (the one called BS,put), as in Scheme 1a, “one will find that the one
counter goes off, or the other. Thus the photon has traveled only one route.
It travels only one route, but it travels both routes; it travels both routes, but it
travels only one route.” The text continues: “What a nonsense! How obvious it
is that quantum theory is inconsistent!”

So far goes Einstein’s criticism. The answer by Bohr as quoted by Wheeler
is interesting: Bohr emphasized that “there is no inconsistency. We are deal-
ing with two different experiments. The one with the half-silvered mirror
removed tells which route. The one with the half-silvered mirror in place
provides evidence that the photon traveled both routes. But it is impossible
to do both experiments at once.”

Quantum mechanics is about quantum states and their (parametric) time
evolution. They are related to material substrates in real space, no doubt,
but as such (quantum states) they belong to Hilbert space. In this latter
space, pictorial descriptions originated in our real-world perceptions do not
make sense. There are no quantum entities that can behave like particles or
waves; see the comments made by P. Knight in [20]. From the perspective
displayed in Section 5.3, it is not difficult to see that when real-space and
Hilbert space descriptions are not distinguished properly, whenever a parti-
cle description is used to examine quantum-mechanical outcomes, weirdness
would pop up. It is the way one understands quantum states, that is, at stake.
More to the point: it is the classical particle/wave picture that is part of the
problem.

But according to the present approach, they behave as quantum states
in Hilbert space. These latter can be diffracted and modulated interference
patterns. This latter is taken as the signal of wave behavior in the standard
textbooks. But, as water waves in a pond designed to mimic a two-slit setup
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and electromagnetic waves in similar arrangement produce interference
patterns, it does not mean that water waves are equivalent or equal to electro-
magnetic waves. Quantum states in particular situations do relate to patterns
of interference. At detection, they exchange energy in quanta through a quan-
tum interaction; this is a fact inferred from Planck’s experiments. And as we
saw in the two-slit experiments discussed in Section 5.1 as an event realizes
at a given spot, it is modulated by the wavefunction there. If anything, the
“particle” and “wave” behaviors are “simultaneously” in effect at the point
where the click-event emerges they cannot possibly be separated. The com-
plementarity principle applies only to the real concepts of particle and wave.
It has no relevance if a full quantum-mechanical description is at work.

5.5. Coherence lost and regained

The relative phases appearing in quantum states can experimentally be
manipulated. Brdandas pointed out to me that Chapman et al. [16] have
shown that coherence can be lost by photon interaction with a quantum state
and that coherence could be recovered experimentally.

The quantum state approach used by us leads to similar equations
reported there. The chapter is formulated in the particle/wave language
that N. Bohr popularized among physicists. This issue is examined again
in Section 6.

The flaw in Bohr’s view lies in the assumption that the measuring device
must be macroscopic and “reality” the one emerging in our daily life, to be
communicated with everyday language.

But language grows as new “continents” are discovered and new words
and concepts would find their way to the civil society beyond the jargon we
employ in scientists” societies.

6. BACK TO QUANTUM STATES FOR QUANTUM PROBING

At a Fence implications derived from quantum state, changes are confronted
to representation of time and space including time scales, duration, and loca-
tion (presence) of laboratory material elements (objects). This is a reality
constructed with the help of theoretic concepts; it is not something that you
may simply “observe.” Xenophanes (ca. 500 BC) already pointed out similar
ideas (Wikipedia). The concept of quantum state is central to the quantum-
physical view. Basically, there is no need for observers but of experimenters
able to change, alter, capture, and interpret signals from the surrounding
interfaces. A new dimension incorporates to our view of what is called
reality.

Thought and laboratory experiments to be examined later have been
extensively described and analyzed in the literature [13]. Basically, a
particle/wave picture and Bohr’s complementarity principle are the ground
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elements that sustain the description of experimental results. A classical
physics picture dominates both at a descriptive level and in constructing
quantum states. And, consequently, one finds studies in which an origin
to quantum-mechanical complementarity is sought by “which way” exper-
iment in atom interferometry. The problem is that a classical picture and
an abstract quantum-mechanical one are not commensurate; in this context,
the term quantum-mechanical complementarity is contradictory. Whether an
alternative can be found is the issue examined below.

6.1. The Scully et al. atom interferometer

The introductory aspects related to these experiments are examined in
Section 5.1 where a simplified base state model is presented. Here quantum
optical test proposals are discussed. For details, view Figure 5 of Ref. [15];
there, emphasis is provided on the location and construction of quantum
states.

The scheme is used to help construct quantum states adapted (relevant) to
the new situations. Interaction operators represent slits. The quantum states
obtained are those that will interact at the slits located on the right screen.
These states are then scattered by the slits and proceed to check the quantum
states impinging at the recording screen.

The material system sustaining the quantum states of interest corresponds
to an atom showing a long-lived Rydberg state. In our view, it is the entan-
gled state discussed at several places that show a long lifetime before
emitting a photon. “Communication” (interactions) between cavities can be
allowed; this is done through the electro-optic shutters separating both cavi-
ties. Three generic cases are examined: (1) Shutter is closed and no interaction
between cavities; (2) Shutter open; (3) Shutter open and a measuring device
separates both cavities.

The heuristic analysis in Section 5.1 is completed now.

| @) = |Ingoing-state) = |00)
Channel adapted base states:

|10) = |Rb-ground-state), = ¢ (x)|GS) = ¢ (x)[i)
|20) = |Rb-ground-state), = ¢,(x)|GS) = ¢,(x)[i).

Laser interaction base states (GS = ground state):

111) = 1 (0IGS)[L..);

IT1E) = 1GS; 1,); = ¢1()|¥7)|0,,)

122) = p(x)|GS)|L..);

122E) = |GS;1,), = $2001¥7)|0,,). (30)
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The model is the simplest one. See Section 5.1 for some variations including
entanglement.
Cavity dressed base states:

1) = [11E)[04/)1104), = ¢1(0)1GS;1,,)10,)10)110u), =
1 () [Rb63ps12);  10,)110.),  10,) = [W700), = [a00; E),;
2) = 121E}104)1100)2 = ¢2()1GS;1,)10,)104/)1100), =

)
)
)
$2(x)IRb63ps2);  10./)1100),  10,) = [W00), = [a00; E),;

3) = |W510) = ¢1(0)|Rb61d52);  [10)1100), 0.} = [b10);
14) = [W};10) = $1(x)|Rb61ds5)2; 10/)1104)110./),10,) = [b10; E)
5) = [W},10) = $1(x)|Rb61d5)2)1110/)1100),  10.,) = 1c10);

6) = [¥},;10) = ¢1 () IRb61d3/2; 10/ )110/)1100),  10,,) = [€10; E)

7) = [W;01) = ¢»(x)[Rb61ds)2),]10r)210.);  10,,) = [bOT)
8) = [W;;01) = $2(x)IRb61ds)2; 10/)2]00/),00)1  10,) = [bOL; E)
19) = [W;,01) = $2(x)IRb61d;)2),110),10./);  10,,) = [c01)

110) = [¥;01) = ¢2(x)|Rb61ds/2; 10r)5100)2100)4100) = [€OL;E) - (31)
The cavity photon entangled with the material system state is written as
IRb 61ds,; 1,,),_,,. Base states |[Rb 63p3/2) and |[Rbé61dsy),/1,,) have equal
energy; they relate to two different states at lower energy: a A state. Symbol
|W*00) reminds the case.

6.1.1. Quantum states: possible situations
The base set displayed in Eq. (31) represents important cases. Let us select
few of them that may be relevant to discuss situations mentioned in
Ref. [15].

The laser beam sets up the channel states into a linear superposition that
for channel 1 reads as follows:

C'|11) + G'|11E) = C}'¢y (0)|GS)I1,,) + Gyl ()|GS; 1,,)[0,,)

A similar relation holds for channel 2 with obvious changes. At the cavity,
the active component is related to C}' because it is the base state |GS; 1,) that
would correspond in energy to |[Rb 63p,,) that opens channels to interact
with base states |Rb 61ds,,) (b-state) and |Rb 61d;),) (c-state).

The states C}' = 0 and C}' = 1 open couplings to the cavity. Thus, one pro-
ceeds to signal this base state as |Rb 63p, ) = |[W*00) = |a00; E). The avatars
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related to this state are related to channel processes; this is why one label
base states with subindexes.

The first result corresponds to a trapping of the entangled state inside the
cavity. The lifetime at |[Rb 63p, ,) is such that it remains with C;! = 1.

With C}! = 1, the base state is left free to act as root for processes connected
to w'-photon emission related to internal base states |Rb 61d;,, or ds»).

Observe that inside cavities, the base states |Rb 61d;, or ds;;1,) and
the level |Rb 63p, /2)|0m/) have the same energy. Thus, the entangled base
states [b01; E), |b10; E), |c01; E), and |c10; E) may connect the cavity to external
states, for example, |a00; E);, and |a00; E),.

What is the role of entangled states inside the cavity? Terms, for exam-
ple, such as those in |3) and [|4) appear as linear superpositions (omitting
common factors):

G [Rb 61ds.2); 11100}, + Co [R61ds )25 10)1100)110.),

Normalization |C;|*> 4+ |C4]* =1 leads to assign C; = cosa and C, = sina.
Angle « here is a parameter (real number). The system can be prepared in
different guises if one can fix the parameter.

If C; = 1, then C; = 0; there is some ambiguity. The base state |Rb 61ds,),
|1./); may stand for a photon state that is directed toward the material sys-
tem; it may also describe a photon state moving away (emission of some
sort).

If a quantum state starting from [Rb63p, ,), then we take C; = 1and C; = 0.
The process described by the arrival state C, = 0 and C; = 1 can be seen in a
two-fold manner: (1) The w'-photon is sent away into the cavity by sponta-
neous emission; (2) The linear superposition becomes periodic in time where
the state is an entangled state; the energy hw' is no longer available.

Thus, a time-dependent state stands for a system where one cavity photon
is no longer available. When state C;(w"t) = 1 where w” characterizes a weak
interaction one has a possibility to “release” one photon ' to the cavity; the
base state required to complete the description is |[Rb 61ds/),10,/);10./),. The
quantum state takes on the form:

C301(x)|Rb61ds52)1]10)1104); + Cagpt () IRb61d52; 10 )1 100 )1 104 ),
+ Gy (x)|Rb6ld5/2)1|1w/)1 [

The third term corresponds to recoil is associated with spontaneous pho-
ton emission in a direction different from ¢;(x), justifying the change into
W, (x). Such photon state is not correlated to the initial interacting state. The
reason is due to the stochastic nature of spontaneous processes. The quantum
state amplitudes are C; =C, =0 and C; =1. The change is physically
irreversible.
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6.1.2. Detector function

The incoming states |®;,.) are planar wave states sustained by the Rubidium
atom. The collimators allow separation in space; base states |10) and |20)
propagate along channels 1 and 2; ¢:(x) and ¢,(x) are the scattered states at
DS-1 and, as the source state is the same and we take identical slit interac-
tion potentials, these functions differ only in space origin. After interaction
with the laser beam the base states label from |1) to |10) are sufficient for
discussing several possibilities

Case 1: Absence of laser and cavities system
(xI1) = ¢ (0IGS) and (x|2) = $(x)|GS).
After DS-2, the quantum state is the linear superposition:
W) = (1/2)(1(x) + ¢2()|GS).
The channels are apparent.

Case 2: Absence of cavities system

The quantum state after laser beam interaction is space separated by the
collimators:

(xI1) = C'¢1(0IGS)[L,) + G (0|GS; 1) = (C1'IGS)[1,,)
+ GFIGS; 1,)¢1 (%)
(x12) = C¥$:(0IGS)I1,,) + 7, (x)|GS; 1,.) = (CF|GS)I1,)
+ CIGS; 1,,)) ¢ (%).
Symmetry imposes the equalities C;' = C?* =D, and C}'f = C#* =D,.

This means that quantum states for both channels are the same.
The linear superposition generated by DS-2 reads as follows:

W) = (Di|GS)[1,) + D»|GS; 1,)¢1 (%) + (D4|GS)|1,,)
+ D1IGS; 1,)¢2(x)) = (D1]GS)[1,) + D1|GS; 1,)) (1(X) + ¢2(x)).

If sameness criterion fulfils, an interference pattern is expected at record-
ing screen.

Case 3: Include laser and cavities system

The groundwork with bases set has been done above. Here, we leave
outside the base states |0), |01), and |02) appearing in Eq. (31). Now, let us
examine some situations present in article by Scully et al., namely, shutters
are closed.
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States given in terms of linear superpositions cover all available space:

l+) = 1//2|Cav-1(10)) + 1//2|Cav-2(01))
|—) = 1/4/2|Cav-1(10)) — 1/,/2|Cav-2(01)).

In terms of these new states, cavity 1 state reads as follows:

|Cav-1) = (1/y/2)(I4+)+]-))
|Cav-2) = (1//2)(|+)—|-).

Cavity states are represented in the base set (Eq. (31)) as:

|Cav-1(10)) =[0; 0, C3 C4 Cs Cg 07 0g 09 Oy0]
|Cav-2(01)) = [0, 0, 05 0, 05 05 C; Cg Co Cypl.

In what follows, the base states with configuration 61d;, will be left idle,
namely, amplitudes equal to zero: Cs = C, = Cy = Cyp = 0. This is done to
simplify the writing only.

With the laser turned-on, the quantum state at the cavities appears as
follows:

1/4/2 ¢1(x)|Cav-1(10)) + 1/4/2 ¢1(x)|Cav-2(01))
= (G5IRb 61ds,2)[1,/)110./)210,) + C4IRD 61ds,2; 10/)1100)1100)210,,)) 1 (%)
+ (G7IRb 61ds5)2) [10)2100)110,,) + CsIRD 61ds52; 10/)2100)2100)
10,))p2(x)

Reorganizing this equation with |0,) as common factor:

{C5IRb 61d5/2>|1w’>1|0a)’>2¢1 (x) + C;IRb 61d5/2> 1142100 )162(3)}0,,)
+ {C4Rb 61d5)2; 1.,/)1104)110.)2) 1 (X)
+ C8|Rb 61d5/2; 1«/)2|0w’>2|0w’>l)¢2(x)}|0w>'

The second line corresponds to a nonseparable photon state, whereas the first
line would correspond to a direct product state between material system base
state and photon fields. It is the sum that describes an entangled state.

The quantum state with C; = C3 =0 and C; = C; = 1/4/2 corresponds to
Eq. (6) in Ref. [15]. This state misses entanglement. By symmetry, the state
should have amplitudes |C4| = |Cs| = |G5| = |C;| = 1/2.

If there is a photon in the cavity prior to the passage of the material
system, the base set must be modified. Then, that photon state can be
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associated with

IRb 61ds/2; 1./)1110/)1100)110.)2) ¢1(X)10,) - or
IRb 61ds/2; 1or)2110r)2100)2100)1) 2(%)10,,)-

If such beam states proceed until the double slit located at the right screen
according to this device, they must form a linear superposition

CyIRD 61ds2; 1o )1110)1100)1100)2) ¢1()10,,) £
Cy|Rb 61ds/2; 1./)5|10r)2100)2100)1) $2(%)10,,).

At DS-2, the cavity components differ in a phase factor indicating the ori-
gin; otherwise, they are not the same thereby closing the possibility for an
interference pattern. Actually, one has (1,/0,2)(1,1[0,1) = 0.

If there are N-photons at each cavity, the base functions would read as
follows:

|Rb 61d5/2, 1w’>1|N + 1w’>1|Nw’)2)¢1 (X)|Ow) or
|Rb 61d5/2; 1m’>2|N + 1(1}’)2|Na)/>l)¢2(x)|0m)'

But now, the field quantum states are no longer orthogonal. An interference
pattern can hence be detected. This result is quoted in Ref. [15].

Beyond the cavity space, the material system is released through the
nonentangled state inside the cavity:

|Cav-1(10); E) — |Cav-1(10); Free).
Namely,

|Cav-1(10),E) = [0] 02 03 C4 05 C6 07 Og 09 0]0] —
|CaV'1(10), Free> = [01 02 C3 04 C5 06 07 08 09 010]

and

|Cav-2(01); E) = [0, 0, 05 04 05 05 07 Cs 0y Cyo] —
|CaV'2(01), Free) = [0] 02 03 04 05 06 C7 08 C9 0]0].

The entangled states are those operational in opening the quantum states
where no photon is left at the cavities. In this case, one gets:

|CaV—1 Outgomg) = [01 1/«/22 03 04 05 06 07 08 09 010]
|Cav-2 Outgoing) = [0; 1/4/2, 05 04 05 05 07 Og Oy Oy].
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The beam quantum states are the same for channels 1 and 2. This is the
condition required so that interference fringes will show up. Once the beam
states interact at the slits, one will have the scattered state

|Scatt.State +) = |Cav-1 Outgoing) + |Cav-2 Outgoing)
= {Ciexp(iK.Ry) + G, exp(iK.R2)}IRb 63p, ,)[0./)110.,),10.,)-

Now, one can expect constructive interference.
One can immediately see that

|Scatt.State —) = |Cav-1 Outgoing) — |Cav-2 Outgoing)
= {Ci exp(iK.Ry) — G, exp(iK.R2)}IRb 63p, ,)[0.)110.,),10,,)

The scheme shows antifringes with a minimum instead of a maximum.

If one asks for the path followed by the system, the answer has the two
sides. For the scattered state |Scatt.State), both slits are used with equal
weights. For the material system, there cannot be a simple answer: quantum
mechanics handle quantum states not the path(s) followed by the material
system sustaining the quantum state. But, for sure, the material system must
be present at the detecting surface.

Which way does it take the material system through the system? Again,
this is not a question that can be answered by abstract QM. Yet, hidden
variable model can give an answer, but this is not the issue here.

The above case corresponds to shutters closed; now, we look at shutters
open.

Thus, the system is described by linear superpositions over the cavities
with base states: |[+) and |—). However, as we introduce interactions with
the cavity coupled to devices that can inform whether a photon is left in one
cavity or the other one can first try a simple analysis when one photon is
left behind. The statement “photon left behind” is understood as a quantum
state, having amplitude one at the base state indicating that such is the case.

For the sake of simplicity, assume that one «’-photon is left at Cav-1.
The symmetry is broken so we can apply a construction using the channel
concept. For Cav-1 the quantum state can be constructed with a simplified
model for which only ds/, states are given the possibility to show nonzero
amplitudes. The outgoing channel looks like:

|CaV—1 Outgomg) = [01 02 C3 04 05 06 07 08 09 010]
|CaV'2 Outgolng) = [01 02 03 04 05 06 C7 Og 09 010]

These quantum states are orthogonal. And lack of sameness permits con-
cluding that there will be no interference figure at the measuring surface.
That’s it. There is no need for an observer to check it; the quantum state
suffices. But article by Scully et al. is much more challenging.
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6.2. Welcher Weg setup

Scully et al. [15] have suggested still one thought setup that taken together
with the micromaser welcher Weg detector would permit testing some issues
in the orthodox quantum measurement model. Here, we construct the
quantum states for the cases presented in that paper and discuss some of the
measuring alternatives. To this end we use the extended base set presented
above.

Case 1: Shutters are closed.

A photon is left behind without specifying in which cavity it is; this
ensures presence but not localizability. The quantum state is then a linear
superposition of states with one photon free:

[+) = (%) (|Cav-1(10)) + |Cav-2(01)))
— [0, 0, G C4 05 05 C; Cg 0y 0y
- = (%) (ICav-1(10)) — |Cav-2(01)))
— [0, 0, G5 C4 05 06— C; —Cg 0y 0]
A free-photon state possibility obtains when C, = Cs = 0 and both cavity
states are given as:
[++)+]—=) = [0; 0, C5 C4 05 06 07 05 09 039] = |cav-1)]0,), |0.,,)
= {G5IRb 61d52)[1/)1}10,)210.,)
[+)—=]=) = [0; 0, 05 04 05 05 C; Cs 0y 039] = |cav-2})|0,); |0.,,)
= {G7IRb 61d5.2)[1/)2}100)1100,)-

Both possibilities have equal weights when shutters are closed so that one
reconstitute the linear combinations for the |+) and |—) states.

Case 2: Shutters open.

What may happen if the photon left “behind” is detected and absorbed by
a detector?

The answer may be constructed as follows. Again, amplitudes C, = Cg = 0
and a photon state are left behind and, by symmetry C; = C; = 1/,/2:

34+7) =10, 0, 1/4/25 04 05 05 1/4/2; Og Oy Oy]

= 1/y/25|Rb 61ds,,)|1.); + 1/4/271Rb 61d5,)[1.,),
3-7) = [01 0, 1/\/23 04 05 06 —1/\/27 0s 09 010]

= 1/4/25|Rb 61ds)5) |1}, — 1/4/27IRb 61ds,2) |1, ),
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First, there is need for one “free photon” so that we have to produce a
transitions between |3 + 7) and |3 — 7).

If detection breaks the symmetry, no interference can be expected.

In case of nondetection, the interaction produces either state. Once a given
state is produced, both beams have a full degree of sameness. If the state to
be sensed corresponds to |3 + 7), there will be interference, whereas if it is
|3 — 7), there is a minimum in between the shadows of the slits instead of a
maximum.

For an experiment where these quantum states are produced with equal
weights, no interference will show up. If one could “distillate” the informa-
tion yielding separate registers so that one could display the separate states,
then coherence for each separate state type will be recovered. This situation
relates to Chapman’s et al. experiment [16].

Now, we come back to article by Scully et al., we quote:

“Consider now the arrangement of the atomic beam/micro maser system indicated
in”, Fig. 3a,.... “imagine that on opening the shutters, light will be allowed to
interact with the photoreceptor wall. In this way the radiation, which is left either
in the upper or in the lower cavity, depending upon whether the atom traveled
along the upper or lower path, will now be absorbed and the “memory of passage”
(the welcher Weg information) could be said to be erased.”

“Do we now (after erasure) regain interferences fringes? The answer is yes, but
how can be that?”

The answer in terms of internal quantum states is less evident. For, assume
the photon left is now absorbed, and then the quantum state of the material
support has not been necessarily restituted. This issue is examined now. We
need supplementary base states [Rb 61ds,,)|0,/); and [Rb 61d;,,)|0,,),. Now, if
memory passage is erased and we get back the linear superpositions |3 + 7)
and |3 — 7) that are equally possible, then we are back to the situation where
either quantum state can be detected. This issue is now examined.

6.3. Quantum eraser

There is something more extraordinary in Ref. [15]. These authors suggested
a correlation between the state of detector and the presence of fringes and
antifringes.

Let us quote the text from Ref. [15]: “...a, Quantum eraser configuration in
which electro-optic shutters separate microwave photons in two cavities from the
thin-film semiconductor (detector wall) which absorbs microwave photons and acts
as a photodetector. b, Density of particles on the screen depending upon whether a
photocount is observed in the detector wall (“yes’) or not (‘no’), demonstrating that
correlations between event on the screen and the eraser photocount are necessary to
retrieve the interference pattern.”

In other words, the observer seems to be playing an important role. This
contradicts all we have said so far. We will discuss this issue now.
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Take the case where a photocount is observed in the detector wall (“yes”),
the quantum state is now of the form |3 —7) and associates with a label
state |A = —1). Store the quantum state by collecting the position of the
impact event; save the data set. If no-photocount is detected, the impact
position of datum is stored with label |A» = +1), indicating that this event
is associated with state |3 + 7). This process corresponds to “distillation” of
quantum states into two exclusive data sets that can now be independently
displayed.

The key to the problem is to understand that the correlations of any kind
were done at full quantum level once w'-photon detection took place and
nowhere else.

Thus, there is no need to force the statement indicating that “correlations
between event on the screen and the eraser photocount are necessary to retrieve the
interference pattern” because they are not.

All the weirdness laid onto Quantum Mechanics account is actually due to
enforcing a classical particle-wave picture.

The analysis within the particle model interpretation is developed by
Scully et al. [15]. We suggest the reader to carefully study Ref. [15]. Here,
we quote the result most relevant for the present discussion: “...we find
that the interference fringes disappear once we have which-path information,
but we conclude that this disappearance originates in correlations between the
measuring apparatus and the system being observed. The principle of comple-
mentarity is manifest although the position-momentum uncertainty relation plays
no role.”

With hindsight gathered above with a filter device labeling state |3 —7)
with A = —1 value so that only events with this detection signature are reg-
istered anti-interference will show up. Proceeding in similar way for A = +1
for another detecting surface, we get |3 + 7) as selected state. The results do
not depend upon interaction with the detector.

The interpretation of QM formalism in terms of the complementarity
principle leads to puzzling situations; the particle-wave view seems to be
fundamentally flawed to the extent classical concepts do not belong to an
interpretive framework to quantum mechanics.

In QM without particle interpretation, the statement: interference fringes dis-
appear once we have which-path information has truth content. The statement:
disappearance originates in correlations between the measuring apparatus and the
system being observed, is not fully granted. From the present stand point, it is
false.

For, the total quantum state as seen at the detecting screen if no distillation
process applies is a mixture related to the alternatives “eraser photon yes
or no.”

The fringes or antifringes will appear once a sorting out collects the two
classes of quantum states in separate groups. There is no special correlation
between the measuring apparatus and the system being observed for the simple
reason that all results are there but mixed.
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6.4. Entanglement issues

The preceding discussions raise, beyond the particular cases, important
issues. A few are described now.

Quantum and classic theoretic frameworks relies on coordinate sets, and
the origin of which is defined with respect to space-time inertial frame
characteristic of special relativity framework. A clear-cut correspondence is
never a transparent endeavor; the origin of an I-frame designates a junction
point. Care is required to differentiate real space from configuration space
situations. Yet quantum interactions between inner and outer states couple
both levels as mentioned earlier, for example, EPR entanglement cases.

Quantum entanglement between matter-sustained quantum states and
those presenting EM quantum states is one basic ingredient in discussing,
for example, Eq. (31) in Scully et al. atom interferometer analysis. Also,
in Section 4.2, a quantized EM field was used. Some key issues were
not examined there; below focus is on one issue concerning laboratory
(real)/Fock space [5] connection.

In laboratory space, energy can and must be traded, measured, and spilled
(entropy). In Hilbert/Fock space, energy is used as a label.

Consider the entangled base states: |E,;0,) and |Ey; 1,) with Ey)Ey. In lab-
oratory space, uncorrelated direct product states |Ey) ® |0,) and |Ey) ® [1,,)
can stand as base states for independently prepared EM and material-
sustained quantum states, namely, |¥,t') ® [EM, ') for times #')¢,. From the
infinite possibilities embodied here, one select those that might be relevant
for describing a source of an EM system and the location for a given I-frame.

An entangled quantum state is generically designated as |W; EM, t). Base
states look like |Ey;0,) or |Ey;1,); here, the EM field and the quantum state
bases are not separable. It is a common situation to get an energy shell
domain where energy labels add up to a fixed energy value within £AE. Lin-
ear superpositions in an energy shell obtain once time-dependent interaction
operators in the combined Hilbert-Fock space are included. Schrodinger’s
time evolution operates if and only if there is no one spontaneous emission
rooted at the entangled state. Such is the hypothesis behind Scully et al. case.

Entangled states through appropriate interactions can be controlled and
forced to exchange energy with surroundings. Because a result of such
interactions is a new quantum state, time evolution starts up anew.

Experimentally what can be controlled (modify) is information that is
being transported by quantum EM systems through phase modulators
and/or elastic scattering; for example, see Wheeler’s cases discussed earlier.
Otherwise, emitters (sources) and receptors (sinks) would act as toll bridge
to control exchanges of energy providing an example of Fence processes.
As we discussed for Tonomura’s experiment, events carry information on a
quantum state. Once accidental events are put aside, cumulative information
yields a picture as it were of a quantum state.
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Let us introduce an energy shell base set and include nonentangled bases
to discuss more concrete issues at a Fence:

(- |E) ® L) |E;1.) [EGO.)  [E) @10.)...)
The generic amplitudes are given as

[' .. Ck’+1w Ck’ﬁlw CkﬂOw Ck+0w .. ]

For a quantum state defined by Cy4, = 1 with k' = (Ground state) and all
other amplitudes zero, one identifies cases of photon states that may or may
not interact with the ground state. I-frame localizes the quantum state so that
one takes this case to represent an impinging light field:

[...1000...].

The entangled state is generically given as linear superpositions:

[--- 0 Cyrio G0 - ]

Among all possible entangled states, one can select two classes of interest
for us:

[...0100...] and [...0010..]

The latter describes entanglement of the zero-point energy state with the
“excited” state sustained by a material system; the former corresponds to
ground state entanglement with a photon field.

Spontaneous emission relates the quantum states:

[...0100...](=)[...0001...]

It is linear momentum and direction of emission that cannot be predicted
by quantum theory. The massive nature of the I-frame and the high density
of states at outgoing EM channel permit understanding why it is possible to
calculate all possibilities but not isolated events.

In laboratory space, the state [...000 1...] is localized at the I-frame that
would act as the emission source. A detector at a given distance and position
may or may not detect the energy equivalent to one quantum, yet a quantum-
mechanical interaction is ensured.

The entangled state, viz. [...0 Cyn1, Ciow 0...] can be used through stim-
ulated emission to generate a photon state coherent to an external photon
state by using an appropriate cavity. Lasers for instance are based on such
processes.

The similar type of entangled state can be a starting point for inter-
nal changes leading to different quantum states sustained by the I-frame
material; dark states are useful in many respects.

In Chemistry, a covalent bond corresponds to an entangled state sus-
tained by two-electron state. An entangled state |; EM,f) given as a linear
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superposition including entangled and nonentangled base states is sufficient
to theoretically handle chemical process as we have recently shown [21].
Quantum-mechanical frameworks for studying enzyme catalysis become
possible [22].

Special theory of relativity introduces a fundamental measure of time
through signals propagating at a speed independent from the state of uni-
form motion of sources and sinks. The signal corresponds to electromagnetic
radiation (e.g., light). In vacuum, the speed of light is constant.

A second element comes from electrodynamics involving the product of
wavelength and frequency: Av = ¢; both factors can be modulated. But once
the value of one of them is determined, the other is fixed; their product stands
for a universal constant.

The third element originates from quantum physics relating an elec-
tromagnetic frequency v to an energy difference between energy eigen-
states, quantum base states (N. Bohr relation); see discussion section and
Section 4.2. These elements allow for the introduction of length and time
standards.

One of the problems confronting the development of quantum physics
relates to a view that theory would describe material (natural) objects: posi-
tion, speed, and physical properties directly coupled to things in real space.
This latter is seldom given a precise definition.

Therefore, historically, an interpretation of the theoretical structure became
necessary and influenced by the particle view; in this context, one finds state-
ments of the kind: a material system, say, one electron is in (or occupies) a
specific (base) state; linear superpositions are reduced or collapsed when-
ever a measurement takes place; the statement, Schrodinger cat is either
alive or dead or in a linear superposition where the cat is both dead and
alive does not make sense; a real object cannot be seen in that manner. For
sure, this paradigm must be revised, and if it is to be used at all, it must be
done with caution. Philosophy has been one of the domains of the culture
in deep crisis all along the twenty century. Wittgenstein, Heidegger, Carnap,
and others [23, 24] have severely criticized the philosophies of knowledge
that, on the other hand, are usually claimed to be required to understand
QM [2, 3, 6, 9]; refer pages 519 onward from Ref. [3]; in particular, criticisms
of subject-object philosophy that is a predominant view in our Western soci-
eties. This view underlies current interpretations of QM [9, 25]; this chapter
represents an effort to move beyond this descriptive level by clearly showing
the possibility to extend the concept of quantum state.

7. DISCUSSION

The theoretic model featuring physical quantum states presented here was
used to examine several aspects of physical quantum measurements. The
physical model replaces ontological (metaphysical) and knowledge-theory
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based ideas dominating and prevailing approaches as discussed by Malin
[6]. Most, if not all, of putative weirdness imputed to QM can be removed
as classical physics pictures of particles and waves are replaced by physical
elements belonging to a quantum world, that is, quantum states in Hilbert
space. Yet, recording-reading of quantum states relate to events located in
laboratory (real) space where energy and linear/angular momentum are
conserved quantities; one must extend the scheme to describe laboratory
situations. One of the junctions between Hilbert and laboratory space is
identified in this work by the old N. Bohr’s postulate qualified by the
amplitude at the root state: E; — E; being a difference of energy eigenval-
ues in Hilbert space. This is mapped to energy in real space through an
electromagnetic radiation o, namely, E; — E; = ho.

The present approach conflicts with Copenhagen view tenets quoted in
Section 3.2. The concept of object is replaced by the elementary consti-
tutive materials, viz. electron and nuclei sustaining quantum states. The
parameters defining charge spin and mass enter those differential equa-
tions used to calculate model quantum states (time-independent eigenvalue
Schrédinger equation or relativistic equations [5]).

Registering on a screen, an individual spot, as seen in Scully et al. model,
epitomizes (in the standard approach) an individual measurement (Cf.
Ref [11]). If one focuses only on the spots, individual results then look purely
random without any possibility of detailed causal explanation [17]. From the
perspective developed here, the spots will pattern the quantum state one sets
up to measure. Energy in the form of quanta is required to imprint the mea-
suring device. The result is an ordered picture of a quantum state emerging
from the spots aggregate in laboratory (real) space. The event also includes
information on the probing apparatus with associated noise.

The energy difference implied in Eq. (3) must be traded with an exter-
nal source. The electromagnetic field must be quantized to serve as a source
effective in measuring. This implies participation of at least four composite
base states examined in Section 4.2. Temporal trapping of a photon energy
that fulfills Bohr’s relationship, iw = (gx — &y), is made through an entan-
gled state (Cf. Section 6.4). The wavefunction is referred to an I-frame that
provides real-space localization, and in this sense, this process has a local
character. Yet, there is no jump. The equivalent of a spontaneous photon
emission is inseparable to the de-excitation leading to the root state involved
in the process that in the present case is the ground state sustained by the
material system; energy is conserved.

Light, or more generally electromagnetic radiation, travels as a quan-
tum state. It is produced as a quantum state; it can be a scattering state
from a source. It is detected by quantum states sustained by material sys-
tems. At these two instances, energy is exchanged in quanta according to
Planck’s law eliciting granularity (clicks). Time spent to travel between a
source and detector corresponds to the distance divided by the speed of
light. It is a zero rest mass system. Diffraction and interference produced by
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interactions (scattering) with material systems express the quantum nature
of EM radiation at a laboratory level.

Entanglement is a phenomenon involving quantum states. This is true
for material (EPR) systems. It is also true for EM radiation. There are
quantum-physical devices that can produce entangled EM quantum states.
A two-photon entangled state may or may not show a spherical symmetry;
such state correlates responses that may appear at antipodes detectors or,
depending on the generating source at definite angles. The detector produces
a quantum transition that put amplitudes over asymptotic states. Being a
quantum state sustained by a material support, such state can be modu-
lated by external devices such as glass fibers leaving entanglement unaltered
thereby protecting the state in a way similar to the collimators in Scully
et al. experiment presented above. Because a light quantum state has no
space degree of freedom except for detection/emission sources, two-photon
entanglement can be detected at any distance one wants to put measuring
apparatuses. Anton Zeilinger and his coworkers have demonstrated real
space-independent entanglement conducted in various locations, for exam-
ple, a pair of mountain peaks in the Canary Islands [27].

Problem of borders: this is a most debated issue put up by Arndt et al.
in form of a question [26]: “... where exactly is the boundary between the
quantum and classical worlds—if, indeed, there is one?” This problem must
be discussed with care. A tentative answer to this question would be: there
seems to be no absolute boundary. If there were one, this would be located in
real space; but consequently noncommensurability prevents such statement
to be true.

Sheldon Goldstein [25] writes: “It seems clear that quantum mechanics is
fundamentally about atoms and electrons, quarks and strings, and not pri-
marily about those particular macroscopic regularities associated with what
we call measurements of the properties of these things.”

Classical physics categories are not sufficient to describe phenomena in the
realm of quantum physics. Thus, objects wouldn't exist in a superposition of
different states; molecules as massive objects do not interfere in a quantum
sense. But what about experiments described and discussed by Arndt et al.
[26, 28]? We comment the issue below.

Any quantum system can be associated to an I-frame; thereby, internal and
“external” (I-frame) quantum states can be determined or at least observed
as done in astronomy. Probing (measuring) a quantum system breaks Hilbert
space-time evolution thereby preparing a new quantum state. This latter can
be used to detect the result due to probing. See Ref. [29] for an illustra-
tion. Gravitation is a prototype of classical effects. From neutron interference
spectroscopy gravitation effects on quantum states are well documented.

Come back to the model from EPR in Section 5.2 to “quantize” the sit-
uation; the inclusion of a sufficiently large Box, with periodic boundary
conditions, allows for box-Hilbert space construction. It is sufficient to get
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a diffracting grating of dimensions appropriate to the I-frame system to
describe interactions leading to the diffracted quantum state. This latter plus
the incident quantum state lead to diffraction motifs as discussed here. The
quantum behavior is not related to mass or complexity of the material system
sustaining the quantum states. The quantum states sustained by Cq offers a
beautiful example [28] of quantum behavior; again, the quantum state is not
a real predicate of the material system, yet a presence of the latter is required
as extensively examined in this chapter. The concept of being sustained by
a material system does not mean that this latter occupies the quantum state.
This is a strict requirement.

For the model discussed in the EPR section there are no limits to the
quantum world. If limits there are, they are put forward by limitations in
our probing/detection apparatuses. In this context, use of language must be
careful: separate what belongs to Hilbert and Fock spaces from what belongs
to I-frame classical physics states; the concept of Fence was introduced just to
remind of such situations. With some minor “language editing” the discus-
sion presented by Zeilinger and coworkers [26] on Talbot-Lau interferometer
applications is enlightening.

In “real” life: objects there are; who could deny this matter of fact? But
for quantum physics they are either, sources to scattered radiation that bring
forth elements required to describe their appearances (or nature), or they act
as receptors once the corresponding entangled state evolves; for a given cross
section the EM radiation scattered by the surface corresponds to a physical
quantum state. The detector is activated by physical quantum states. Because
the surface should emit in all accessible directions (if sufficient energy is
available), the same quantum states can be registered at different points in
real space; the observer does not play any special role then. The scattered
state is independent from any experiment planned to detect it. The recep-
tor interacts with incident quantum states bringing information about the
scattering source.

Yet, the talking in terms of particles and waves goes on unabated [13, 19,
27]. Such is the case for the experimental realization of Wheeler’s delayed-
choice “gedanken” experiment reported by Jacques et al. [19]. The conclusion
we get is exactly the opposite than the one reported by them. What this beau-
tiful experiment shows, according to us, is the incompatibility of classical
physics categories concerning objects, photons as particles in this case, and
confirming the quantum nature of the EM radiation [30]. A similar conclu-
sion obtains after analyses of the model reported in Ref. [15]. Of course, if
one insists in wave/particle duality mantra to describe quantum-physical
experiments, one would have to live with QM “weirdness” and hear again
Einstein’s observations quoted before. We have come to a point in time where
we have to move on from the object/subject worldview and start to accept
not only the novelty of quantum physics; also that classical descriptions are
useful, but not apodictic.
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The merger is between Special Theory of Relativity and abstract quantum
states through rigged Hilbert spaces; the inertial frame is used to set up an
abstract configuration space in laboratory space. At the abstract level, both
formalisms are required.

But stakes are much higher. If quantum computers are to be one day con-
structed [27, 29, 31, 32], a proper understanding of quantum physics, includ-
ing entangled states [32], is mandatory. Entanglement between objects, be
they microscopic or macroscopic, does not make sense: objects are classical
entities with properties independent of any measurement, and this is so by
definition. However, entanglement between quantum states sustained by
macroscopic materials is more natural extension to present quantum views.

Quantum mechanics predicts the quantum state (all possibilities at once)
but not individual events. Independent collections of such events do reflect
quantum states as extensively discussed in this paper. The quantum state
does not represent the material system that as a matter of theoretical fact
only sustains it. This result may be difficult to swallow within a probabilistic
approach. But this is the way it is in a quantum physics where quantum
states for quantum measurements occupy center stage. Individual quan-
tum events elicit targeted quantum states; we have to design the measuring
device to determine just the quantum state that has been prepared. Statisti-
cal predictions are not compulsorily required; statistics gather a sufficiently
large set of events to display the quantum state pattern (e.g., Tonomura’s
experiment).

An important question is in place before closing this paper: Did something
fundamentally new appeared since Gimo” Nobel Symposium?

A tentative answer to this question is affirmative. As noted by Dowling
and Milburn [33], we are moving from passive observers to active exper-
imenters: “In the second quantum revolution, we are actively employing
quantum mechanics to alter the quantum face of our physical world.”

Now, quantum states are sustained by material systems, but the mate-
rial substrate is not occupying a quantum state. Hence, one can change the
quantum states while maintaining invariant the material support: this is just
what Chemistry is all about [21, 22]; see also [34] where quantum states for
quantum chemistry beyond potential energy surfaces are examined. Time
evolution of a quantum state interacting with scattering sources in a quan-
tum manner requires presence but not localization of the material substrate.
Such concepts were not yet developed at the time of Gimo’s meeting.

Actually, the line of thought retained clearly indicates that objects are no
longer considered as constituents of the experiments; quantum states do.

Thus, any quantum system that can be localized would play the role
of a measuring device or as a device able to be used and/or integrated
with others in more involved circuitry. The concept of quantum states for
quantum measurements may help developing a rational quantum-physical
framework with no spooky action at a distance, etc. Extensions leading to
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descriptions of chemical processes in terms of a rational quantum-physical
framework may help in a better understanding of Chemistry and related
domains.
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1. INTRODUCTION

Accurate modeling of general molecular properties, for example properties
related either to molecular ground or excited states, of large molecules or
molecular samples currently represents one of the greatest and most sig-
nificant challenges to modern quantum chemistry. Direct determination of
molecular properties, without relying on any parametrized or fitting proce-
dures, requires the use of quantum mechanics. However, from a chemical
point of view, it is well recognized that in many cases, the physical changes,
for example a chemical reaction or a physical absorption of light, are well
localized within some part of the total molecular system. This fact gives rise
to the introduction of molecular subsystems in the sense that one subsystem
may be more important to describe accurately than another and specifi-
cally that the use of quantum mechanics might only be needed in one or
a small number of these subsystems. This is, for example, the case when
dealing with a solute-solvent system or in more general terms a molecule
subjected to a structured environment. In these cases, the part of the system
not directly involved in the electronic processes can be described effectively
using, for example, classical mechanics. Even though linear scaling tech-
niques are becoming more advanced and may be used to describe larger
and more complex systems, effects due to conformational sampling still per-
sist and may become more important as the size of the molecular system is
increased. In fact, in many cases, it is mandatory to include effects of nuclear
dynamics in combination with the electronic structure in order to pursue a
direct comparison with experimental data.

With the aim of addressing large molecular systems, we review a recently
developed focused model based on the combined use of quantum mechan-
ics and molecular mechanics (QM/MM) [1-5]. Our approach uses a fully
self-consistent polarizable embedding scheme which we denote the PE
model [6, 7]. The PE model is generally compatible with any quantum
chemical method, but here we focus on its combination with density func-
tional theory (DFT) and time-dependent density functional theory (TD-DFT).
The PE method is based on the use of an electrostatic embedding poten-
tial which is modeled by localized multipole moment expansions of the
molecules, or more generally the fragments, located in the classically treated
part of the system. However, the electrostatic embedding potential only
accounts for the permanent charge distribution of the environment, and
in order to account for many-body induction effects, that is, the polar-
ization of the environment both internally and by the quantum mechan-
ically treated subsystem, we assign a set of localized anisotropic dipole
polarizability tensors at the expansion centers giving rise to an induced
charge distribution in the environment. The latter is represented in terms
of induced dipoles that are determined based on classical response theoreti-
cal methods [8]. The localized multipoles and polarizabilities are determined
using quantum mechanical methods. The functional form of the polarizable
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embedding potential shows some similarities to that of the EFP method
by Gordon et al. [9-11]; however, the strength of the PE scheme is the
ability to describe excited states and general molecular properties on the
same footing as the ground state. This is achieved through a formulation
of the PE model within the context of time-dependent quantum mechani-
cal response theory. The PE-DFT model has been implemented up to and
including cubic response [6]. This allows for the evaluation of, for exam-
ple, vertical electronic excitation energies and the related one-, two-, and
three-photon transition moments. Furthermore, electronic second-, third-
, and fourth-order ground state molecular properties, such as dynamic
(second-hyper)polarizabilities, are available, as are excited state first- and
second-order molecular properties. In addition, magnetic properties, such as
magnetizabilities, nuclear shielding constants, and spin—spin coupling con-
stants, may also be computed, using gauge invariant atomic orbitals (GIAOs)
when needed.

Inclusion of nuclear dynamics is of crucial importance especially for
larger molecular samples, for example, solutions. Nuclear dynamics is in the
present method accounted for by combining the PE scheme with classical
molecular dynamics (MD) simulations. This is done in a sequential man-
ner, that is, we first perform MD simulations, and then using an appropriate
number of configurations extracted from the MD simulations, we simulate
the electronic structure. Thereby, we neglect the effect of the electronic struc-
ture on the configurations, and the accuracy of our approach relies first of
all on the use of an accurate classical potential to be used for the MD simula-
tions. Inclusion of explicit polarization into force field methods have in recent
years received much attention [12]. The current status is that polarization
may contribute significantly and specifically to specific solvation processes.
For example, polarization causes a significant increase in the dipole moment
of a water molecule in the liquid state and may in addition constitute as
much as 50% of the total interaction energy [13]. An important point that is
followed within the present PE scheme is to be able to calculate all proper-
ties characterizing the intermolecular interactions by quantum mechanical
methods.

In the following, we will first present a formal derivation of the general
PE equations rooted in intermolecular perturbation theory. Next follows a
derivation of the PE scheme within the concepts of time-dependent density
functional theory, and finally, we present a few illustrative examples. The PE
model has been implemented in the Dalton program package [14].

2. THEORETICAL BASIS FOR POLARIZABLE EMBEDDING

The objective of the PE model is to incorporate the effects from a medium
into the electronic density of a central molecular core so as to keep the
computational cost low while still retaining good accuracy. This is achieved
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through the PE potential operator. We begin by considering a simple super-
molecular system which we divide into two fragments A and B. The final
equations for the supermolecular system are easily generalized to molecular
systems with any number of fragments. Fragment A consists of M, nuclei
and fragment B consists of My nuclei. The derivations are carried out using
the second quantization formalism [15]. The total nonrelativistic electronic
Hamiltonian for the supermolecular system can be written as

H=H*+ H® 4+ V*®, (1)

where H* and HP are the fragment Hamiltonians, which contain terms that
are specific to fragment A and B, respectively, and V*® is the Coulomb
interaction Hamiltonian, which contains all terms related to the interactions
between the two fragments. The fragment Hamiltonians are defined as

a i i 1 i o5 i
H - Z hMEW + E ngqrsepqrs + Vnuc/ (2)
] p

qrs

where i = A or B. Here, h, is an integral over the kinetic energy and
nuclear—electron attraction operators, g, is an integral over the electron-
electron repulsion operator, and V,, is the nuclear—nuclear repulsion
energy.

Before we define the interaction Hamiltonian, it is convenient first to
define the wavefunction of the supermolecular system. We assume that the
fragment wavefunctions in isolated form are known, that is,

HA|A) = EAA) and HP|B) = EP|B), (3)
and that they are individually normalized
(AJA) =1 and (B|B)=1. @)

The wavefunctions can be expressed as a wave operator acting on the
vacuum state

|A) = ¥*|vac) and [B) = ¥®|vac). (5)
The form of the wave operators need not be defined, but, in principle,
they can describe any type of wavefunction, for example, Hartree—Fock or

coupled-cluster wavefunctions. However, at their core, they always consist of
strings of creation operators. We define the supermolecular wavefunction as

|AB) = ¥*¢®[vac), (6)
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which is a simple product between the fragment wavefunctions because we
require that the following commutation property is fulfilled

[‘&Ar I&B] = 0. (7)

This corresponds to the assumption that there is no overlap between the
wavefunctions of fragments A and B, thereby neglecting exchange and
charge-transfer effects between the fragments. This is, in most cases, a rea-
sonable approximation if the distance between the fragments is large but will
introduce increasingly larger errors with shorter distances. The underlying
commutation rules that apply to the elementary operators are

(a2, e = [a),,a5. ] = [a2, 47 ] =0, 8)
that is, the elementary operators that belong to different fragments commute.
Within each fragment, however, the elementary operators obey the usual
anticommutation rules.

We are now ready to define the interaction Hamiltonian as

AB ABTA AB B AB TA B
1% E U E .+ E v PEP 4 E qursquErS+vnuc, )
pgeA rseB paeA
rseB

which contains terms that account for nuclear—electron attraction, elec-
tron—electron repulsion, and nuclear—nuclear repulsion between the two
fragments. Here, we have used the commutation rule defined in Eq. (8) to
simplify the two-electron part of the interaction Hamiltonian. The v}, factor
is an integral over the nuclear—electron attraction operator where the elec-
trons belong to fragment A and the nuclei to fragment B, and it is defined as

~ ()22
Z / 6 g wdr = Z / fr”‘?_R “ar. (10

m=1

The above equation implicitly defines our use of p/,. Conversely, v;° is an
integral over the nuclear—electron attraction operator where the electrons
belong to fragment B and the nuclei to fragment A, and it is therefore
given by

——Z/¢B*<) |¢<r)r——Z/ p's(r) dr,  (11)

n=1

which again implicitly defines our use of p;. The v,”_ integral is over the

electron-electron repulsion operator where the electrons always belong to
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different fragments, and it is defined as

A B/ /
Ir 1"| ¢, (0, (x )drdr'. 12)

qrs - / ¢A*(r)¢B* (I')

However, since we are using a product wavefunction of nonoverlapping
fragment wavefunctions, this is a purely Coulombic integral. Therefore, we
can immediately rewrite it to

PVI"‘ f/ 'OW( )

which describes the purely Coulombic interactions between the electronic
densities of fragment A and B. Finally, the v4® term is the nuclear-nuclear
repulsion energy defined as

,o,q B(r)drdr, (13)

Ma Mg

7878
e =2 R R

n=1 m=1 (14)

We now turn our focus on one of the fragments, which we arbitrarily
choose as fragment A, and we want to describe the interaction effects from
fragment B on this central core. A Rayleigh-Schrodinger perturbation treat-
ment of the supermolecular system, where the interaction Hamiltonian /AP
acts as the perturbation, allows us to derive equations for the main con-
tributions to the interaction energy. The energy up to second order in the
perturbation is given by

E© = (AB|H* + A°|AB) = (A|H*|A) + (BIF®[B) (15)
E(l) — (AB|VAB|AB> (16)
E® — _ Z (AB|‘A/AB|A'Bj)(AiBf|VAB|AB)’
i, ezjm — €y
i+j#0 (17)

which we will use to obtain approximated energy expressions from which
we will ultimately derive an effective operator. Thereby, we incorporate
effects that lead to the first- and second-order energies into the electron den-
sity of the central core. We are only interested in the first- and second-order
energies since the zeroth-order energy is simply a sum of the energies of the
isolated fragments.

To proceed, we want to eliminate the wavefunction belonging to frag-
ment B. Our strategy is to recast the interaction Hamiltonian using a Taylor
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series expansion of [r — | ' and |[r — R,,| " around an origin R, located inside
fragment B. Here, ¥ and R,, are electronic and nuclear coordinates, respec-
tively, belonging to fragment B; the point r is, for now, an arbitrary point
outside the charge distribution of fragment B. Later, r will either refer to an
electronic or nuclear coordinate inside the central core system. The expansion
of |r — r|! can be written in closed form using a multi-index notation

( 1)Ik\ 1 , ‘
_/|_Z ( Ir— R )(r_RO) (18)

o ol

where the multi-index k = (k,,k,, k.) is a 3-tuple of nonnegative integers,
k| = k. +k, + k. and V* is defined as the multi-index power of the partial

derivative operator
kx ki kz
v () () (). (19)
o7y ar, or,

For each value of |k|, the summation in Eq. (18) is over 3% elements; for
example, for |k| = 1, the summation is over three elements, namely, (1,0,0),
(0,1,0), and (0,0,1), which represent the x, y, and z components, respec-
tively. The multi-index also specifies the Cartesian component, for example,
k= (2,1,0) is the xxy component. The convergence of the expansion depends
on the distance from the origin to r relative to the extent of the charge dis-
tribution of both fragments. At large distances, it usually converges rapidly
but worsens as the distance becomes shorter and can even diverge at short
distances. Using distributed multipole expansions of the charge distribution
improves the convergence; however, at very short distances, the error from
the expansion will still be significant.

In Eq. (18), we recognize the first quantization kth-order electronic
multipole moment operator (r' — R,)". An analogous expansion of |r — R,,| ™
would yield the nuclear multipole moment operator (R,, — R,)". The higher-
order multipole moments generally depend on the choice of origin; however,
to simplify the notation, we omit any explicit reference to this dependence.
The partial derivatives in Eq. (18) are elements of the so-called interaction
tensors defined as

1
T® @) = VF————. 20
ap(®) r—R,| (20)

The multi-index in parentheses, used as superscript on the tensor, is actu-
ally the norm |k|; however, since it also specifies the rank of the tensor, and
therefore we use a special notation.

We can now rewrite the interaction Hamiltonian by replacing all occur-
rences of |[r—r|" and [r—R,|™" in Egs. (10, 11, 13, and 14) with the
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appropriate Taylor expansion. The interaction Hamiltonian is thereby rede-
fined to

o= 3 ED pogn, (21)

where FY and Q¥ act on the wavefunctions belonging to fragment A and B,
respectively. The F’ operator is defined as

B Zpo ZzATX%(Rn) -3 ( / p@(r)Tﬁi‘é(ﬂdr) B, @

paeA

the expectation value of which gives the electrostatic potential, electric
field, and field gradient for |k| = 0, 1,2, respectively. The ng ) operator is the
multipole moment operator defined as

AR _ ~® (k) B
B — B,nuc Bel _ZZ (R _Ro)

-3 ( / pP() (F —R,)" dr’) £ (23)

rseB

Using the redefined interaction Hamiltonian, the first-order energy
(Eq. (16)) yields

( 1)“ ~
EL” = (AB|V*"|AB) = ) —— (Fne + AIFIA)) QP (24)
k=0

which is the electrostatic interaction energy given in terms of the multipole
moments Q’ of fragment B. The definition of the electrostatic energy given
in Eq. (24) will be used to construct an effective operator so that this effect is
incorporated directly in the electron density of the central core fragment.
The second-order energy (Eq. (17)) needs further breakdown before we
can identify the relevant energy contributions we need. First of all, we
see that it is expressed as a sum-over-states that includes all terms except
when both fragments A and B are in their ground state, that is, i = 0 and
j=0. It is therefore possible to separate it into three different contribu-
tions: two of which only include excited states in one fragment, these are
the induction energy terms, and one which includes excited states in both
fragments simultaneously, which is the dispersion energy [16]. Although the
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dispersion energy can be important, it is neglected in our model since there
is no straightforward way of including it in operator form. The induction
energy of fragment A can be rewritten in terms of the multipole moments of
fragment B using the interaction Hamiltonian as defined in Eqs. (21-23)

A [
Eind_

(25)

Z (AB|VAB|Al B) (A B|VAB|AB)
i#0 € —€

Taking the expectation value with respect to the wavefunction belonging to
fragment B yields

EA

ind =

Z( 1) o (AIEQ A (AIFPIA)
et — e B

(26)

k|=0 ! i#0

which is the interaction energy due to the polarization of fragment A by
the multipole moments of fragment B in its ground state. In our model, this
energy contribution is implicitly included via the use of an effective operator
that includes the multipole moments of fragment B, thus polarizing the elec-
tron density of fragment A. The induction energy of fragment B is defined
analogous to the induction energy of fragment A

El, =

ind

Z (AB|V*®|AB/)(AB/|VA®| AB) )

j#0 § ~ €

which we can rewrite to

(—1y® (BIQy'[B/) (B/IQ5'[B) ,, =
B = -y C ey BB _GBQ LAY A) @8)
k|=0 ’ j#0 i 0

We recognize the sum-over-states part of the expression as the polarizabili-
ties of fragment B. Note that the zeroth-order term, where Qg)) = gp, does not
contribute due to orthogonality. Truncating the expansion at |k| = 1, that is,

at the dipole level, and evaluating the expectation values yields

nuc nuc nuc

1 1
Ela=—5 (o T FY) e (FA +EY) = —5 (Fo + ED) ulyFa),  (29)

nuc

tively, in fragment A and u?,(F,) is the dipole moment induced by the
total electric field Fy. In this case, the total electric field stems only from the

where (FA + F3) is the electric field due to the nuclei and electrons, respec-
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nuclei and electrons in fragment A. Generally, however, it is a sum of all elec-
tric fields including the field from other induced dipoles. This is a classical
energy expression which we use to allow polarization of fragment B by the
electrons and nuclei in fragment A. The induction energy is nonadditive due
to the mutual polarization and therefore has to be solved for self-consistently.

We now have the energy expression needed to derive a generalized PE
potential operator within a given QM formalism. For a system consisting of
any number of fragments, where one is chosen as the central core system
and the other fragments are represented by a multicenter multipole moment
expansion and distributed dipole—-dipole polarizability tensors, the relevant
energy is given by

Eo = Eon+ Eee +Eiy.- (30)

tot

The EJj, term is the energy of the isolated core fragment evaluated at a given
level of theory, and E!" is the electrostatic interaction energy given by

S K
(—1" ;
ET =200 (Bl + OIFLI0)Q%, (31)

s=1 [k|=0

where we have introduced the truncation level K and summation over S sites
in the surrounding fragments. The nuclear contribution F® _is defined as

s,nuc

s,nuc ns

M
F =Y ZTER,), (32)
n=1

and the electronic contribution is given by the expectation value over the
operator F;ﬁ;, which is defined by
rh _ k) T
Fs,el - Z ts,rquW’ (33)
P

where the ¢ integral is defined as

n =~ / P TP (. (34)

The subindices on the interaction tensors specify which position vectors it

contains, for example, T® = V* aniRs‘. One index implicitly specifies that the

other coordinate is an electron coordinate, for example, T¥ = V¥ —4-. The
—Rs
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induction energy E'¥, due to the polarization of the surrounding fragments
is given by

1o ,
E}:\Ed = _E Z (Fnuc + Fel + qul) ”';nd (Ffot)/ (35)

s=1

where the additional electric field, F,,;, stems from the multipole moments of
all the other fragments and the total electric field F,,, is a sum of contributions
from the electrons and nuclei in the central core and the multipole moments
and induced dipoles from all other fragments. An induced dipole moment is
given by

"Li'nd (Ftot) = asFtot = 0 (Fnuc + Fel + qul + Find)l (36)

where the electric field from the other induced dipoles F,.q is given by

S
Fig = ) TV (Fuoy). (37)
s'#s

Inserting Eq. (37) into Eq. (36) and summing over all sites yields a system of
coupled equations

S S S
Y wMF) =Y e (Fm +3 Ti?)ui‘?d(Fm)), (38)

s'#s

where the electric field from all sources, except induced dipoles, has been col-
lected in a single term F.oy, = Foye + Fei + Fpu. The induced dipole moments
can be solved for iteratively using the Jacobi method or directly through
matrix-vector multiplication using the equation given by

p"! = BF, (39)

where B is the symmetric 35 x 3S-dimensional classical response matrix [8]
connecting the electric fields and the set of induced dipoles

’Lilnd
ind ’lend
=1 .- (40)

ind
s
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The response matrix is defined as

-1

1 @) )
o Ty T Tis
T o .
B = 21 2 , (41)
. . (2)
@) ‘ @ To-ps
-1
Ty o Tss o,

where the diagonal blocks contain the inverse polarizability tensors and the
off-diagonal blocks are rank 2 interaction tensors.

2.1. Polarizable embedding applied to density functional theory

The PE-DFT method is derived by constructing an effective Kohn-Sham (KS)
operator, that is,

]?eff = J?Ks + Opg, (42)

where st is the ordinary vacuum KS operator and op; is the PE potential
operator. The contributions to the effective KS operator is determined by
minimization of the energy with respect to the electron density. Therefore,
we only need to consider terms that depend on the electron density, that is,
the electronic parts of the electrostatic interaction energy (Eq. (31)) and the
induction energy (Eq. (35)), keeping in mind that the induced dipoles also
depend on the density through the electric field. Thus, the PE potential
operator is found to be

; D s
Ore = ZZ ——QUFY = uM(FoFY, (43)
s=1

s=1 [k|=0

where the induced dipole moments need to be updated in each self-
consistent field (SCF) iteration due to the density dependence, thus leading
to a fully self-consistent treatment of the polarization.

2.2. Polarizable embedding within response theory

Here, we provide the theoretical basis for incorporating the PE potential
in quantum mechanical response theory, including the derivation of the
contributions to the linear, quadratic, and cubic response functions. The
derivations follow closely the formulation of linear and quadratic response
theory within DFT by Salek et al. [17] and cubic response within DFT by
Jansik et al. [18] Furthermore, the derived equations show some similarities
to other response-based environmental methods, for example, the polar-
izable continuum model [19, 20] (PCM) or the spherical cavity dielectric
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continuum approach [21, 22]. This is not surprising since these two methods
also explicitly include the polarizable nature of the surrounding. Physically,
both the PE and dielectric continuum models are furthermore based on the
use of a nonlinear effective Hamiltonian.

We start the derivations by considering the expectation value of a time-

independent operator A which is expanded in orders of a time-dependent
perturbation

(HA[) = (HAIHO + (HAIHD + (HAIH® + (HAIHD +--- (44)

The first term on the right-hand side is the time-independent expecta-
tion value, whereas the second, third, and fourth terms describe the linear,
quadratic, and cubic response to the perturbation, respectively. The Fourier
transformed representations are given by

HAIHD = / (A; 7Y, exp(—iontday (45)

(HAIH® = / / SV, V) 0 €Xp(—i(wn + wp)dondw, — (46)

(HAH® = / / / VLV, V) 01 im0

X eXp(—l(a)1 + w, + C()’;)t)d(l)lda)zda)g, (4:7)
where (A; V* Nens (A; Ve, Treny) wopm, and (A; Ver, eon, Pony) wopm are the linear,

quadratic, and cubic response functions, respectively, and the perturbation
operator is defined as

V) = / V* exp(—iwt)do. (48)

The time development of the molecular orbitals is determined by the time-
dependent KS equations

R . 9
(B +Vo)in =iz (49)
where H(#) is the time-dependent KS Hamiltonian given by

P

and [t) is the time-dependent KS determinant. We use an exponential
parametrization of the KS determinant

It) = exp(—&(£))]0) (51)
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where |0) is the unperturbed KS determinant and « (¢) is the anti-Hermitian
time-evolution operator defined as

Rt = ku(®Ey, (52)

pq

with «,,(t) as the time-dependent variational parameters. Thus, the expecta-
tion value over a time-independent operator A becomes

(A) = (tA]t) = (0] exp(k (£)) A exp(— (£))|0) (53)

which can be expanded using a Baker-Campbell-Hausdorff (BCH) expan-
sion [15]

A A

. 1 .
(4) = (0140) + (OILc (), A1l0) + - (Ol (1), [ (1), ATNIO)

—_

~(0I& (), [& (1), [ (D), ATT]I0) + (54)

CT\

The time-evolution operator can be expanded in orders of the perturbation
R(t) =RV + R +£OB) +- (55)

with the following representations in frequency space
2O = f 21 exp(—iorf)do, (56)
~(2) 1 A w1, .
ARG E 3 k12 exp(—i(w + wy)t)dwdw, (57)
1
/2(3) (t) = 6 /'/:/‘Izwl,wz,wg, exp(—i(an + w, + a)3)t)da)1da)2da)3. (58)

Inserting the expansion of the time-evolution operator (Eq. (55)) into the
BCH expansion of the expectation value given in Eq. (54) leads to

A

(A) = (01A]0) + (OI[&V (B, A|0) + (01[&® (£), A1|0) + (OI[® (), A]|0)

O'\|>—‘ N|>—‘ '_"

% Ol ), [R7 (1), ATI0) + = Ol H), [ (1), AT] 0}

% 01 (#), [£ (1), A11I0) + = (OI[&™ 8, [V (1), [# (1), ATNI0). (59)
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From this expression, we can identify terms according to their order in the
perturbation as follows:

(HAIHD = (0[#V(t), A]|0) (60)

(HAIH® = (O|[c (1), A]|0) + ; (01 (b, [#™ (1), Al1/0) (61)

(HAIH® = (0| (1), A1|0) + l<0|[/3“)(t),[ﬁ(z)(f),z@]]IO)

—_

(0[R2 (t), [k D (1), A11|0)

p—\l\)

~(0I[R D (1), [RV (1), [£V (1), AT1110) (62)

G'\

Comparing Egs. (60-62) to Egs. (45-47) shows that the response functions can
be obtained by Fourier transformation to the frequency domain. This leads
to the following expressions for the response functions up to cubic response

(A; Vo), = (0l[&*, A1|0) (63)
(A; Vo, V), 0n = (OI[R72, A]|0) 4 Pra(OI[&“, [R%2, ATNI0)  (64)
(A; Vo, V2 V) 00n = (OI[R722, A]|0)

3. R R N
+ 5P (0116, [, ATNj0)

3. R R ~
+ §P123<0|[Kw1,w2/ [KwSIA]]|0>

+ Pras(0I[&, [k, [k2, A1]]|0), (65)

where the symmetrizers 1512 and 13123 have been introduced. The symmetriz-
ers are defined through

A 1
PpA(wr, ;) = 5 (A(w1/ wy) + A(w,, 0)1)) (66)
N 1
Py A(wr, wy, w3) = 6 (A(wll Wy, 3) + A, w3, ;) + A(wy, w1, w3)
+ A(w,, w3, 1) + A(ws, w1, @) + Alws, ws, 601))/ (67)

and they ensure that the response functions satisfy the proper symmetry
condition.
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The electron density can also be expanded in orders of the perturbation as

p(x,t) = Z PPt =" Z ¢ (X, (MDY, (68)

where we can immediately write down the corrections to the density matrix
up to third order by using the preceding derivations

Dy = (Ol[&”", E,y]i0) 69)
Dp‘”‘;,wz = (0|[k“v2, qu“o +p12 0|[*, [Iewzlépq]“m (70)
Dy = (Ol[&*>*, Eyy]10)

3 oW w2 ,w; T
+ 2P123 0|[ 1/[K > %/qu]“())

B e g
+ §P123(0|[Kw1'w2/ [« 3/qu]]|0)
+P123 OH:ALU1 ["mzl['\mg, pq]]]'o) (71)

Finally, we also expand the time-dependent Kohn-Sham Hamiltonian as:
Ht) = Z Z (n)E Z Z (50nhm, +]<n> UQCUW + U;’gpq) Enw (72)

where 11, is an integral over the kinetic energy and nuclear-attraction opera-
tors, ji») is a nth-order Coulomb integral, and v{?), is a nth-order integral over
the exchange-correlation potential. The final term v}ﬁgw is a nth-order integral

over the PE potential defined as

n ( 1) 1 n
=0 Y e, Zu EDL, 0

s=1 [k|=0

For n > 0, it is only the induction part of v}, that contributes due to the
density dependence in the induced dipoles via the electric fields.

The «,,(t) parameters are obtained through the Ehrenfest theorem which
can be written as [23]

. R d
(01[4 exp(e(®) (Ha) 0 - z—) exp(— )]0 =0,  (74)
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where q is a vector collecting all the excitation operators qu. Equation (74) is
then expanded in a BCH expansion, and the perturbation expansions of the

time-evolution operator « () and the KS Hamiltonian H (t) are inserted. Sub-
sequently, terms that are first-, second-, and third-order in the perturbation,
respectively, are collected. Thereby, we obtain sets of equations that can be
used to determine the variational parameters, thus allowing us to calculate
the linear, quadratic, and cubic response functions.

2.2.1. Linear response
Collecting all first-order terms obtained through the BCH expansion of the
Ehrenfest theorem given in Eq. (74) leads to a system of differential equations

(0Ilg, AV + V®H1I0) + (011§, &V, A1][0) +i(0][§, & V)10) = 0. (75)
A Fourier transformation yields a more convenient algebraic equation
(Ollq, [A°, &1 = FA*]j0) — w1 (0l[q, #110) = (Ollg, V110), ~ (76)
which can be written in matrix form as
(E— oS) k" =V, (77)
where it has been used that £t = q'k“'. The E matrix is defined through
Ec* = —(0llg, [£*", F'] + H]j0), (78)
the generalized overlap matrix is defined as
$ = (0I[q,q'10), (79)
and the perturbation vector is given by
Ve = (0/[g, V]10). (80)

Having determined the first-order time-evolution parameters through
Eq. (77), the linear response function ((A; V1)), for the property A per-
turbed by a periodic perturbation V1 with associated frequency w; can be
calculated as

(A; V1), = (0][k”, A]|0) = —ATk. (81)
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Explicit contributions from the PE potential only enter the linear response
function through the E matrix as

Epsc” = —(0[[q, [, Dpe] + D5£110). (82)
We define a new set of operators using one-index transformed integrals [15]

O = [k, 0] = D0 (1) (83)

S
Q= = — ) WM EHE, (84)

s=1

where the induced dipole moments are calculated using the transformed
electric field F** with elements evaluated according to

Fo = (0|[&*", FE110) = (OF(c)[0). (85)
Using the newly defined operators leads to a simplified expression for the
PE contribution to the linearly transformed E matrix given by

Epsic” = —(0/[, Q2" + Q5'110). (86)

The Q operator gives the zeroth-order PE contribution to the linear
response which corresponds to a static environment which does not respond
to the applied perturbation, whereas the Qg operator describes the dynami-
cal response of the environment due to the perturbation. Here, it is important
to note that this is the fully self-consistent many-body response with-
out approximations, as opposed to other similar implementations [24, 25].
A common approximation corresponds to the use of a block-diagonal classi-
cal response matrix (Eq. (41)) in the response calculations, thus neglecting
the off-diagonal interaction tensors, whereas we include the full classical
response matrix in our model.

2.2.2. Quadratic response

The derivation of quadratic response proceeds analogous to the linear
response case. Thus, we collect second-order terms from the BCH expan-
sion of the Ehrenfest theorem as given in Eq. (74) and Fourier transform the
resulting expression. In matrix form, this leads to

(E — (w1 + @,)S)k 12 = V12, (87)
where the E matrix is defined through

Ek_wl,mz — (0|[q, [IA_IO,l’(‘_wl,wz] _ ZHa)l,a)2]|0>l (88)
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the S matrix is again the general overlap matrix, and the second-order
perturbation vector V“2 is defined as

Ve = Py (011, [, [, Y] + 20, 1 + 777]
+ 0alq [, &1 + A7)0}, (89)

We have used that the second-order perturbed density matrix elements (see
Eq. (70)) can be separated into components due to first- and second-order
parameters, respectively,

1,02 __ Iy, 2w ,w:;
Dm; P = DP'; 2+Dm; K (90)
where
Dz = Py (0], [£2, E,1110) (o1)
Doz = (0|[R*2, E,y110). (92)

The separation of the density matrix elements allows the corresponding
separation of the second-order Hamiltonian

le,wz — 1I:Iw1,w2 + ZI:le,wzl (93)

where He1e depends on first-order parameters and Pyoren depends on
second-order parameters. Instead of solving Eq. (87) for the second-order
time-evolution parameters, we can solve the adjoint second-order linear
response equation

KA (E — (w1 + a)Z)S) =A'. (94)

The first-order parameters are determined by solving two first-order linear
response equations

(E—wS)k” =V, (95)
where i =1 or 2. The quadratic response function ((A; V1, V2)),, . for the

property A perturbed by two periodic perturbations Ve and Ve with
associated frequencies w; and w,, respectively, is given by

(A; V1, V), 0 = (01[R772, A1|0) + Pip(OI[&, [£°2, A]10).  (96)

The explicit PE contributions to the quadratic response function enter the
E matrix (Eq. (88)) and the V“+*2 vector (Eq. (89)). Contributions that appear



126 Jogvan Magnus Haugaard Olsen and Jacob Kongsted

in the E matrix are analogous to the linear response case, that is,

Epeic 2 = —(0][§, Q" + Q22]10), (97)
where
Oy = [kev2, 0] = 0 (kk“?) (98)
A;Wz — 2 — Z ’Lmd(Zle wz)F(l) (99)
—

The induced dipoles in Q5"*? are calculated using the transformed electric
field with elements given by

zf::n,mz — <0|[,2w1,wz,f:;1&))l]|0) — (0|IA"SE)1(K“)1’“2)|O)- (100)
The contributions to the perturbation vector are

Vi = (01[q, Q52 + Q9 + Qe2110), (101)

where we have used new operators defined by

wl 2 Plz[ “1 [’,(\w2 APE]] - PIZUPE(Kw2 le) (102)
Qe = 2Py [k, B2

— —2P12 Z Mlnd(sz)[”ea)l F(l)l]

= 2P, Z i (E)ED () (103)

s=1

1,02 P Awl )
Q 12 PE

=Py Z pd (Fen)E (104)

s=1

The perturbed electric field F* is defined analogous to Eq. (85), and Tpo1e jg
defined through

1F?1,w2 — <0|[’2w1, [I’émzl ﬁ(l) ]]|0> (1) (K m1). (105)

sel s el



Molecular Properties through Polarizable Embedding 127

The zeroth-order terms, that is, o 72 and Q;’l'“’Z, give the contributions to
the response function that arise from a static environment analogous to the

1,02

linear response case. All the other contributions, that is, Q;’””Z, Q4 , and

~
01,02

5“?, account for the dynamical response of the environment due to the
periodic perturbations.

2.2.3. Cubic response
The derivation of cubic response is analogous to what we have seen so far.
We use the BCH expansion of the Ehrenfest theorem but now collect terms
that are third order in the perturbation. The resulting matrix equation is

(E — (@1 + @ + @3)S) k>3 = Ve, (106)
where S is the general overlap matrix, the E matrix is defined through

Er@e2®s — (0|[q, [I:IO, I’(‘mq,mz,a)_z] _ ZIA_qu,wz,w3]|0>, (107)

and the third-order perturbation vector is given by

A AU 3. . .
Verees = Poy(01[q, [k, [k, [k, HOII] + E[le’ [k, H]]

3 A N N
+ E[l’(‘_wl,wZ, [Iemg’HO]] + 3[,’2&)1, [I’(\'wz,Hma + Vu)3]]
+ 3[,2w1,sz,w3] + 3[,2w1,w2’Hw3 + f/w3]

3 A~
ol [, k1] + 5 (@2 + ) [, k7]

3 .
+ Swslen, i)+ H ) 0). (108)

Here, we have also separated the perturbed density matrix into terms that
depend on first- and second-order, and third-order parameters, respectively,
as

1,w2,w3 __ 1 1,W2,03 2 1,w2,W3
Dm = qu + Dm (109)
where
D = Ps (01318, (&%, By Tl + 3187, 8%, By T

+ [k, 182, [, B, 11110) (110)
Dovenen = (][>, B, 110). (111)
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Thus allowing us to write the third-order Hamiltonian as

I:le,w2,w3 — IIA_Im],a)z,a)g, + 2Hm1,m2,a)3 (112)
where Hove2s depends on first- and second-order parameters and er s
only depends on third-order parameters. The first- and second-order varia-

tional parameters are determined by solving three first-order linear response
equations

(E— w;S)k” =V, (113)
where i =1, 2, or 3, and three second-order linear response equations
(E — (& + @)S)k“" = Vi (114)
where j > iand i,j = 1, 2, or 3, or the adjoints (Eq. (94)) of them. The third-
order parameters are determined by the adjoint third-order linear response
equation

KA (E — (01 + w, + w5)S) = A’ (115)

The cubic response function (A; Vo1, ez, s Do, for the property A per-

turbed by the periodic perturbations V1, V2, and V*» with associated
frequencies w,, w,, and w;, respectively, is given by

(A V2, V2, V) gy, = (011, ATIO)
3 > o 7w ,w: A
+ §P123(0|[K ', [k, All0)
3 W1, ~oz A
+ 2P123 (Ol[& 2, [, A]]10)
+ P (Ol [&*2, [#2, AITNIO).  (116)
We will now detail the explicit contributions that are due to the PE poten-

tial to the cubic response function, which enter through the E matrix and the
Verezes yector. The contributions to the E matrix are defined through

Eppkc 2 = _<0|[q1 Qf;lrwzrws + Qr;l,wz,w3|0>, (117)

where the Q72> operator contains the zeroth-order PE potential operator
and is defined as

Q;)l,mz,mg _ [Kml 0,03 ng] — ,(A)PE(le,wz,wg)’ (118)



Molecular Properties through Polarizable Embedding 129

and the Q"> operator contains the part of the third-order PE potential
operator that only depends on the third-order parameters and is defined as

Q;’]rw2/w3 — 2”01 2,03 Z led(2Fw1 W), wg)F(l) (119)

The induced dipoles in Qe depend on the transformed electric field
2F“125 that is given through

PR = (0|, Fig110) = (O[E(q (e >)|0). (120)

The contributions to the perturbation vector are defined as

VCI‘;]]E/C‘)Z/C‘)S — <0|[q Qa)'l ,02,03 + Qm'l /02,03 + Qa)'l /02,03 + Q‘U'l /02,03
QP 4 Q5 4 Q5N 0), (121)

Aw1,0,03

where we again define new operators. Here, the Qurens (s and Ot
operators contain the zeroth-order PE potential operator and are defined as

Qgﬂmzws — 13123[;%«)1, [,2“’2/ [,’(\‘“3,{)“3]]] = 131237’}[’15(’((03"("&)2’ K (122)
Aor,wy,m3 §P [ ] [I%m w3 A ]] 31"3 ,2]0 (Icwz,a)a le) (123)
" =5 1231K Upell = o~ 1237pE ’
~ ;J],m,m — §P123[ w1, [I’(\w; 20 ]] — 31312360 (Kw3 le,wz) (124)
5 Upg 2 PE ’ ’

whereas the Q¢"“*** and Q;"“*** operators contain first-order PE potential
operators and are defined as

QZ,”"”Z’”’S =3P 15[k, [k, Opg]]

S
= =3Py Y M E)E (e, k™), (125)
s=1
Q> = 3Py, 6] = =3P Zu‘“d(F‘"S)Fm(:c“l ). (126)
s=1

The transformed electric field F*» is defined through

F = (0|[*, F&110) = (O], (1)]0). (127)
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The Qg operator contains a second-order PE potential operator and is
defined as

s
ngws =3P 13k, Opr ] = -3p 123 Z ILisnd (sz'w‘z)ﬁsé(’cwl)/ (128)

s=1

where the induced dipoles depend on the electric field from the second-order
electron density (Eq. (90)). The transformed electric field F2s is therefore
given through

Foos = (0[k, B ] + Py, [, FU1110)

s,el

= (OIF(, (k> + PyE) (k™ k7)|0). (129)
Finally, the Q3> operator, which contains the part of the third-order PE
potential operator and depends on lower order variational parameters, is
defined as

S
Aw1,w0,03 7 1501,02,03 - ind /1w,02, (1)
s = P o = —Piyy 3 i (Frene Y (130)

s=1

Here, the induced dipoles depend on the electric field from the part of
the third-order electron density which depends on lower order parameters

(Eq. (110)). The transformed electric field Tfere2os is, thus, defined through

= 3 . 3 .
e = (0 [k, [, BOT] + S 1R, [, FQI]
+ [k, [k, [&, EoaNNIO0)
3. 3.
= (0I5, ) + SEG e, k)
+ ED (k2 k2, 61)|0). (131)

Considerations regarding the effect that the operators have, with respect
to the response in the environment, are analogous to the linear and
quadratic response, that is, zeroth-order terms correspond to a static envi-
ronment, whereas higher-order terms account for dynamic response in the
environment.

2.3. Calculation of nuclear magnetic shielding tensors for
embedded molecules

Nuclear magnetic resonance (NMR) is one of the most important site-specific
and sensitive probes for electronic environments and hence for molecular
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structure determination. In this section, we will briefly outline the theory
related to the calculation of NMR shielding constants within the polarizable
embedding approach. The nuclear magnetic shielding tensor ¢" for nucleus
N is defined as the second-order response of the electronic energy to an exter-
nal magnetic induction (B) and a nuclear magnetic moment (my). In the
atomic orbital (AO) basis, the expression becomes (see e.g., the discussion
in Refs. [26, 27])

1+ d’E
. = -_—
I dBidmNj
B=mp,=0

9%h aD,, oh
-1 D ; v A Y , 132
+Z " 9B; Imy, Zv 3B; dmy, (132)

where D,, is an element of the density matrix in the AO basis and h,,, is
a matrix element of the effective one-electron Hamiltonian. In our imple-
mentation of the nuclear magnetic shielding tensors, the second term in
Eq. (132) (the paramagnetic contribution) is determined by solving a set
of PE-DFT response equations [23, 24, 28] for the three components of
the magnetic induction. In order to ensure origin-independent results for
the nuclear magnetic shielding constants, we use gauge-including atomic
orbitals (GIAOs) [29-32]—that is, the AO basis functions depend explicitly
on the magnetic induction through

x.(B) = exp(%i(B xR,) - r) Xx.(0), (133)

where R, is the vector giving the position of the nucleus to which the field-
dependent basis function is attached relative to the global gauge origin, and
x,.(0) indicates a conventional AO basis function not depending on B. Equa-
tion (132) applies both to the case of a molecule in vacuum and within
an environment. The (polarizable) environment contributes both through
the density matrix, which is obtained self-consistently including the per-
turbation from the surroundings, and through the derivative of the density
matrix (or the response vectors in our context) with respect to the mag-
netic induction, that is, both terms in Eq. (132) contain the effect of the
environment [33].

The first derivative of the density matrix with respect to the magnetic
induction is obtained by solving the coupled-perturbed Kohn-Sham (CPKS)
equations to which the first derivative of the effective Kohn-Sham operator
with respect to the magnetic induction contributes. We refer to Ref. [34] for
a discussion of this and related issues regarding the calculation of nuclear
magnetic shielding constants using HF or DFT methods. In our context, we
need to solve the response equations corresponding to the perturbation from
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the magnetic induction. Due to the use of GIAOs, specific corrections arising
from the effective operator describing the environment effects will appear. In
the following, we will focus on these contributions [35].

In the field-dependent AO basis, an element of the PE potential operator
becomes

s K
(_1)‘” in
UPE v = Z Z T ;k) ik,)w Z % d(Ftot)ts,“,/ (134)

s=1 [k|=0

where the integrals are taken over the interaction tensors used in all cases
of the field-dependent AOs. The first derivative of the PE potential operator
with respect to the magnetic induction may be written in the same form as
Ope but with modified integrals [35]

dv S N :
PE,uv in
—p =20 o Qs — DR Rt (135)

s=1 [k|=0 : s=1

In Eq. (135), t* . is defined as

7 ¥s,uv,B;

K s = XITO @) + I TE @), (136)

where the superscript on the atomic orbitals indicates differentiation of the
relevant quantity. Such integrals may be evaluated, following the notation
introduced in Refs. [28, 36], by use of the general expression for the first
derivative of an arbitrary nondifferential operator (I) that does not depend
on the magnetic induction

i
(IMV,B)BZO = EQMN(X;L'rIle)/ (137)

where we have located yx, at Ry, and y, at Ry, and where Qyy is defined as

0 —Zuwn  Ymn
Qw = | Zwn 0 —Xun | - (138)
—Yun  Xun 0

Finally, combining Eqs. (135 and 137) enables us to derive an equation for cal-
culating the required derivatives of the environmental contributions because
of the use of GIAOs.

3. RESULTS AND DISCUSSION

In the following, we will review a few selected applications related to the PE-
DFT approach. Here, the focus will be on solute—solvent systems, although
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the PE scheme is generally applicable to any confined molecular system such
as for example photoactive proteins [7]. We will begin by discussing the
general accuracy of the embedding potential.

3.1. The accuracy of the embedding potential: A hierarchy of
force fields

To model the effects of the solvent molecules in a solute-solvent sys-
tem, we use PE potentials based on a hierarchy of force fields as defined
by the LoProp approach [37], which is a scheme for calculating localized
multipoles and polarizabilities. The derived force fields are based on B3LYP/
aug-cc-pVTZ and have been obtained from the Molcas program [38]. The
force fields are classified as MXPY where X denotes the highest order of
the multipole moments and Y indicates whether it includes isotropic (Y = 1)
or anisotropic (Y = 2) polarizabilities. These parameters are attributed to
the atomic sites of the solvent molecules, which, in the present context,
will be water. In addition to the MXPY force fields, we also define a force
field denoted M2P2BM, which includes multipoles up to quadrupoles and
anisotropic polarizabilities assigned to both atomic sites and bond mid-
points. The above discussed force fields all include polarization effects
explicitly. However, to compare with force fields where polarization is
included implicitly, a series of force fields using the PCM model [19], which
we denote MXPCM, is also derived and discussed. In this case, the induc-
tion effects are incorporated implicitly into the multipole moments. Finally,
we have, for comparison, also included results based on the use of the con-
ventional Ahlstrém [39] force field (a simplified polarizable force field) and
the standard nonpolarizable TIP3P force field due to Jorgensen [40].

The quality of the force fields is assessed by comparing the molecular elec-
trostatic potentials, in the vicinity of the molecule, based on the force field
and quantum chemical reference calculations. The electrostatic potential is
the most suitable observable for such a comparison since it enters directly
in the PE potential operator. To probe the electrostatic potential, a grid was
constructed around the water molecule, see Ref. [6] for details concerning the
construction of this grid. The electrostatic potential, due to the multipoles, at
the ath grid point was calculated according to

S K (_1)‘“
= — TOQW, (139)

s=1 |kj=0

where the summation is over all multipole expansion centers in the molecule
and all multipoles. The QM electrostatic potential at the ath grid point is the
expectation value of the |r, — r| " operator plus the nuclear contribution. The
B3LYP exchange-correlation functional and the aug-cc-pVTZ basis set, that
is, the same method used to derive the LoProp force fields, were used to eval-
uate the QM reference electrostatic potential. The analysis is then performed
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in terms of the root mean square deviation (RMSD)

1 2
RMSD = / N Z (e — ™), (140)

where N is the number of the grid points. Following similar strategies, it is
possible to probe the quality of the polarizabilities. However, for the polariz-
abilities, it is necessary to apply an external homogeneous electric field in the
calculation of the electrostatic potential. This field will give rise to induced
dipoles, which in turn creates an electrostatic potential around the molecule.
Two calculations are then performed at the B3LYP/aug-cc-pVTZ level: one
with and another without the external electric field. The QM reference is then
obtained by subtracting the electrostatic potential in vacuum from that in the
external field at every grid point.

In Figure 3.1, we present the RMSD obtained by a comparison between
the molecular electrostatic potential due to multipole moments taken from
the considered force fields and the quantum mechanically computed poten-
tial for different distances from the molecular van der Waals surface.
From Figure 3.1, it is clearly demonstrated that the multipole expansion is
appropriate at large distances from the molecule and that higher order mul-
tipoles are mandatory to consider when the molecular potential close to the
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Figure 31 The RMSD of the molecular electrostatic potential due to the multipoles of a
water molecule as a function of the distance from the molecular van der Waals surface. The
distance from the surface is given as the factor scaling the van der Waals radii. The RMSD is
in a.u. Results from Ref. [6].
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molecule is probed. Quadrupole moments have a very pronounced effect
and improve the molecular electrostatic potential considerably, as it was also
found in Ref. [41]. On the other hand, the octopole moments contribute little
to the accuracy of the electrostatic potential. The atomic point charges in the
Ahlstrom force field are constructed so as to implicitly include higher order
multipoles. However, it is evident from Figure 3.1 that the improvement is
negligible compared with the MO force field and cannot match the perfor-
mance of the M2 force field. We see that the LoProp force field that includes
multipoles at bond midpoints (M2BM) offers minor improvement as well.
We also inspected the M3BM force field, and additional octopoles placed at
bond midpoints were found to provide virtually no improvement.
Similarly, in Figure 3.2, we compare the induced changes in the elec-
trostatic potentials due to an external electric field. From this we observe
that the distributed isotropic polarizabilities in the LoProp force field lead
to a more accurate account of the polarization of the electrostatic poten-
tial as compared to the single molecular isotropic polarizability assigned
to the oxygen site of the water molecule in the Ahlstrom force field. Fur-
ther improvement, though not that pronounced, is achieved by using the
anisotropic polarizabilities. However, a larger difference in other molecules
with a higher degree of anisotropy than the water molecule could be
expected. We note that the RMSD in the case of induced dipoles is smaller by
at least an order of magnitude than that due to the multipoles. This indicates
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Figure 3.2 The RMSD of the molecular electrostatic potential due to the induced dipole
moments of a water molecule as a function of the distance from the molecular van der
Waals surface. The distance from the surface is given as the factor scaling the van der Waals
radii. The RMSD is in a.u. Results from Ref. [6].
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that the specific description of the polarization is not as important as an
accurate account of the electrostatics.

3.2. Excitation energies

In this section, we examine the effects from a water solvent on the excita-
tion energies of the solute molecule, acetone, using the PE-DFT method in
combination with the embedding potentials assessed in Section 3.1 More
specifically, we investigate the behavior of the solvent-induced shifts of the
excitation energies as we vary the complexity of the force field used in the
PE-DFT calculations. The QM region is restricted to contain only the solute
molecule, and we thereby only include electrostatic and induction effects
in the calculated shifts. The PE-DFT results for the shift of the excitation
energies in acetone are the statistical averages over 120 molecular configura-
tions extracted from a molecular dynamics simulation [6]. A spherical cutoff
radius equal to 12 A based on the distance between the center of masses
of the solute and solvent molecules was used for every configuration. The
calculations are furthermore based on the use of the CAM-B3LYP hybrid
exchange-correlation functional [42] in combination with the aug-cc-pVDZ
basis set.

The calculated solvent shifts are shown in Figure 3.3 together with the
experimental solvent shift [43]. The first columns, that is, M0, M1, M2
M3 show the trends of the shifts with increasing order of the multipole
expansion. These force fields do not model solvent polarization and are
only used to investigate the effects of the higher order multipoles on the
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Figure 3.3 The gas-to-aqueous solvent shift of the lowest n— 7* excitation energy in
acetone. Results from Ref. [6].
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excitation energies. In all cases, we observe a large effect from both the
dipole and quadrupole moments. On the other hand, the inclusion of
octopoles leads to very small changes, indicating that we are converged at
the quadrupole level with respect to the order of the permanent multipole
moments. Thereby, we find a clear correlation between the trends here and
the behavior of the force fields in terms of how well they reproduce the
QM electrostatic potential. Note that the shifts at the M0 and M2 and M3
levels in general are very similar due to the fact that the effects from the
dipole and quadrupole moments tend to cancel each other. Introducing dis-
tributed isotropic polarizabilities in addition to the permanent multipoles,
that is, MOP1, M1P1 and M2P1, leads to an increase of the solvent shifts.
Comparing the shifts calculated at the M2P1 level to the M2 level shows that
the solvent shifts are increased from about 50% in the case of n— 7* transi-
tions in acetone. This clearly shows that induction effects have a significant
impact on the solvent shifts and therefore must be taken into account. The
use of distributed anisotropic polarizabilities, that is, the M2P2 force field,
only gives small improvements as compared to the distributed isotropic
polarizabilities. This can probably be explained by the rather small degree
of anisotropy of the water molecule. Using the most sophisticated LoProp
force field, M2P2BM, decreases the solvent shifts by a small amount as com-
pared to the M2P2 force field. This indicates that the M2P2 force field has a
tendency to overestimate the induction effects, at least in the present case.
It is interesting to note that the MOP1 force field performs rather well com-
pared with the full M2P2BM force field. Therefore, we find that an acceptable
approximation would be to use the MOP1 force field that captures the main
parts of the electrostatics and induction effects due to a water solvent on the
vertical excitation energies.

Recognizing that it is necessary to include the induction effects, a natural
question is whether an explicit inclusion of polarization is needed or if it is
sufficient to have implicit polarization by using enhanced permanent multi-
poles as obtained in the MXPCM force fields. Using the MOPCM, M1PCM,
and M2PCM force fields, we obtained larger solvent shifts as compared to
the MO, M1, and M2 force fields. Still, these MXPCM-based solvent shifts
are not as accurate as in the case where explicit polarization has been taken
into account, which clearly illustrates the importance of explicit polarization
effects.

3.3. Nuclear magnetic resonance chemical shifts

As a further example on the use of the PE scheme, we discuss the calcula-
tion of NMR shielding constants for molecules in solution. More specifically,
we will focus on the case of pyridine in water solution [44]. The NMR
calculations presented here are based on the use of the PBEO functional com-
bined with the 6-311++G(2d,2p) basis set. The PE-DFT results for the NMR
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Table 31 The statistically averaged "N NMR isotropic shielding
constants of pyridine in aqueous solution, oV, (in ppm) and
corresponding solvent shifts, AcN. Experimental data is taken
from Ref. [46]. Results from Ref. [44]

QM part o Ao
NGCsHs —62.0+0.3 289403
NC:;Hs + 1 H,O —64.7 £ 0.6 262+ 0.6
NGsHs + 2 H,O —65.9+0.6 25.0+0.6
exp. 29.7

shielding constants of pyridine are the statistical averages over 200 molecular
configurations extracted from a molecular dynamics simulation [44]. The
NMR results will be restricted to the use of the Ahlstrém water potential.
Below, we will address the issue of hydrogen bonding between pyridine and
water and investigate the effect of this on the NMR shielding constant of the
nitrogen nucleus in pyridine. Our interest is in the gas-to-aqueous solution
shifts of the "N NMR isotropic shielding constants denoted by Ac™.

The computed gas-to-aqueous solution shifts of the "N NMR isotropic
shielding constant of pyridine are collected in Table 3.1. We begin by con-
sidering the pyridine molecule at the selected PBE0/6-311++G(2d,2p) level
and all water molecules treated classically using the Ahlstrom force field.
The obtained solvent shift in oV of 28.9 + 0.3 ppm is in fairly good agree-
ment with the experimental result of 29.7 ppm. As discussed in the previous
sections, the Ahlstrom water potential is not completely converged with
respect to the electrostatic potential. Furthermore, it is well known that
nonelectrostatic solute-solvent effects may have a nonnegligible effect on
NMR shielding tensors. Therefore, we include in the QM region one or
two explicit water molecules selected from the molecular dynamics simu-
lation. For these extended PE-DFT calculations, we observe a decrease in the
predicted result from the solvent shift of the "N NMR isotropic shielding
constant of 2.7 ppm when one water molecule is included in the QM region
and a further 1.2 ppm when two water molecules are treated by quantum
mechanics. Overall, it is seen that inclusion of explicit water molecules at the
QM level leads to slightly underestimated results for the predicted solvent
shifts. The reason for this decreased agreement between experiment and the-
ory is most likely to be found in the neglect of rovibrational averaging on
Ao, something which has previously been proved to be important in some
cases [45].

3.4. Second hyperpolarizabilities

As a final example of the applicability of the PE-DFT method, we consider in
this section calculations related to a higher order response property, namely,
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the second hyperpolarizability. The calculation of accurate nonlinear optical
(NLO) properties of molecules in the condensed phase is a challenging task
for theorists. The importance of models capable of predicting molecular NLO
properties may be attributed to the potential design of new materials geared
toward application in optical devices. Microscopically, the relevant optical
properties are, to lowest orders, the first and second frequency-dependent
hyperpolarizabilities. Accurate calculations of these hyperpolarizabilities
have, for atoms and small molecules in the gas phase, become feasible using
either finite field (FF) techniques or the theory of response functions. The
latter approach, which will be used here, offers some advantages: (1) it is
numerically stable, (2) it requires fewer calculations to be performed by the
user and, (3) it is general in the sense that all frequency combinations of
the properties may be addressed, that is, third harmonic generation (THG)
second hyperpolarizabilities may be calculated, which is not possible using
an approach based on the FF scheme.

Table 3.2 contains results of the rotationally averaged static second hyper-
polarizability, ¥, of a methanol molecule in liquid methanol. The calcula-
tions are based on the use of the CAM-B3LYP hybrid exchange-correlation
functional in combination with the very flexible d-aug-cc-pVTZ basis set
and the M2P2BM water potential. Generally, calculations of hyperpolar-
izabilities require the use of basis sets with very diffuse basis functions
that reflect the choice of this specific basis set. The results are furthermore
based on averaging of 100 snapshots extracted from a 4-ns long molecular
dynamics simulation. From the results in Table 3.2, we observe a significant
dependence on the force field used in the PE calculations. Clearly, the results
based on the MO potential lead to underestimated results for the second
hyperpolarizability. In accordance with the results previously discussed for
the electronic excitation energies, we observe a convergence in the sol-
vent electrostatic potential at the level of quadrupoles, that is, inclusion of
octopoles lead to changes that are almost within the statistical uncertainty

Table 3.2 Statistically averaged
static mean second hyperpolariz-
abilities of methanol in methanol
solution. Results are in a.u.

Force field Vi

MO 3724 + 46
M1 4541 £+ 55
M2 4374 £ 74
M3 4494 £ 72
M2P1 5028 + 109
M2P2 4902 £ 112

M2P2BM 4967 £ 97
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Table 3.3 Statistically averaged static and dynamic third harmonic generation mean
second hyperpolarizabilities of methanol in vacuum or in methanol solution. Results
are in a.u. and are based on the use of the M2P2BM water potential

Y (=3w; v, w, w) o = 0.0000 o = 0.0239 w = 0.0656
Vacuum 3853 4151 7573
Methanol solution 4970 + 54 5400 &+ 62 11001 4 223

of the averaged property. Explicit inclusion of polarization effects is seen to
enhance this fourth-order property markedly. On the other hand, the differ-
ent descriptions of the polarizability, that is, isotropic or anisotropic, lead to
deviations that again are within the statistical error.

The dispersion related to the second hyperpolarizability of methanol is
shown in Table 3.3 where we have included, in addition to the rotationally
averaged static second hyperpolarizability, results related to the THG at two
different frequencies. As opposed to the results in Table 3.2, we have, for
the results presented in Table 3.3, used 400 snapshots. This has been done
in order to reduce the statistical error. From this table, we observe that in
the low frequency limit, the dispersion is similar in both gas phase and
in solution, whereas an enhanced dispersion is observed in the higher fre-
quency region for methanol in solution as compared to methanol in the gas
phase. This increase in dispersion also results in an increase in the statis-
tical error related to the second hyperpolarizability, that is, because of local
anisotropies in the environment, each methanol molecule possesses a slightly
different dispersion in the second hyperpolarizability, leading to an increase
in the statistical error. As seen from the results in Table 3.3, the solvent shift,
that is, the difference between the second hyperpolarizability in solution and
in gas phase, is always positive; again, we observe that the solvent shift is
similar for the lower frequencies, whereas it increases for frequencies lying
in the higher frequency regime. Thus, a frequency-dependent solvent shift
may only be estimated from its static limit, but for high-level results, the
frequency dependence of the solvent shift needs to be included explicitly.

4. CONCLUSION

We have presented a general review of polarizable embedding within
quantum chemistry. Special attention has been given to the theoretical
background of polarizable embedding and its extension to the calculation
of general molecular properties within the framework of time-dependent
density functional theory. In addition, we have presented a few selected
applications limited to the use of polarizable embedding for the descrip-
tion of solute molecular properties. Current investigations based on the use
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of polarizable embedding are in the direction of applications for biological
relevant molecules such as photoactive proteins and rational approaches to
the design of general materials.
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Abstract

This work is on signal processing from the perspective of quantum physics
and chemistry. The major computational algorithms of linear algebra used
in these two disciplines are theoretically analyzed. The results of concrete
numerical computations are presented for one of the most versatile strate-
gies called the fast Padé transform (FPT). For concreteness, the specific
illustrations are given for magnetic resonance spectroscopy, in which the
so-called quantification problem is of paramount importance. However, this
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method is applicable to many other problems in sciences and technologies,
whenever the theoretically generated or experimentally measured data need
to be analyzed and interpreted through signal processing. The FPT is a high-
resolution parametric spectral analyzer, which can unambiguously and exac-
tly reconstruct the entire quantitative information from every single genuine
molecule in the examined matter. Among other physical quantities, this
method can provide the abundance or concentrations of all the physical
constituents from the investigated substance. The FPT is a rich mathematical
construct with the unique polynomial quotient Px/Qg that performs optimal
synthesis or decomposition of complicated lineshapes in the given energy or
frequency spectra. The denoising Froissart filter for exact signal-noise sepa-
ration by pole-zero cancellations is an integral part of this multifaceted and
comprehensive theory of resonant scattering and spectroscopy.
Quantification of time signals and frequency spectra is mathematically
equivalent to the harmonic inversion problem. Here, the time signal points
or autocorrelation functions are given, and the task is to reconstruct the
unknown input components comprised of harmonic variables in terms of the
fundamental complex-valued frequencies and the corresponding amplitudes.
This is also known as the problem of spectral analysis in the mathemati-
cal literature. Such inverse problems are mathematically ill-conditioned and
ill-posed in the sense that even the slightest perturbations in the input
data could yield widely different components of the total shape spectra.
In practice, this means that nearly the same (in the least-square sense) over-
all envelope could be obtained with entirely different component spectra
for each constituent resonance. This ambiguity, which is typically encoun-
tered in all the available fitting algorithms, is also characterized by missing the
genuine and producing false peaks. In contrast to such unacceptable features
and insurmountable difficulties of the fitting techniques, the main character-
istics of the FPT are reviewed as they can be applied to solving the harmonic
inverse problem exactly by retrieving the true number of resonances with all
their spectral parameters and by unequivocally separating the physical (gen-
uine) from unphysical (noisy, spurious) content of the analyzed time signal.

1. INTRODUCTION

We study the quantification problem for general time signals and their
spectra. The specific illustrations are given for data from nuclear magnetic
resonance spectroscopy (MRS) [1-9]. The quantification (or harmonic inver-
sion) problem entails using the encoded time signals to reconstruct the
true number of resonances, as well as all the constituent physical transients
(harmonics), together with the pairs of spectral parameters that are complex-
valued frequencies and the corresponding amplitudes [2]. Moreover, every
time signal has a structure that is quantifiable by a relatively limited number
of parameters. In practice, neither this structure nor the related parameters
of the studied time signals are known prior to signal processing. The task of
spectral synthesis is to reconstruct these unknown quantities from the given
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time signal, and this is achieved by performing spectral decomposition.
To this end, a number of methods are available [10-21]. We presently achieve
this goal by using the nonlinear parametric signal processor called the fast
Padé transform (FPT) [22-34]. For a given Maclaurin series, a frequency spec-
trum in the FPT is defined by the unique ratio of two polynomials Py/Qx,
where K is the total number of resonances (genuine plus spurious). The
fast Fourier transform (FFT), with its spectrum given by a single Riemann
polynomial Ry, where N is the total signal length, cannot solve this quan-
tification problem. This occurs because the FFT ignores the structure of the
investigated time signal. There are two kinds of spectral shapes in signal pro-
cessing. These are the component shape spectra for each separate resonance
and the total shape spectrum as the sum of all the separate component shape
spectra, resulting from interference patterns of all the individual resonances.
The FFT, as a linear nonparametric processor, can give only the envelope or
total shape spectra [2]. In contrast, the FPT as a nonlinear parametric estima-
tor, can generate the component and the total shape spectra [2]. This occurs
because prior to constructing any spectrum, the FPT can retrieve the peak
positions, widths, heights, and phases of individual physical resonances.

The main distinction between these two kinds of processors is in the type
of information extracted from the input time signal. Nonparametric proces-
sors can generate only qualitative information, which is used to plot graphs
of spectral shapes. However, the quantitative data of critical importance are
provided by parametric estimators through unfolding the hidden spectral
structure of the envelope. The quantitative features of resonances (peak posi-
tion, width, height, and phase) reconstructed by the FPT are needed to esti-
mate molecular concentrations. To re-emphasize, with the FPT, these key res-
onance parameters are retrieved first. Then, the spectra can be constructed in
any mode if desired. This is a completely different methodology from fitting
estimators that require the envelope spectrum from the FFT before attempt-
ing to quantify the encoded time signals. These two distinct approaches, the
FFT followed by ambiguous fittings versus unambiguous and self-contained
estimation by the FPT are anticipated to give substantially different results,
especially with respect to closely overlapping resonances that are often of
critical importance in applications across interdisciplinary fields.

The FPT converges when all the reconstructed genuine frequencies and
amplitudes become stable. This point of stabilization is a veritable signa-
ture of recovery of the exact number Kg of genuine resonances (K¢ < K).
With any further increase of the partial signal toward the full signal length,
that is, beyond the point at which full convergence was first reached, all the
genuine frequencies and amplitudes remain constant and so do the ensuing
spectra via the saturation Px/Qx = Pk 1k./Qke+ke = Pk /Qk,, Where K is the
number of Froissart or spurious resonances. Protection against contamina-
tion by some K noisy or noise-like resonances is provided within the FPT
itself, since each pole in the spectrum Px/Qx due to spurious resonances
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stemming from the characteristic equation of the denominator polynomial,
Qk =0, coincides with the corresponding zero of the numerator polyno-
mial, Px=0. This leads to pole-zero cancellation in the Padé polynomial
quotient of the FPT. Such a feature can be used to differentiate between
spurious and genuine content of the signal. Since the unphysical poles and
zeros always appear as pairs in the FPT, they are viewed as doublets. These
are called Froissart doublets after Froissart who, through numerical experi-
ments, discovered this extremely useful phenomenon that is unique to the
Padé methodology [35, 36].

The present study illustrates the use of the fast Padé transform in the
theory of resonances. We show how the FPT obtains the numerically exact
solution of a highly challenging harmonic inversion problem with 25 tightly
packed resonances, some of which are practically degenerate. Each res-
onance is characterized by four real parameters describing the spectral
position, height, width, and phase. Therefore, the present model signal pos-
sesses 100 real-valued spectral parameters. All these parameters are entered
with accuracy that is deemed sufficient for realistic applications. Once the
time signal is constructed as a linear combination of 25 damped complex
harmonics and digitized, the input data for solving the quantification prob-
lem consists merely of the numerical values of the signal points. The task
is to retrieve all the 100 input spectral parameters with their given accu-
racy together with the exact number K of genuine resonances. This would
expose the fast Padé transform to the most stringent testing for stability
and robustness against perturbations due to the unavoidable computational
round-off errors. Spectral analyzers that do not pass such a demanding and
fully controlled testing cannot be considered reliable when dealing with the
corresponding experimentally measured time signals.

2. TIME-DEPENDENT QUANTUM-MECHANICAL SPECTRAL
ANALYSIS

The nonstationary quantum-mechanical spectral analysis uses the time-
dependent Schrodinger equation [2]:

a ~
i§|<1>(f)) =QP (1)), ey

with the boundary condition |®(0)) = |®,), where |®,) is the known initial
state vector of the investigated system whose dynamics are governed by total
“Hamiltonian” Q. In order to include resonances associated with complex-
valued frequencies, the “Hamiltonian” is hereafter conceived as a non-
Hermitian linear operator. In particular, non-Hermiticity of € implies that
the scalar product is defined as the symmetric inner product (x|¥) = (¥|x).
No conjugation via the star superscript is placed onto either of the two state
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vectors (x| or |y). To symbolically indicate this special feature of the sym-
metry of the scalar product, soft round brackets |¢) and (x| are used in
place of the usual Dirac “bra-ket” notation (x| and |v) with (x|¥) = (¥*|x*)
and (x*|¥) = (x|¥). An abstract formulation of quantum mechanics and its
deterministic postulate imply that if the wave packet |®(0)) of any generic
system under study is well prepared /controlled at the initial time f =0 and if
its further development is propagated by the given dynamics/interactions,
then the state |®(t)) will be known exactly at any later instant ¢t [2]. In
the Schrodinger picture of quantum mechanics, operators are stationary
and wave functions are time dependent. For a stationary dynamical oper-
ator , which describes a conservative physical system, Eq. (1) possesses
the solution of the following type:

[2(1)=T(b)|Dy), |Dg) = |D(0)), @)
where the beginning of counting the time is chosen to be zero according

to the mentioned initial condition to Eq. (1). Here, U(t) is the dynamical
evolution/relaxation linear operator of the system:

U =e@. )

In Eq. (2), |®o) represents the initial unnormalized state of the studied system
at the time ¢ =0:

[|@o|[* = (Po|Pg) =Co=cy # 0, (4)
where the constant ¢ is not necessarily unity, but it could be a complex num-

ber. The spectral representation of the operator U(t) follows from using the
well-known property:

K
f@=> fl@m, =Ty, 1<k<K (5)

Here, f(Q) is any operator analytic function, 7, is the projection operator,
and |Yy) is the complete eigenfunction of the studied system obeying the
stationary Schrodinger equation:

QM) = @il 1), (6)

or more generally,

FEIT) =f (@) ). )
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The main postulate of quantum mechanics is that the whole information of
a general system under study is contained in the total wave functions {|Y)}.

This is known as completeness of the quantum-mechanical description. Such
a circumstance is coherent with Eq. (6) since Q is assumed to carry the whole
information of the investigated system. This is formally expressed through
the closure relation for the exact orthonormalized basis {|Y})}:

K
Y @m=1, (TelT0) = cod- ®)

Here, the rank K is an arbitrary positive integer that can be finite or infinite,
in which case Eq. (8) represents local or global closure relation, respectively.
Setting now f(Q) = e~ in Eq. (5) gives the sought spectral representation of
the evolution operator:

K
U =) e™'m, Imw) <0. 9)

The state [(f)) at the instant ¢ is obtained by propagating the initial well-
prepared wave packet |®,) from =0 to ¢ via U(t). Given |®,) at t =0, there
will be a nonzero probability amplitude to find the system in the state |® (¢))
at the later time ¢ > 0 if the two wave packets have a nonvanishing overlap.
This overlap is found quantum mechanically by projecting |®(t)) onto (®|
by their scalar product:

C(t) = (Do (1)) = (Do [U(1)|Dy), (10)

where Eq. (2) is used. The quantity C(t) is called the autocorrelation func-
tion since it measures the degree of correlations between the states | P (f = 0))
and |®(t #£ 0)) under the influence of the dynamical operator Q. It is the
presence of the operator Q that makes |®(f)) d1ffer from |®,), as is obvious
from Eq. (2). By switching the dynamics off (Q2=0), the system would be
allowed to remain indefinitely in the initial state so that C(t) = (®| Do) = ¢y #
0 as in Eq. (4) at any time t. The initial state |®,) is assumed to be a nonzero
state vector |®y) # |0), as is customary in quantum mechanics. Propagating
the initial “zero vector” |®y) =10) from =0 and onward would inevitably
lead to the trivial Schrédinger state |®(¢)) = |0) at any later time ¢ # 0, and
therefore, this possibility is excluded as uninteresting. At two times t' and
t, where t' < t, the state vector |®(#)) can be viewed as a delayed “copy” of
|@ (). Thus, the overlap between the states |®(t)) and |® (t)) for ' < t, as per
the inner product (®(#)|®(t)), represents a measure of correlation between
the state and its delayed copy. One such example is taking the time ¢t all
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the way back to the initial moment # =0. This yields the autocorrelation
function C(t) = (®(0)|®(t)). At large times ¢, the autocorrelation function C(t)
could be numerically unreliable due to instabilities that stem from consid-
erable oscillations of the overlap (®,|®(#)) as t increases. This could cause a
heavy corruption of the quantity C(t) with computational noise, for example,
round-off errors that lead to ill-conditioning.

Quantum-mechanical spectral analysis can advantageously to use the for-
malism of the Green function G(w), which is a matrix element of a resolvent
operator G(w):

G(@) = (D|G(w)|Dy), (11)
G = [(+inI -] . (12)

The Green function (11) exhibits singularities (poles, cuts, etc.) because of the
presence of the resolvent operator (12). It is often claimed in the literature
that C(#) is free from such singularities. This is untrue. The reason being that
the severe oscillations of C(t) for large t act as disguised singularities entirely
similar to those encountered more transparently in G(w). This is obv1ous
that both functions C(¢) and G(w) are built from the same “Hamiltonian” Q,
whose spectrum contains the mentioned singularities. Moreover, the limits
t — zoo in C(t) are strictly equivalent to n — 0F in G(a)) in accordance
with the so-called Abel limit from the formal scattering theory [2]. As a
matter of fact, if one does not encounter instabilities in C(¢) in producing
a spectrum, this could only mean that the asymptotic region ¢ — oo has
not been approximately reached, with the consequence that some of the long-
lived transients did not have sufficient time to decay. In scattering theory, all
the transients should decay in order to detect the asymptotically free states
of the system.

The term “transient” usually refers to a time-developing phenomenon that
dies out after a sufficiently long time lag has elapsed, t — oo [37]. Such
are the envelopes of, for example, experimentally encoded time signals as
a linear combination of damped exponentials {exp (—iwf)} with constant
amplitudes in which all complex frequencies {«;} must have the negative
imaginary parts Im(w;) < 0. Strictly speaking, these are stable transients. A
more general meaning of the term transient in sequence-to-sequence trans-
formations has been encountered in quantum-mechanical signal processing
[2]. There, the term unstable or secular transients has been used follow-
ing Shanks [37] whenever referring to, for example, a time signal c(t) in
which one or more fundamental frequencies w; are exponentially diverging
(Im(wy) > 0). Any finite or infinite sum of harmonics {exp (—iwt)} would
diverge if at least one of the complex fundamental frequencies is secu-
lar Im(wy) > 0. In such a case, this whole mentioned sum of exponentials
{exp (—iwt)} in the signal c(t) would cease to have any direct physical mean-
ing, since ¢(t) — oo ast — oo. This situation will remain incurable as long
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as one keeps adding up directly the partial sums of the time signal as a linear
combination of exponentials {exp (—iwt)}. However, such a divergent set of
partial sums could still be computed with a finite result |c(t)| < oo by certain
sequence-to-sequence nonlinear transformations that are capable of convert-
ing divergent into convergent sequences through the concept of the anti-limit
[37]. One such transformation is the Padé approximant (PA) [2], which
can also accelerate convergence of slowly converging multidimensional
sequences and/or series. Moreover, the PA can induce/force convergence
into divergent series by means of the Cauchy analytic continuation.

One of the ways to achieve a mapping from the time domain to the fre-
quency range is the exact Fourier integrals (not to be confused with the
Fourier transforms):

]—'(a)):% /dtefwf(:(t), Ct) = /dwe*"wff(w). (13)
0 0

Both F(w) and C(f) contain the same operator Q, which is the source of
the complete information about the system. This feature, together with the
unitarity and linearity of the standard Fourier operator, guarantees that
the information is preserved when passing from the time to the frequency
domain. Inserting Eq. (9) into Eq. (10) yields the following result:

K
Cty =) de™, (14)

k=1

dy = (| 1) (15)

By definition (15), the residue d, is a measure of the extent of the squared
projection of the state |Yj) onto (®y|. Thus, the amplitudes {d;} are the
weights that carry information about the strength of the contributions of
individual normal- and natural-mode frequencies {w} to C(t) in Eq. (14).
The magnitudes {|di|} are the intensities of the nonorthogonal “harmonics”
{exp (—iwt)} as the principal components that constitute the autocorrelation
function C(t). Moreover, ¢, = Arg(dy) is the phase of C(t). Substituting C(t)
from Eq. (14) into Eq. (13) and carrying out the time integral exactly gives a
theoretically generated complex spectrum F(w) as:

K
Flo)y=—-i) i (16)
k=1

7
w — Wy

provided that Im(w) < 0. The result (16) for iF(w) agrees fully with the
Green function G(w) from Eq. (11), as it should. The real quantities, for exam-
ple, the magnitude | F(w)|, power | F(w)|?, absorption, and dispersion spectra
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can all be obtained directly from F(w). Under ideal conditions of absence of
noise and with no initial time delay, the absorption and dispersion spectra
are given by Re{F(w)} and Im{F(w)}, respectively. Of course, in practice,
these conditions are not fulfilled, and the absorption and dispersion spec-
tra differ from Re{F(w)} and Im{F(w)}, respectively. In such cases, certain
alternative definitions of the absorption and dispersion spectra, the so-called
ersatz spectra, could be used [38, 39]. The resonance parameters from (16)
are the position, width, height, and phase of the kth peak deduced from
Re(wy), Im(wy), |di|, Arg(wy), respectively.

3. TIME-INDEPENDENT QUANTUM-MECHANICAL SPECTRAL
ANALYSIS

Since the exponentially damped signal (41) is obtained from the matrix ele-
ment ($y|U|Dy), as is clear from Eq. (37), the spectral parameters {wy, d;} of
{c.} can be obtained without any fitting by, for example, diagonalizing the
evolution operator U from Eq. (7) or more generally:

U1y = 15| ). (17)

The eigenvalue problem (17) of the sth power of the evolution operator Uis
obtained from Eq. (38) for f U)=U¢.In diagonalizations, one does not neces-
sarily need the explicit knowledge of the operator U itself, but only its matrix
elements (S,,1|U|§n) are requested. Here, {|£,)} is a suitably selected complete
set of the expansion functions {|£,)} that form a basis, which does not need
to be orthonormalized. For example, the collection of the Schrodinger state
vectors {|®,)}"; represents one such basis. The two different states |®,) and
|®,,) are not mutually orthogonal, so that their overlap is generally nonzero:

Sn,m = Snm == (q)m|q)n) # CO(Sn,m- (18)

Inserting |®,) and (®,| into (18) and using the symmetry of the scalar
product, we have:

Sn,m =Cntm- (19)

In general, we have ¢, # 8, so that indeed the states |®,) and |®,,) are
nonorthogonal for n # m, as stated in Eq. (18). Given N signal points {c,},
the sum of the maximal values of indices n and m in Eq. (19) is iy +
Mupax =2M — 2. Thus, the upper limit M of the available Schrodinger states
{|®,)} will satisfy the relation:

2M—1=N. (20)
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Therefore, the overlap matrix S of the dimension M x M is given by:

S= {Sn,m} = {Snm} = {Cn+m }f\;/;io (21)
The nonorthogonality of the basis {|®,)} implies that the decomposition of
the unity operator will not be as simple as in Eq. (8), since the inverse matrix
S~! must be involved via:

K K
=33 100S (. (22)

k=1k=1

We assume that the Schrodinger basis {|®,)} is locally complete, and this
would permit a development of the eigenfunction |Yx) of U from Eq. (17) as
follows:

M-1

|Tk) = Z An,k|q)n)/ (23)

n=0

where M is given in (20). The expansion coefficients {A,;} from Eq. (23) are
the elements of the column matrix A, = {A,;} = {A,}. Here, the subscript k in
the column vector A, should not be interpreted as the dimension but as the
counting, that is, the running index. We insert this state vector into Eq. (17),
which is afterward projected onto the state (®,,| to yield:

M-1 M-1
Z U1(15/)mAﬂ/k = Mi Z Sil/mAn/k- (24)
n=0 n=0

The matrix element UY) is associated with the evolution operator raised to

n,m

the power s such that:

Usn = Up = (@,10712,), (25)
where U?) =S, ,, and U{) = U, .. Then, the system of linear equations (24)
can be compactly written in its corresponding matrix representation:
UPA=1SA,,  UY={US10 L, (26)
The expansion column matrix A, from Eq. (26) is the eigenvector of U®, and
the elements {S,,,} of the overlap matrix S are given in Eq. (19). The obtained

expression (26) is not an ordinary but a generalized eigenvalue problem
involving the overlap matrix S due to the mentioned lack of orthogonality
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of the Schrodinger basis functions |®,,) and |®,) for n # m. As a direct con-
sequence of this latter fact, instead of Eq. (17), one solves a more difficult,
generalized eigenvalue problem involving the overlap matrix S, which is a
bottleneck of every nonorthogonal basis. In fact, in such a case, one solves
two eigenvalue problems in succession since diagonalization of S precedes
that of U. Each of these two diagonalizations customarily leads to spurious
eigenvalues. This problem could be considerably mitigated if an orthogonal
basis set is used from the onset, which deals only with ordinary eigenvalue
problems in which the matrix S is not present. Such a basis has been thor-
oughly analyzed in Ref. [2] using the Lanczos recursive algorithm of wave
packet propagations. In the Schrédinger basis {|®,)}, the elements of matrix
U are calculated as:

U;(zs,)m = Cn+m+sr (27)
where Egs. (36), (40) and (43) are used. Hence, the matrix element of the sth
power of the evolution operator U taken over two general Schrodinger states
|®,) and (P, is reduced to only one single value of the autocorrelation func-
tion or the time signal ¢, ;s = Cyymis. Obviously, this result also includes the
overlap matrix S that is obtained for s =0 as a special case of U®. Similarly,
the evolution matrix U=U® is obtained for s =1, and it reads as:

U = {Un,m} = {Unm} = {Cn+nz+1 }ilv,lm71=0 (28)

Once the whole set {u;, A} is obtained by solving the generalized eigen-
value problem (26), the eigenfrequencies are deduced from the relation

we=1t " In (), (29)

where the principal branch should be taken from the multivalued com-
plex logarithm. Hereafter, we shall adhere to the standard conven-
tion according to which the correct branch of a multivalued func-
tion f(z) is obtained by selecting the least value of the argument
Arg(f(z)) = tan"'([Im{f (2)}]/[Re{f (2)}]). The residues {d,} associated with the
eigenfrequencies {w;} are calculated by inserting the expansion (23) for |Y})
into Eq. (15) and using Eq. (40), as well as Eq. (43) with the result:

M-1 2
dk = <Z CnAn,k> . (30)
n=0

The above procedure constitutes a computational tool for obtaining the spec-
trum of the evolution matrix U, = {C;z+m+1}y,;1:0 through diagonalization in
the Schrodinger basis {|®,)}. This procedure works optimally if the signal
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length N is not too long, say N < N, =~ 300, in which case the problem of
ill-conditioning in solving the generalized eigenvalue problem (26) can be
under control [38—42]. Using the sequence {|®,)} as a basis set makes the
data matrix U full since these Schrédinger states are delocalized. The term
“delocalized” means that the set {|®,)} is totally independent of the selected
frequency window [@pmin, @max] from which the eigenvalues {u;} are supposed
to be extracted. The basis set {|®,)} is not practical for large N for which the
so-called dimensionality reduction of the original problem is needed, as can
be accomplished in either the time [43] or the frequency domain [40].

4. EQUIVALENCE OF AUTOCORRELATION FUNCTIONS AND
TIME SIGNALS

In practice, one equidistantly discretizes (digitizes) the continuous (analog)
time variable t as t=t,=nAt = nt(n=0,1,2,...,N — 1), where the nonneg-
ative integer n counts the time. The quantity 7 is the time increment (the
time lag) or the sampling time, which is also called the dwell time t =T/N in
ion cyclotron resonance mass spectroscopy (ICRMS) [44]. Hereafter, we shall
write:

C,=Cnr), [, =|P(n1)), (31)

for the discrete counterparts of C(t) and |®(t), respectively. In practice, T is
finite, which implies that the time Fourier integrals from Eq. (13) should have
the upper limits equal to T with T < oo. In such a case, the Fourier integral
F(w) of the autocorrelation function C(t) is introduced as:

T

F(w) = % /dt C(t)e™. (32)

0

This expression can be discretized if the integral in Eq. (32) is represented by
its Riemann sum F;, which can subsequently be evaluated, for example, at
the Fourier grid o = @&:

1 N o 1 Nt ) 2k 2wk
Fo=— Z C, e = — Z Cne2mnk/N, ak =" =" (33)
N n=0 N n=0 T NT

where 0 < k < N — 1 and F; = F(@y). This is the complex form of the discrete
Fourier transform (DFT) [45], which is defined only at the Fourier frequen-
cies w =ay. If we multiply (33) by (1/N) exp (—imayt) and sum the result
over k from 0 to N — 1, we shall retrieve all the elements from the original set
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{C,} through the inverse discrete Fourier transform (IDFT):
N-1
Co= ) Fe ™ =3 Fe®™", 0<n<N-1, (34)
k=0

where the orthogonalization property of the harmonic basis set functions
{l exp (—i@xT))}} -, is used:

= § e2m(n m)k/N ” o (35)

with 8, being the usual Kronecker § —symbol: §,,,, =1 for n =m and §,,,, =0
for n # m. The Fourier frequencies {&} from Eq. (33) are purely real so that
the exponentials in Eq. (34) are unattenuated. Unlike Eq. (14), where the ele-
ments wy from the set {w;} are the unknown peak parameters, the frequencies
@y from Eq. (33) are fixed in advance, and this latter feature leads to linearity
of both DFT and IDFT. In Egs. (33) and (34), one encounters three sequences
{Cy, Fr, | exp (—icT)kr))}fX L, each of which is of length N. A direct computation
by means of the DFT would require N> multiplications that are drastically
reduced to only Nlog,N multiplications in the FFT [45].

Due to the exponential nature of the evolution operator (3), construction
of its discrete counterpart U(t) = U(t,l) = U(nr) atthe time t=t, = nt is done
simply through raising the ansatz U = U(t) to the nth power:

Unt)=0", U=Um=e™ — |0, =0U"dy). (36)

The set {|®,)} represents the Schrodinger basis that could be used for
diagonalization of the evolution/relaxation matrix U. In quantum chem-
istry, linear programming, and the engineering literature, the set {|®,)}
is called the Krylov basis. In quantum-mechanical signal processing, the
term Schrodinger basis is more transparent since it points directly at the
quantum-mechanical origin of the state functions {|®,)} that do stem from
the Schrodinger equation (1). The discrete/digital counterpart of Eq. (9) can
be written as:

U = Ze’i””’”ffk, Im(wy) < 0. (37)

k=1

For any operator analytic function f 0), the eigenproblem is defined as
in Eq. (6) via:

U =wd Y, we=e",  FO)| Y0 =f(u)| Xy (38)
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Usage of Egs. (10), (14) and (36) gives the discrete autocorrelation function:

Cp = (o] @,) = (0| U" | D), (39)
K
Co= Y _ duj. (40)
k=1

The same result (40) for C, can be obtained by inserting Eq. (37) for U" into
Eq. (39). The decomposition (40) of the autocorrelation functions {C,} into the
sum of K products, that is, transients {d,u}} of a geometric progression type,
constitutes the harmonic inversion. The set of at least 2K points {C,} is given
in advance, whereas the unknown pair of 2K parameters {uy, di}f_, represent
the solution of the problem. The representation (40) of each element C, of
the given set {C,} with the task of finding the unknown pairs {wy, d;} and the
order K is hereafter called the “harmonic inversion problem” (HIP). A large
fraction of experimentally encoded time signals c(f) in many fields yields
spectra that are well approximated by sums of damped exponentials:

K
cty=> de ", (41)
k=1

In other words, such signals are just like the autocorrelation functions (14).
This means that in the time domain, each signal point ¢, = c(nt) from the
experimentally recorded sequence {c,} is built from a linear combination of
discrete attenuated exponentials:

K K
C, = Z dke—inwkr = Z dku;’, (42)
k=1 k=1

precisely as in Eq. (40) provided that the amplitudes {d,} are identified via
the prescription d; = ($|Y})* from Eq. (15). Hence, such experimentally mea-
sured signals are mathematically equivalent to the autocorrelation functions
in both the digital and analog representations:

Cp = Cn/ C(t) = C(t) (43)

In this work, we will most frequently use the symbols ¢, = c(nt) when refer-
ring to both the time signals and the autocorrelation functions C, = C(nr).
The set {exp (—iwt)} is exceedingly nonorthogonal, and this property causes
numerical difficulties in all methods for nonlinear fittings of experimental
time signals {c,} to the form (42) as discussed in Ref. [46]. If instead of
the matrix element ($y|U’|®,), we consider a more general scalar product
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involving two different Schrodinger states (®,, |GS |®,), then Eq. (43) together
with the symmetry of the inner product would immediately lead to:

U;)m = (q>m|US|CDn) = Cn+m+s = Cutmtss Sn,m =Cutm- (44)

These signal points {c,,..s} can be used to set up the following matrix,

Cs Cst1 Cst2 e Cotn—1
Coy1 GCoy2 Csp3 0 Copn
H, (c,) = Uils) = Csy2 Cs3 Corq s Copntl , (45)
Cstn—1 Cotn  Cstntl s Coyon—2
and its determinant,
Cs Cst1 Cs42 T Cstn—1
Cst1 Cst2 Cs43 e Cstn
H,(c,)=detH,(c))= | G+2  Cs+3  Csra o Copni1 |, (46)
Cotn—1  Cotn  Cstn+1 crr Coyon—2

where UY = {U“)}fj 2o- The “argument” ¢, in the small parenthesis in H,(c.)
denotes the leading element from the first row and first column in the
matrix (45). The matrix H,(c,) is called the Hankel matrix. In signal pro-
cessing, the experimentally measured signal points are the input data to a
theoretical analysis, and as such, matrix (45) is named the data matrix. The
determinant H,,(c,) from (46), which is associated with matrix H,(c;), is called
the Hankel determinant. Returning to Eq. (42), we set the time ¢ to zero, that

is, n=0, and derive the sum rule for the residues:

K
S di=co £0, 47)

where the closure (8) is used. Here, the first recorded signal point c, is related
to the norm of the initial state |®,) according to Eq. (4).

In addition to Eq. (11), it is also useful to introduce the Green function R(u)
as the matrix elements of an alternative resolvent operator associated with U:

R = (1u — 1’3)71 , u=e ", (48)
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The exact quantum-mechanical spectrum of the operator R(u) is defined
through the following Green function:

R(u) = (Dp|Rw)|Dy) . (49)

Using the projection operator 7, from Eq. (8), we obtain the exact spectral
representation of the Green operator and the Green function:

K ~

~ Ty

R(u)= , (50)
; u — U

R(u) = Z i (51)
1 U — Uy

which is recognized as the PA in its paradiagonal form. When the binomial
series expansion is used for Eq. (50) and the result inserted into Eq. (49) with
the subsequent usage of Egs. (42) and (36), the following Maclaurin series is
obtained for the exact spectrum:

R(u) = Z cou™ (52)
n=0

In the exact spectrum (52), an infinite set {c,}:> , is needed. However, any set
of experimentally measured time signal points {c,},; or theoretically gen-
erated autocorrelation functions {C,})_; is of a finite length N < co. In such
cases, for example, the FFT can only produce either a band-limited spectrum
or a periodically repetitive spectrum after exhausting all the available signal
points. The former case assumes that the c,’s represent a function of compact
support with ¢, =0 for n > N, whereas the latter case supposes that the ¢,’s
are periodic with period N so that ¢,y =¢, for n > N. Both assumptions are
arbitrary. Parametric methods can go beyond the FFT since they do not make
such assumptions. Instead, they draw inferences about the unknown exact
spectrum built from an infinite set {c,} while dealing only with a finite num-
ber of the available c,’s. This leads to a resolution that can be better than the
Rayleigh limit 277 /(N7) fixed by the FFT. For instance, the PA for stationary
signals can generate any number of the ¢,’s for n > N from the given finite set
{c,}2Z¢- This is equally true for the ARMA method that combines the autore-
gressive (AR) estimator and the moving average (MA) model. The ARMA
is known as the method of choice in mathematical statistics, speech process-
ing, and in other fields. The PA and ARMA are mathematically equivalent
but may differ in computational implementations [2].
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5. THE LANCZOS ALGORITHM FOR STATE VECTORS

The Lanczos algorithm [2] is one of the most widely used eigenvalue solvers
for large matrices. This recursive method is usually formulated with the
dynamic operator &, but we shall presently use the evolution operator U(r).

We shall study a general system and focus our attention on the resolvent
operator R(u) This is the Green resolvent from (48), which is associated with
the evolution operator U(t) from Eq. (36). The corresponding Green function
R(u) is given in Eq. (49). We shall now perform a parallel study of the spec-
tra of the operators U(r) and R(u) One of the possibilities for obtaining the
spectrum of the evolution operator U(z) is to diagonalize directly the origi-
nal eigenvalue problem (38) in a conveniently chosen complete orthonormal
basis. Such a basis can be constructed from, for example, the Lanczos states
{|¥,)} that are associated with matrix U={U,,}. The Lanczos states {|¢,)}
are presently generated from the recursion [47, 48]:

BualVui) = {U@) — a1} 1Y) = Bultr), 1 >0, [¥0) =Dy,  (53)

WO ) W09
= WO g W DOW) g 4
A A ©4)

The sum «,|¥,) + B.|¥,—1) appearing on the rhs of\ (53) represents the two
orthogonalizing terms that are subtracted from U(z)|y,) to discard cer-
tain pathways from the intermediate state [,), such as the return to |®,).
In applications, the Lanczos algorithm is customarily introduced with the
matrix U(r) instead of the operator U(z) with the appropriate replacement
of the wave function by the corresponding column state vector. In such cases,
the matrix-vector multiplication is carried out at each iteration, and this is the
most computer time-consuming part of the matrix version of the Lanczos
algorithm. Of course, there is a flexibility in the Lanczos algorithm, which
permits the recursion to be carried out with tensors, matrices, operators, or
scalars [2]. In Section 15, we shall show that the operator version (53) can
be used to establish the analytical Lanczos algorithm with an arbitrary state
|¥/,) in an explicit form. The recurrence (53) is symmetric in the sense that the
component [Y/,44) in U(‘L’) |1,,) is the same as the constituent |¢,) in U(T) [Vs1)-
Here, the general element U, ,, of the evolution matrix U(r) is a complex
symmetric matrix with the elements:

U, = Wl U @) = @l U @) 1y) = U3, (55)

Of course, the matrix elements in the basis set of the Lanczos {|v,)} and
Schrodinger {|®,)} states are different, but for simplicity, we shall use the
same formal label UY) in both Egs. (44) and (55). Multiplying Eq. (53)

n,m
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throughout by the term 8,8, - - - B, leads to the following results:
i) = (U@ =} 1V,) = Bil), (56)

h}n) = Bnh/fﬂ)l 571 = 1_[ ﬂm 75 0/ n= 1/ W}O) = ICDO) (57)

m=1

The alternative recursion (57) involves the monic Lanczos states {|,)}. Here,
the term “monic” serves to indicate that for any given integer 7, the high-
est state |®,) in the finite sum, which defines the vector |v,), always has
an overall multiplying coefficient equal to unity similarly to a monic poly-
nomial [2]. The Lanczos states {|,)} are orthogonal, but unnormalized, as
opposed to orthonormalized Lanczos states {|i/,)}. By construction, both
sequences {|,)} and {|¥,)} lead to certain linear combinations of powers of
the operator U(t) acting on the initial state |®,). Therefore, due to the rela-
tion |®,) :G"(t)|d>0) from Eq. (36), the vectors {|y,)} and {|1¥,)} are certain
sums of Schrodinger states {|®,,)}.

5.1. Jacobi matrix

Once the set {«,, B,} is generated, the matrix U={U,,,,} becomes automat-
ically available. This is seen by projecting (53) onto the state (v,,| and
using Eq. (55) for s=1 to obtain U, ,, = co(et8,m + Bu+16u+1,m + Bubu-1,m). Or by
writing 68,,_1,, equivalently as §,,,..1, we have [47, 48]:

Un,m =0y (anan,m + /3n18n+1,m + ﬂn(sn,m+l) = CO]n,m- (58)

Here, the elements U, are alternatively denoted by cJ,,, to indicate that
the matrix U in the basis {|,)} is a tridiagonal matrix, which is equivalently
called the Jacobi matrix or J-matrix and denoted by J={],,..}. Hence, in the
Lanczos basis, the evolution matrix U automatically acquires its tridiagonal
(codiagonal) form of the type of a J-matrix in a finite dimension, say M x M
such that Uy, = tridy[B, @, B] = ¢oJu. This is due to the definition of the basis
{I¥,,)} in which the above matrix element U, ,, is equal to O for | — n| > 1 and
otherwise (Y,,|¥,) = (WYol¥) = (P D) =¢p # 0 for any nonnegative integer
m. Thus, in general, the orthogonality relation for the basis {|v,)} is given
by [47, 48]:

(wm | WH) = C08n,m/ (59)

as the explicit calculations of the first few overlaps of Lanczos states (53)
indeed confirm. According to Eq. (59), both the denominators (y,|v,) and
(Yu_1l¥,-1) in the expression (54) for {«,, B,} are equal to ¢, # 0. It then
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follows from the above statements that the matrix U, is 0 everywhere except
on the diagonal and the two codiagonals that are the subdiagonal and the
superdiagonal whose elements reside immediately at the two opposite sides
of the main diagonal [45]:

o ﬁl O O O
B g B O 0
0 B a Bs 0
Uy=cJu, Ju= 0 0 B o 0 (60)
0 0 0 - Buo amo Bua
o o o0 --- 0 Bv-1 o

This is a band-structured matrix or a band matrix which is in this particular
tridiagonal form also called the Jacobi matrix. Projecting both sides of Eq. (53)
onto B,1(¥,.1] and using Eq. (59), we find:

/3f+1=”{U(t) o, 1}[¥:,) ﬁn"pnfl)”z?éo. 61)

Co

This is an alternative definition of the Lanczos parameter g, that is equiv-
alent to Eq. (54). The expressmn (61) shows that 82, is proportional to the
squared norm of the state {U(‘L’) Olnl}|1/fn — Bul¥,—1). Note that the Lanczos
algorithm is closely related to the so-called reduced partitioning procedure
[16, 19].

5.2. Jacobi eigenvalue problem

Returning to Eq. (60), it should be noted that there are many good pro-
grams available in the literature for finding eigenvalues and eigenvectors
of the Jacobi matrix J. Among these, we recommend the routines COMQR
and FO2AMF from the computation libraries EISPACK [49] and NAG [50]
libraries (see also [51]). Of course, the matrix (60) in the studied model
is an approximation to the exact evolution matrix Uy. In principle, we
should use a different label, say U}, =c,Ju, in Eq. (60) to distinguish this
approximation from the exact matrix Uy. Instead, to avoid clutter, it will
be understood hereafter that the notatlon Uy ={U,, M1, refers to the
approximation U4, which is cgJy = {CoJum}nmo from Eq. (60) Moreover, the
important thing to observe is that the approximation (60) to the exact evo-
lution operator covers only a part of the generally infinite-dimensional
vector space H for the general system under study. The relevant Lanc-
zos subspace Ly =span{|yy), [¥1), V1), ..., |¥m_1)} C H is spanned by the
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above-constructed set {|¢,)} (1 <n < M). Suppose that we wish to obtain
the K eigenvalues {u;}f_, of the evolution matrix Uy. Despite the inherent
limitations of the above model, by choosing M to be sufficiently large, the
J-matrix (60) will still be able to extract good approximate eigenvalues {u}'}
to the exact set {u}. This is the so-called Lanczos phenomenon, which states
that the exact U-matrix and its approximation ¢,J from Eq. (60) share a com-
mon set of eigenvalues, provided that M is large enough [52]. In practice, M
is usually chosen to be greater than K to assure that all the relevant eigen-
values are indeed extracted from the selected interval. The relation M > K
implies a local overcompleteness of the basis {|,) ff;&, and this leads to the
appearance of the so-called singular eigenvalues. Overcompleteness means
that the number of equations is larger than the number of unknown quan-
tities (M > K). This mathematical ill-conditioning of the problem is usually
tackled by several standard procedures, for example, the Cholesky or the
Householder decomposition, the singular value decomposition (SVD), or the
so-called QZ algorithm [45, 49-51]. This is reminiscent of a situation encoun-
tered in solving the harmonic inversion problem through nonlinear fitting,
in which the lack of knowledge of K is handled by guessing an integer M
that could lead to underfitting (M < K) or overfitting (M > K). Underfitting
leaves some K — M physical (genuine) resonances undetected. Overfitting
yields some M — K unphysical (spurious) resonances. Both situations are
unacceptable from theoretical and practical standpoints. This highlights the
necessity for having a method of known validity to determine the exact
number K of resonances directly from the raw data that are available as
the experimentally measured time signals {c,}. By contrast, in the FPT, the
true number K of resonances is determined without any ambiguity from the
uniqueness of the Padé polynomial quotient for a given series of the input
signal points {c,} [47, 53].

In the Lanczos algorithm, a sufficiently large number M is not necessary
only for obtaining accurate eigenvalues but also for arriving at good eigen-
vectors if they are needed in the analysis. For a large enough M, the basis
{I¥.)}¥=; will be capable of approximately spanning the vector space of the
exact wave functions {|Y})} in the chosen frequency range. This circumstance
permits arriving at an accurate approximation | Y;") to the exact state vector
|T) by forming a linear combination of M functions {|y,)} [47, 48]:

M-1

TN =D Quilv). (62)

The unknown expansion coefficients {Q,,} from (62) are the elements of the
column matrix Q= {Q,x} with Q,.x = Q, (). We insert (62) into the eigen-
value problem (38), then project the result onto the state vector (|, and
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finally use the orthogonality condition (59) to write:

M-1 R M-1 M-1
Z Qn,k(wmlU(I)le) = Uy Z Qn,k(wmhpn) = CoUy Z Qn,kan,m = COqum,k' (63)
n=0 n=0 n=0

From here, with the help of Eq. (60), the eigenvalue problem for the J-matrix
is deduced in the form of a finite system of linear equations,

M-1

Z ]n,an,k = qum,k/ (64)

n=0

or in the equivalent matrix form

JnQx =1, Q. (65)

The eigenvector Q, corresponds to the eigenvalue u; in a finite chain model
of the length M. As opposed to the Schrodinger states {|®,)}, the Lanczos
basis {|¥,)} produces the matrix elements {U,,} as a nonlinear combination
of ¢, due to the presence of the normalization factor B,,; of the state ¥,
in the recursion (53). The constant coefficients «, and B, are the coupling
constants or the recurrence (or chain) parameters of the Lanczos states {|,,)}.
The Lanczos algorithm (53) generates a wave packet propagation leading
directly to tridiagonalization of the evolution matrix U(r). In this method,
[¥,.41) is automatically normalized to ¢, # 0 and orthogonalized to |,) and
[¥,-1). However, by construction of the chain, it follows that |¢/,1) is also
orthogonal to all the remaining previous elements |/,_,), ..., %) so that

K
T= Y W Wl. (66)
k=1

The Lanczos algorithm (53) is a low-storage method as opposed to the cor-
responding Gram-Schmidt orthogonalization (GSO), which uses all states at
each stage of the computation. Otherwise, the final explicit results are rigor-
ously the same in the GSO and the Lanczos orthogonalizations. Physically,
the state |y,) is essentially the nth environment of |,). But the coupling of
|¥,,) with its surroundings is assumed significant only with the two nearest
neighbors (environments) or “orbitals” [¢,.1) and [,_1). A useful conse-
quence of this in practice is that the (n + 1)st iteration in Eq. (53) yielding
the state B,.1|Y.1) needs to store only the two preceding states |y,_;) and
|¥,,) since all other vectors can safely be overwritten. This extreme storage
economy is the key to the success of the scheme (53) relative to, for example,
the GSO, which requires a copy of the surrounding orbitals for each newly
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generated state vector.! Hence, the recursion (53), which is also known as the
nearest neighbor approximation, the chain model, the tight binding model,
or the localized orbital model, is one of the ways to create a local representa-
tion of the “Hamiltonian” €, which can be Hermitian or complex symmetric
operator or the like. This model fulfills the plausible physical demand that
the local density of states is predominantly determined by the local orbital
itself, whereas the progressively more remote orbitals play a less important
role. This is because the stronger effect on the state of interest is naturally
expected to come from the nearest readily accessible orbitals without travers-
ing many intermediate states that could act as barriers or obstacles to the
passage. Thus, the chain model with its Lanczos state recursion is a mathe-
matical prescription for the physical concept of a local environment. Clearly,
each successive orbital in the chain of orbitals will progressively cluster in
the periphery of the environment of the initial orbital |/y) = |®,). The mea-
sure of the effect of this environment onto the investigated state of the system
is given by the coupling parameters {«,, 8,} of the recurrence (53). It is then
clear that the chain model, in fact, describes the overall evolution of the sys-
tem from the given initial state |®,). The Lanczos algorithm converts the
original, completely filled evolution matrix Uy into its Jacobi counterpart,
a sparse matrix ¢yJy of a considerably reduced dimension M « N. Strictly
speaking, the respective dimensions of the original evolution matrix and
its Jacobi counterpart are the same. In other words, tridiagonalization itself
does not literally reduce the dimension of the original large problem, but it
makes the underlying Jacobi matrix sparse. However, the coupling param-
eters {a,, B,} that determine the elements of the obtained J-matrix are of
decreasing importance with increased dimension M. This is, in turn, equiva-
lent to an effective dimensionality reduction M « N of the original problem
of a large size N. As a result of the Lanczos conversion Uy —> Uy, the trans-
formed evolution matrix Uy = ¢oJu is capable of governing the motion of the
studied system amonyg its states in the vector space £y, C H of a significantly
reduced dimension relative to that for the original matrix Uy. We may say
that the Lanczos state localization is economical because it introduces only
those intermediate states of & or U(r), which are coupled to the initial state
|®y). By construction, the chain {|/,)} contains progressively less important
environments of the initial state |®,), and this is adequate since the essential
physics is often ingrained in only the first few neighboring states of |®,). This
is also economical as it actually implies that the full transformation leading to
a long chain {|,,)} is not necessary. Such a circumstance is reminiscent of the
situation encountered in the time domain, where the envelope of the signal

IThe majority of the elements of a large J-matrix are zero. For example, some 99.9% zeros can
be found in a 10* x 10* matrix J from (60) of a typical size encountered in many problems in
solid-state physics to which the chain model has been extensively applied in the past [48].
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c(t) decays exponentially as t increases. Moreover, not only that the signal
{c.} possesses larger intensities |d,| at earlier time in the recording but also
it exhibits more rapid changes in oscillations. At long times, the intensities
{di} decrease to the level in which the signal becomes heavily corrupted with
background noise. Thus, it is advantageous to complete the experimental
encoding of the time signal reasonably quickly by avoiding the excessively
long tail of c(t) since with a large acquisition time T, one will inevitably mea-
sure mainly noise in the asymptotic region of the variable ¢ [2]. This is at
variance with the request of the Fourier-based spectroscopy, which demands
a large T, since the resolution of the FFT is pre- a551gned as 2m/T.

The quest for the locality of operators € or U is natural in view of the
fact that, in practice, one rarely needs the whole informational content of the
Green resolvent R(#) but only a pre-assigned matrix element [47]. An impor-
tant example of the need for such local information is the Green function
R(u) from (49). Physically, R (1) describes the effect of the rest of the system
onto its one selected part. Therefore, it is plausible that the examined local
orbital itself should play the major role and that the successively more dis-
tant neighbors are expected to exhibit lesser effects. The Lanczos algorithm
of nearest neighbors achieves this hierarchy of environments, whose relative
influence to the local density of states is explicitly weighted and displayed.
Each element of the set {|¥,)} has the symmetry of [yy) as a result of the
repeated action of Q or U onto the initial state [¥0) = |Dy). If the set {|¥,)}
is required to contain functions of different symmetry, it will be necessary
to consider different initial orbitals. The chain (53) does not contain those
orbitals |y,) that are uncoupled to |v,) indicating the zero survival proba-
bility (,,|¥,) =0 of the state vector |/,,) for nn # 0 as in (59). Any matrix can
be transformed into its corresponding Jacobi matrix. It is then clear that the
chain model is equivalent to expressing the matrix U as the corresponding
Jacobi matrix or tridiagonal matrix c,J [47, 48]. An original problem under
study might be of a high dimension N, that is, of a large number of degrees
of freedom that could be strongly coupled to each other, leading to serious
storage and computer time-consuming problems. In such cases, the standard
diagonalization of the associated dynamic matrix Uy would require N? reg-
isters. This constraint can be dramatically relaxed to the amount of stores of
only 2N if Uy possesses a local representation stored in a compact form (60),
which emerges from the recursion (53).

Suppose that Q=H, where H is a Hermitian Hamiltonian of the studied
system. Let the set {|v,)} be generated from (53) with U(r) replaced by H.
In such cases, the coupling parameters {«,, 8,} would have a direct phys-
ical meaning and interpretation. An example of a physical system, which
is itself a realization of the chain model, is the one-dimensional ion crys-
tallization of multiple-charged ions in a storage ring with electron cooling.
Such a special crystallization of ions in storage rings has recently been
achieved experimentally [54]. A multielectron ionic system of this type,
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which represents a one-dimensional chain of clustered ions, could be treated
within the frozen-core approximation, in which only one electron is active,
whereas the other electrons have a passive role consisting of screening the
nuclear charge. The Hamiltonian of this one-electron model in the case of a
semi-infinite strip (—oo, n) could be readily set up and spectrally analyzed
in the chain model. In the simplifying circumstance of a one-dimensional
chain of hydrogen-like ions, the chain model would allow the electron to hop
from one orbital (e.g., an s-orbital with zero value of the angular momentum)
to another orbital of a neighboring ion. Here, all the recurrence parame-
ters {a,} are the same constant, equal to a given s-orbital energy, whereas
the couplings {B,} are the “hopping” elements from one ion to the next.
According to Eq. (61), the parameter B,,, is proportional to the norm of the
state |¥,41) =[{H — o, 1 }|¥,) — Bul¥u—1)1/ Busa for Q = H. Therefore, the Lanc-
zos coupling constants 8,.; and B,_,1 can be considered a measure of the
strength of the interaction between the states [y,) and |/,,,). Similarly, «,
is the self-energy of the orbital |,). The state vector |y,) can be viewed as
a linear combination of the wave functions H"|v,), and this itself might be
considered as the sum of all the pathways consisting of n steps, starting from
the initial configuration [,) = |®,). Here, the term “step” means a hop from
one orbital to another, connected by the nonzero hopping matrix element of
H with the assumption that the steps between the nearest neighbors are the
most important.

6. THE LANCZOS ORTHOGONAL POLYNOMIALS
6.1. Three-term recursion

The Lanczos algorithm of tridiagonalization is the key step for converting the
original (presumably large) matrix Uy into its corresponding sparse J-matrix
coJm as given in Eq. (60) [48]. The kth eigenstate of the J-matrix is given by
the vector Qy, which corresponds to the eigenvalue ;. By definition, the
quantities {Q;} are the column vectors Q= {Q,x} whose elements Q,, are
the expansion coefficients of the unnormalized total eigenstate | ;) devel-
oped in the complete Lanczos set {|y,)} of the most general infinite chain
model:

)= Quilv),  Qulu) = Qus (67)

n=0

which is an extension of Eq. (62) to the infinite chain (M =o00). This is an
unnormalized state vector. Its norm is obtained by using the orthogonaliza-
tion from Eq. (8) yielding:

1P = (I =co Yy Qe (68)

n=0
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The normalized total wave function |Y}") is determined by:

00 ~1/2
IO =1T17He) = [CoZQﬁ,k} I1%), (69)

n=0

where |T{°) is taken from Eq. (67). Substituting the state vector (67) into
Eq. (38), which is then multiplied by (¢,,| from the left, the eigenvalue prob-
lem of the infinite-dimensional Jacobi matrix is obtained using Eq. (59) in the
form given either by an infinite system of linear equations:

Z ]n,m Qn,k = qum,kr (70)
n=0

or via the corresponding matrix equation:

Joo Qr = 1 Q. (71)

This is an ordinary eigenvalue problem in which the tridiagonal Jacobi
matrix J, is given in Eq. (60) with M =oo. The residues {d;} are defined
by Eq. (15), where |Y}) is the exact complete state vector normalized to
co # 0. The same type of definition for d; is valid for an approximation such
as Eq. (67), provided that normalization is properly included according to
Eq. (69):

di = (ol 1™ (72)

Inserting Eq. (67) into Eq. (69) and then substituting the obtained result into
Eq. (72) yields:

(73)

where the superscript co in the residue 4;° is introduced to point at the
infinite chain (M = 0o). Comparing Eqs. (68 and 73) gives the following:

ct Qs
oo _ 00k (74)
N EIE

Note that we do not need to solve Eq. (71) to obtain the wave function | 1)
from Eq. (67). This is because the whole sequence {Q,x} can also be generated
recursively using the already obtained sets {«,, 8,} and {u}. To this end, we
substitute Eq. (67) into the time-independent Schrédinger equation (38) and
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exploit the linearity of U(z) to write as follows:

U0 D Queltr) =10 Y Quilvra). (75)

n=0 n=0

Eliminating the term G(r)h//n) from the lhs of Eq. (75) by the recursion (53),
we obtain:

Z Qn,k{anh//n) + ,Bn+1 |1/fn+1) + ,Bnhyn—l)} = Uy Z Qn/klwn)' (76)

From here, the sought recursion for {Q, s} can immediately be extracted if the
whole inner part of the sum on the lhs of Eq. (76) could also be reduced to
the nth state [,) just as in 1, Y, , Q.x|¥,) on the rhs of the same equation.
Then, a comparison of the multipliers of the same vector |y,) would give the
sought result. This is indeed possible by the index changes n+1 — #’ in
the two terms containing |,.;) on the lhs of Eq. (76), so that:

[o¢)

Y o1 = D (o — 10Qu(th) + Busa Qua () + B Qur )} ) =10),

n=0 n=0

(77)

where the relation f, =0 from Eq. (54) is used along with the defining initial-
ization Q_; (1) = 0. In Eq. (77), the symbol |0) denotes the zero state vector,
as before. Since the set {|/,,)} is a basis, its elements |v,) are linearly inde-
pendent. This implies that Eq. (77) can be satisfied only if all the auxiliary
coefficients {v'®} multiplying the nth term |,) are equal to zero. This yields
the Lanczos recursion for the state vectors Q, = {Q, (ux)} corresponding to the
eigenvalues {u}:

ﬁn-H Qn+1 (uk) = (uk - an)Qn (uk) - IBnQn—l (uk)/ (78)
Q) =0, Qo(u)=1. (79)

6.2. The Jacobi state vectors without diagonalization of the
Jacobi matrix

This recurrence relation and the available triple set {«,, B,; ux} are sufficient
to completely determine the state vector Q, without any diagonalization of
the associated Jacobi matrix U =c,J, which is given in Eq. (60). Of course,
diagonalization of ] might be used to obtain the eigenvalues {u}, but this is
not the only approach at our disposal. Alternatively, the same set {1} is also
obtainable by rooting the characteristic polynomial or eigenpolynomial from
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a secular equation,” which is entirely equivalent to the eigenvalue problem
(38) [47]. Moreover, this characteristic polynomial is, in fact, proportional
to Qx(u). Hence, the eigenvalue set {u;}f_, coincides with the roots of the
following characteristic equation:

Q) =0, 1<k=<K (80)

Returning to Egs. (68) and (73), we combine Q, (1) =1 from Eq. (78) to obtain
the following expression for the residue d:

C
P=——— = dr=

Z Qux

2
CO
=112

(81)

The Green operator G(w) from Eq. (12) can provide information about the
studied physical system at any frequency w and not just at w; that belongs
to |Yy), as opposed to the Schrodinger eigenvalue problem (6). This is an
apparent paradox, since the same operator Q constitutes the only source of
information in both the Green and the Schrodinger formalisms. Indeed, the
Green function is known to be a powerful tool that can analytically continue
the Schrodinger spectrum {w} to encompass any value of w. But the same
ought to be also true for the stationary Schrodinger state vector, which one
should be able to compute numerically at any o, in addition to the eigen-
values wy, as permitted by the argument of analytical continuation [37, 55].
This follows from the fact that once the Green function is available at a fixed
frequency w, one can compute the corresponding state vector at the same
w by certain well-known integral transforms. Alternatively, we can show
that Eq. (78) is valid at an arbitrary value of u= exp (—iwt) and not just
at u, = exp (—iwyt) if we have a straightforward definition of the station-
ary Schrodinger state | Y>(u)) for a given u [48]. Fixing u = u, here would
retrieve the eigenstate (67) corresponding to the eigenvalue u;. Similar to the
pure eigenvector (67), the state |Y*(u)) at any u can also be conceived as a
linear combination of the Lanczos basis states:

IT*@) =Y Qu)l¥). (82)
n=0

The quantity [Y>(u)) will describe an extended spectrum of U(r), beyond
the Schrodinger eigenvalue set {1}, if the image U(7)|T*(«)) of the operator

2The optimal method for finding all the roots of a given polynomial is to use the correspond-
ing Hessenberg matrix to solve its well-conditioned eigenvalue problem [45, 47]. By contrast,
any direct rooting of polynomials is known to be an ill-conditioned procedure, as discussed in
Section 10.
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ﬁ(r) is proportional to the same vector | Y>(u)), for example,
U@ [T (W) =u[ Y™ (1)), (83)

which is true. This is nothing but rephrasing that the stationary Schrédinger
equation at any u, and the Schrodinger eigenvalue problem (38) follows
at once by the specification to the ridge u=u,, as pointed out earlier in
Refs. [47, 48]. Likewise, evaluating |[Y*(u)) at the eigenvalue u = u, leads to
[T°) = | T (i), where |Y°) is the eigenvector as in Eq. (67). Adopting the
infinite chain model and proceeding exactly along the lines (75) and (77) by
using u in lieu of u;, we obtain the Lanczos recursive algorithm for Q, (u):

ﬂn-H Qn-H (Ll) = (Ll - an)Qn (Ll) - IBnQn—] (Ll), (84)
Q) =0, Qu)=1. (85)

We see that the expansion coefficients in Eq. (82) are polynomials of degree
n in the complex variable u. The same polynomials Q, (1) = Q,x evaluated
at u =1y are also present in Eq. (67). Having obtained the whole set {Q, (1)}
from the recursion (84), the usage of Eq. (82) would give the sought state
vector |Y*(u)) at any u. This is a simple computational tool, which resolves
the above paradox, making the stationary Schrodinger equation (83) also for-
mally usable at any u, as is the case with the corresponding Green function
from Eq. (49) [47, 48].

6.3. The Jacobi matrix and the Lanczos polynomial matrix within the
same system of linear equations

It is possible to interconnect the matrices J and Q, through a compact matrix
equation [48]. This follows from the tridiagonal structure of the matrix in
Eq. (60), which allows one to deduce Eq. (78) directly from the product JQ;
at the set of the eigenvalues {u;}. By the same reasoning, this conclusion can
also be extended to encompass Eq. (84) at values of u other than u,. Thus, the
polynomials {Q, (1)} satisfy the matrix equation:

U—ay —p 0 0 e 0 Qo(w) 0
-1 u—a1 —p 0 . 0 Q1 (w) 0
0 B2 u—ax —p3 e 0 Qa(u) 0
0 0 0 —Bn1 U—ay —Bu Qn—l (u) 0

0 0 0 e —Bn Uu—ao Qn(w) 1 Qn1 (1)

(86)

where a finite sequence of 1 + 1 polynomials {Q,}!_, is considered. Obtain-
ing the results of the indicated multiplication on the lhs of Eq. (86) and
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comparing them with the elements of the column matrix from the rhs of the
same equation, we readily arrive at Eq. (84).

The recursion (84) can be extended to operators and matrices. This is done
by using the Cayley-Hamilton theorem [2], which states that for a given ana-
lytic scalar function f(u), the expression for its operator counterpart f(U) is
obtained via replacement of u by U as in Eq. (6). In this way, we can intro-
duce the Lanczos operator and matrix polynomials defined by the following
recursions:

Br:1Qu1(0) = (U — &, 1Q.(0) — £,Q.1(0), (87)
Q.M =0, QMU =1, (88)
Bri1Quin(U) = (U — 2,1)Q,(U) — B,Q,-1(U), (89)
Q.U)=0, QU)=1, (90)

where 0 and 1 are the zero and unit matrices of the same dimension as U.
The eigenstates {Q, (1)} of the J-matrix from Eq. (60) are the regular solutions
of the three-term contiguous recurrence (78). This recurrence is a difference
equation, which is a discrete counterpart of the corresponding second-order
differential equation. Given the recursions (53) for |v,) and (89) for Q, (U),
we can observe inductively that the following relationship is valid:

1) = Q.(U) ), 91)

where U = ﬁ(r) and [y,) =|®,). This equation defines the Lanczos poly-
nomial propagation of the initial wave packet |®;). Within second-order
differential equations satisfied by the classical orthogonal polynomials [45],
we always introduce a pair of solutions, one regular and the other irregular,
called the polynomials of the first and the second kind, respectively. Using
the analogy between differential and difference equations, we can identify
the solution Q, (1) of the difference equation (84) as the Lanczos polynomial
of the first kind. Similarly, the same equation has another solution, which
is the Lanczos polynomial of the second kind P, (). In other words, P, ()
satisfies the same recurrence (84), so that [47, 48]:

/3;1+1Pn+1(u) = (M - Ol,,)Pn(Z/l) - IBnPn—l (1/[), (92)
Py(u)=0, Py(u)=1. (93)

Note that the initial conditions for P,(u) are different from those for Q, (1), as
seen in Egs. (84) and (92). In particular, the initialization to the recurrence (92)
scales the degree of the polynomial P,(u) downward by 1. This implies that
P,(u) is a polynomial of degree n — 1 as opposed to Q, (1), which is the nth
degree polynomial. Thus, the polynomial P, () has n — 1 zeros and that is by
one fewer than in the case of Q, (u).
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7. RECURSIONS FOR DERIVATIVES OF THE LANCZOS
POLYNOMIALS

Once the polynomial set {Q, (1)} becomes available from Eq. (84), the same
type of recursion can automatically be derived for general derivatives
{(d/du)"Q,.(u)}. This is greatly simplified by the following relation:

d m
<£) [uQn (1/[)] = uQn,m(u) + an,mfl (1/[), (94)
d m
Qn,m(u) = <d_) Qn (u)/ Qn,O (u) - Qn(u)/ (95)
u
d m
Qn,m (0) = |:(d_> Qn (u)i| . (96)
u u=0

The expression (94) can easily be established in an inductive manner, as
pointed out in Ref. [56]. Hereafter, we use the notation Q,(u) for the sth
derivative of Q,(u) with respect to u instead of the more standard nota-
tion Q¥ (u). The reason for this is that the notation Q% (1) is customarily
employed in the theory and applications of the so-called delayed orthog-
onal polynomials constructed from power moments, autocorrection func-
tions, or signal points {u,s} ={Cuis} = {cuss), Where the first s < N points
{u}={C}={c;} (0 <r <s—1) are either skipped or simply missing from
the full set of N elements. Delayed time signals {c,,,} are thoroughly studied
in Refs. [2, 25]. If the expression (84) is differentiated m times and Eq. (94)
is used, the following recursion is obtained inductively for the derivatives

{Qum )} [47]:

ﬂn+1 Qn+l,m (M) = (1/[ - an)Qn,m(u) - ﬂnanl,m (M) + an,m—l (T/l), (97)
Qum)=0, Qoo(u)=Qo(u)=1. (98)

This is a fast and accurate way of computing derivatives {Q, (1)} of any
order m > 0. Similarly, the availability of the polynomials {P,(u)} from
Eq. (92) enables the derivation of a recursive way of computing derivatives
{P,,»(u)} via the analogy with Eq. (97):

ﬂn+1pn+1,m(u) = (1/[ - an)Pn,m (1/[) - ,Bnpnfl,m (1/[) + mpn,m—l (1/[), (99)
Pou(u) =0, Po(u)=P;(w)=1, (100)

d m
Pn,m(u) = <a) Pn(u)/ Pn,(](u) =Pn(u)r (101)

d m
Pn,m(o) = [(@) Pn (u)i| . (102)
u=0
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8. SECULAR EQUATION AND THE CHARACTERISTIC
POLYNOMIAL

The eigenequation (71) can formally be rewritten as a problem of finding
zeros of the matrix equation (1 — U)Q, =0. This matrix equation can oper-
ationally be solved by conversion to its corresponding scalar counterpart,
that is, a determinantal equation known as the secular equation [2]:

det[ul — U] =0. (103)
The roots {u}r_, of Eq. (103) coincide with the eigenvalues of matrix U.
On the other hand, the function det[ul — U] is proportional to its Kth
degree characteristic polynomial, which is equal to Qx(#) up to an overall
multiplicative constant of the normalization type:

det[ul — U]

, 104
5 (104)

Qxu) =

where fy is defined by Eq. (57). The K zeros {u;}X_, of the characteristic poly-
nomial Qg (1) coincide with the K eigenvalues of the U-matrix (60) for M =K.
Let us now link the secular equation with the Lanczos recursion. To this end,
we insert Eq. (82) into Eq. (83) and then multiply the results from the left by
(4] to obtain the following system of linear equations:

D U Qu (1) = uQy (u). (105)

n=0

The tridiagonal structure (58) of the elements U, , implies that the matrix
form of Eq. (105) coincides with Eq. (86) if the matrix of the infinite dimen-
sion in Eq. (105) is appropriately truncated. Then, let the determinant
of the tridiagonal matrix trid,:[8,« —u, 8] for a finite chain be denoted

by Qn+1 (u):

u— oy —,31 0 0 0
b u—o  —p 0 0
~ 0 =B u—ax —ps 0
Quuw=| . : : : , : (106)
0 0 0 _,anl u—0o, _ﬁn
0 0 0 a By u—a,
Usually, one solves (105) by first finding the zero of the determinant:
Q) =0 = w,=it""In(w), (107)
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and then one searches for the eigenvectors [48]. Let us assume that the deter-
minants Qn,l (1) and Q,,(u) are known, and we wish to obtain Q,zﬂ(u). For this
purpose, we use the fact that the determinant in Eq. (106) is sparse and has
only two nonzero elements in the last (n + 1)st row, such as —8, and u — «,.
This means that the Cauchy expansion theorem for determinants used to
develop Q,,H in the elements of the (1 4 1)st row will yield the sum of only
two determinants that are themselves the Lanczos polynomials:

Qi (1) = (1 — ,)Q, (1) — B2Q, 1 (), (108)

Q. (w)=0, Qyu)=1. (109)

This recursion coincides with the definition of the Askey—Wilson polynomi-
als [2]:

X11(2) — (2 — a,) X, (2) + 13X, 1 (2) =0. (110)

Multiplying both sides of Eq. (84) by the term $;; - - - B, and proceeding the
same way as in deriving the recursion (57) for the state vectors {|v,)}, we get
the following:

[(ﬁlﬂZ e ﬂn—lﬂnﬂn+l)Qn+l (M)]
= (T/l - an)[(ﬂlﬂZ e ﬂn—lﬁM)Qn(u)] - ﬂi[(ﬁlﬁ2 e ﬁ;l—l)Qn—l (M)],

and this will be reduced to Eq. (108) if we define

Qn(u) = EnQn(u)r (111)

where B, =B.8,--- B, #0, as in Eq. (57). Therefore, the determinant Q,,(u)
is also a polynomial of degree n in variable u. Recalling Eq. (67), we see
that every total eigenstate | Y;°) is proportional to the sum of the products
of the determinant Q,,=Q,(u;) and the Lanczos vector |¢,). Taking into
account Egs. (107) and (111), the K eigenvalues {u;} of the chain of K states
can equivalently be conceived as the roots of the polynomial Qx (1) of the Kth
degree:

1
Q) =0, QOxu)= E[(” — ag-1)Qx1(u) — ,312<71Q1<72(u)], (112)

as in Eq. (80). This is also clear from Eq. (86) that links the matrix J, with
the polynomials {Q,(1)}. The eigenvalue problem (71) will coincide exactly
with Eq. (86) at u=u, and n=K —1 if Qx(u) =0, in which case the rhs
of Eq. (86) is the column zero vector. Hence, the eigenvalues {u} can be
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found either by diagonalizing the J-matrix from Eq. (60), through solving
the ordinary eigenvalue problem (71) with a truncation of n, or equiva-
lently by searching for the zeros of the polynomial Qx(u), that is, finding
the roots in Eq. (112). If Eq. (71) is used to obtain u, one would not know in
advance whether the J-matrix (60) possesses degenerate eigenvalues uy = uy
(k' # k). However, such information can be deduced from the fact that all
the eigenvalues {u,} from Eq. (71) are also the roots of the characteristic
polynomial Qx(u). To show this, let us assume that there is, for example,
one such degenerate eigenvalue. This means that the rank of the J-matrix
tridg[B, a, B] of the type (60) for the specified dimension M=K will auto-
matically be reduced from K to K — 1. Consequently, every Kth minor of
det[u1 — U], where U = ¢Jx according to Eq. (60), will be zero, and therefore,
QK,l(uk) =0. This also implies Qx_1(14) =0 due to Eq. (111) since Bx1 #0
according to Eq. (57). However, if u=u, is a root, then the secular equa-
tion would imply that Qx (1) =0. Therefore, using Eq. (78) we also have
Qk+1(u) =0. In such cases, the recurrence (78) would mean that every ele-
ment Qx_, (1) of the set {Qx_,.}X _, is zero, and therefore, Q,(1) =0 [48]. This
contradicts the initialization Qy (1) =1 from Eq. (78). Hence, all the eigenval-
ues {u;} of the J-matrix (60) are nondegenerate (uy # u; for k' # k), and by
implication,

Qk-1 () # 0. (113)

Another line of reasoning proving Eq. (113) is as follows. Suppose that all the
roots {u;};_, are nondegenerate, uy # (k' # k). This assumption is equiva-
lent to saying that the polynomial Qk (1) has no multiple roots. In such cases,
the following factorization is possible, Qg (1) =qxo(u — u1)(U —uy) - - - (U —
uy) - - - (U — ug), where gy is the coefficient multiplying the highest power u*
in the power series representation of Qx(u). If the opposite were true, that is,
if Qx_1(u) =0, then the polynomials Qx_; (1) and Qx (1) would have a com-
mon factor, say (4 — uy). However, this means that the same common divisor
(u — up) will also be contained in Qx_» () and in Qx_3(1), all the way down to
Qo(u) since K is any nonnegative integer. Hence, Qo(1) = qxo(# — uy), which
is a contradiction with Qy(1) =1 from Eq. (84). Therefore, nondegeneracy
of the roots {u}5_, of the polynomial Qx (1) implies Qx_;(ux) # 0, as stated
in Eq. (113). Conversely, the structure of the recursion (84), with its initial
conditions, implies that all the roots {u,};_, originating from Q(1) =0 are
nondegenerate [47, 48].

9. POWER SERIES REPRESENTATIONS FOR TWO LANCZOS
POLYNOMIALS

For many purposes, it is important to have the explicit representations of
both polynomials P,(u) and Q,(u) as the finite linear combinations of the
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powers of u, such as

n—1 n
Pu) =" punitt, Qu)=Y_ quust/, (114)
r=0 r=0

where the constants {p,,,_,, ...} are the expansion coefficients. We recall
that the polynomials P,(1) and Q,(u) are of degree n —1 and #, respec-
tively. Obviously, with a change of the dummy index ¥ — n — rin Eq. (114),
we could equivalently write Q,(u)= )" _,4,,4"". Inserting Eq. (114) into
Eq. (92) and then equating the multipliers of like powers of u, we obtain
the following recursion [2]:

ﬂn+1pn+1,n+1—r = pn,n+1—r - anpn,n—r - .Bnpn—l,n—l—r/ (115)
pn,—l = O/ pn,m = O/ m>n, P0,0 = 0/ pl,l = ]- (116)

Repeating the same procedure with Egs. (84) and (114) will produce the
recursive relation [2]:

,Bn+1qn+1,n+1—r = qn,n+l—r - anqn,n—r - IBnqn—l,n—l—rr (117)
qn-1= 0/ Tnm = 0/ m=>mn, {foo= 1. (118)

It then follows that the Lanczos expansion coefficients form a lower triangu-
lar matrix q = {g;;} with zero elements above the main diagonal [45]:

Goo O 0 0 0 --- 0
di0 411 0 0 0 . 0
G20 Go1 o2 O 0O --- 0

9=1gs0 Gs1 452 G55 0 -+ O (119)
qn,O %,1 qn/z qy,,g %,4 e qn/n

The two leading coefficients px; and gx, in the polynomials Py (1) and Qy (1)
are, respectively,

B 1 1 1
pK,lz—_z 5]1(,0:—_:

e P (120)
ﬂK l_[m:Zﬂm ’BK l_[m:lﬁm

where B is from Eq. (57). The expansion coefficients {g,, ,} are the prediction
coefficients of the LP method [38]. The ratio of the coefficients px; and gk,
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from Eq. (120) is reduced to the parameter $; according to the following;:

Z— = Br. (121)

An alternative way of computing the coefficients {p,,_,} and {g,,._,} comes
from observing that the two power series representations in Eq. (114) are the
truncated Maclaurin expansions. Thus,

1 1
Pun—r = ﬁpn,r(o)/ Jnp—r = ﬁQn,r(O)/ (122)

where the derivatives Q, (1) and P, ,(1) are defined in Egs. (95) and (101),
respectively. The two polynomials from Eq. (114) can now be written as:

n—1

1 "1
Py =3 —Pu O, Q=3 ~Qu O, (123)
r=0 "

r=0""

where Py(u) = 0 as in (92).

10. ROOTING HIGH-DEGREE POLYNOMIALS

10.1. Improved Newton—Raphson algorithm with approximate
allowance of higher order derivatives

The Lanczos polynomial of the first kind Qy(u) with its K zeros {u;}f_, can
be expressed as:

1 K
Q)= — [ [ — wy), (124)
Bk k=1

where 1/Bx = qx, from Eq. (120) is the leading coefficient in the power series
representation (114) of the polynomial Qk(u). One of the ways to find the
zeros {u} of the polynomial Qk(u) is to use the Newton-Raphson algo-
rithm [45]. This is a nonlinear iterative method that, as such, needs the
starting values {u,} that can be chosen, for example, randomly on the unit
circle but never on the real axis [2]. In other words, the initial guess should
be a complex number Im(u,) # 0. Then, the successively better approxi-
mations {u,1}(n=0,1,2,...) for the kth root of the equation Qx(u;) =0 are



Parametric Analysis of Time Signals and Spectra 181

constructed from the iteration formula:

_ QK (uk,n)

= =0,1,2,...), 125
Q}((uk/n) (n ) ( )

Ukns1 = Uk — Ok, Uk

where the first derivative Q) (1) is computed exactly from Eq. (97) for m=1
at u=uy,:

B Qi) = (u — ox ) Qi () — Br-1Q_, (1) + Qx—1 (W), (126)
Q,w)=0, Qu)=1, (127)

where m=—1 and m =0. Given a prescribed accuracy threshold £ > 0, the
value u;,, as the approximation of the kth root at the nth iteration, will be
satisfactory if either Qx () = 0 or |uy 11 — ti,| < €. If neither of the two lat-
ter conditions is fulfilled after, for example, some 100 iterations or so, the
process is considered diverging from the exact root u;. In such cases, a new
initial value for uy is selected, and the procedure is repeated [2]. When con-
vergence is reached at a given iteration n =m, the sought root u; is set to be
Uy = Uy,,. The Newton—-Raphson method has a quadratic convergence rate,
as can be seen from the development of the rhs of Eq. (125) in a power series
in terms of u{” — u; [2, 45]:

™ —u = [ — w4 asw” — P+ a ) —w] -
(128)

where the expansion coefficients {a,,,} depend only on the root 1. Due to the
absence of the linear term a,;[u;"” — u;] on the rhs of Eq. (128), it is clear that

from a certain point on, the error u{""™" — 1 will be of the order of the mag-

nitude of the square of the preceding error 1" — u;""". Once this step has
been reached, every further iteration will approximately double the number
of correct decimal places relative to the previously achieved approxima-
tion. Hence, the name “quadratic convergence” [2, 45]. To mimic the higher
order derivatives that are absent from Eq. (125), we found in practice that
the following modification of the Newton—-Raphson algorithm is very use-
ful for obtaining complex roots of any function, including our characteristic
equation Qg (i) =0 [53]:

Qi — ) — Qi) } / (129)

2Qk (Ui — vk) — Qi ()

U1 = Ugn — Ok {

which differs from Eq. (125) by the presence of the rational function in
the curly brackets multiplying the Newton quotient v, = Qg (1) / Qi (ty)-
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In practice, we observed that the method in Eq. (129) converges quickly and
consistently to at least eight decimal places in less than 10 iterations [53].

10.2. Diagonalization of the Hessenberg or companion matrix

In general, rooting a higher degree polynomial, say K > 100, is known to
be an ill-conditioned nonlinear problem. Therefore, for high degrees K, it is
better to solve Eq. (80) by more robust methods of linear algebra. One such
method is diagonalization of the corresponding K x K square Hessenberg
matrix (also known as the companion matrix) denoted by H, which is defined
by [45]:

LG e ke ke
qk,0 gk gk qk,0
. 1 0 .. 0 0
H= 0 1 0 0 , (130)
0 0 1 0
det[ul — H
Q) = % (131)
K

Note that Eq. (131) is equivalent to Eq. (104) on account of Eq. (120). When
all the roots {u;};_, are found, a simple analytical expression for Qj (i) can
also be obtained. Using Eq. (124), we obtain the following;:

K

=7 T w-uo} (132

Kpr=1 V1w

Here, exactly at u = u, the whole product in the curly brackets vanishes due
to the presence of the factor (v — u)l,_.,, so that [2]:

1 K

Quuy=—= [] —w), (133)
K p =1 k)

Q) #0, up #uy, k' #k. (134)

Due to its remarkable sparseness, the matrix H from Eq. (130) is easy to
diagonalize even for higher dimensions. In this way, we have explicitly
obtained very accurate eigenvalues {u,};_, for K ~ 1000 [38, 39] via the NAG
library [50]. However, the same library fails when we used its corresponding
routine in an attempt to directly root polynomials of much lower degrees,
K > 120.
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11. THE LANCZOS VECTOR SPACE

11.1. The space structure via the scalar product as the generalized
Stieltjes integral

In Section 5, we have introduced the finite-dimensional Lanczos subspace

Ly C H spanned by the Lanczos state vectors {|y,)})-; via:

Ly = span{|vo), [¥1), [V2), ..., [¥m-1)}- (135)

The Lanczos vector space Ly can be defined through its basis and the
appropriate scalar product. A finite sequence of the Lanczos orthogonal
polynomials of the first kind is complete, as will be shown in Section 12, and
therefore, the set {Q, (1)} with K elements represents a basis. Thus, the poly-
nomial set {Q, (u)}*_, will be our fixed choice for the basis in L. Of particular
importance is the set K of the zeros {u}f_, of the Kth degree characteristic
polynomial Qg (u):

K= {uk}llg(=1/ Qx () =0. (136)

These zeros {1} of Qx (1) coincide with the eigenvalues of both the evolution
matrix U and the corresponding Hessenberg matrix H from Eqs. (131) and
(130), respectively. The zeros of Qx(u) are called eigenzeros. The structure
of Ly is determined by its scalar product for analytic functions of complex
variable z or u. For any two regular functions f(u) and g(u) from Ly, the
scalar product in £, is defined by the generalized Stieltjes integral:

1
(fwlgw) = (gw)|f (w) = 527 ?{ fg(x)doy(z); f,g€ L, (137)
C

which is symmetric, that is, without conjugation of the soft “bra” vector
(f(u)|. Here, doy(z) is a general, complex valued Lebesgue measure and the
closed contour C encircles counterclockwise the eigenvalue set K. Since the
polynomials {Q, (1)} have no multiple zeros, all the spectral representations
of functions in £, will exhibit only simple poles.

11.2. The passage from the Stieltjes to the Cauchy integral via the
Dirac-Lebesgue measure for discretization of inner products

Hereafter, the generalized Lebesgue measure oy(z) from Eq. (137) is speci-
fied as:

K 1 zekK
o)=Y ddz—u), VE-—w)= (138)
! k; 0 z¢Kk
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where d, is the residue (15) and ¢ (z — 1) is the generalized real-valued Heav-
iside function of the complex argument z — u;, which is a generalization
of the real case (138). Using the formula for the derivative d#(z)/dz=45(z),
where 6(z) is the complex-valued Dirac function, we have the following
expression for the measure in Ly

K
dov(@) =po@dz,  po@ = ) did(z— uy). (139)

k=1

The generalized Dirac function of a complex variable from Eq. (139) belongs
to the class of the so-called ultra distributions [2]. In the present context, §(z —
;) has the same operational property as the usual Dirac function with a real
argument, except that the contour integrals are involved, viz:

% dzf(2)8(z — ) =f (uy), (140)
C

where the function f (z) of complex variable z is analytic throughout the same
contour C as in Eq. (137). More generally, if f(z) is regular within and on the
contour C and g(z) has K simple zeros {v;};_, within C, we can apply the
Cauchy residue theorem to write:

§ @=L (141)
c k=1

— g'(v)’

where ¢'(z) = (d/dz)g(z) and g(v) =0 (1 < k < K). The weight function py(z)
from Eq. (139) is reminiscent of the so-called “complex impulse train func-
tion” in signal processing [2]. If one formally sets the eigenvalues {w;} of the

operator © to be equal to the Fourier grid points {@y}, one would equate
the residues {d,} with the complex Fourier amplitude {F;}. Both {&} and
{Fi} are given in Eq. (33). In such cases, the special impulse train function
> Fi8(w — @) would represent the Fourier stick spectrum with jumps or
heights |F;| at the grid points w =&, and would otherwise be zero else-
where. In Eq. (139), the quantities {|d;|} also have the meaning of heights
or jumps in the spectrum (51) constructed from the peak parameters {u, di}.
The discrete counterpart of the symmetric inner product (137) for the pair
{f(w),g(w)} € Ly is given by:

K
(fa)g@) = @uf ) =Y dif u)g(uy), (142)
k=1

where the residue di = (®o|Yx)* from the definition (15) is a complex-valued
weight function.
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12. COMPLETENESS OF THE LANCZOS POLYNOMIALS

In practice, the complete state vector | Y®) is computed from the infinite sum
over nin Eq. (67) by monitoring convergence of the corresponding sequence
of partial sums Y ') Q,|1,) with the progressively increasing integer M.
For a fixed large integer M, the total state vector (82) is approximated by its
finite chain counterpart | Y™ (1)) ~ | Y™ (u)):

M-1

T @) =Y Quaw)|yn). (143)

n=0

At the eigenvalues u =1;, we have the wave function |Y}) whose corre-
sponding residue d}' is an approximation to d° from Eq. (81) such that
dy ~ dy! for large M, where:

Co

M 5 :
2 Qi
n=0

i =

(144)

The numerator of the quotient in this equation is the norm of the state vector
|T}), and therefore,

M-1

P = =y Q) = dy'=
n=0

2
CO
.
1112

(145)

The finite sum in the denominator of Eq. (144) can be evaluated analytically
for any finite integer M. Moreover, we shall show that a more general expres-
sion of the type Y"1 P,(u)Q, () can be derived algebraically in a closed
form. In this regard, we first write the two recursions (84) and (92) at two
arbitrary values of the variables u and v’ as:

BuPn(1) = (0 — oy 1) Pra () — ByaPun(u), (146)
Py(u)=0, Pi(u)=1, (147)

B Q) = (' — 0, 1)Qua () — B 1Qua (1), (148)
Quw)=0, Qu)=1. (149)

Multiplying Egs. (146 and 148) by Q,_1(#') and P,_;(u), respectively, and
subtracting the results from each other, we obtain:

Prl(”)Qn—l (M’) - Pn—l (”)Qn (1/{/)
u—u ’
Py () Qua(u) — Py () Q1 (1)

u—u

Pnfl (M)Qn—l (M/) = ﬂn

— Bua (150)
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Summing up over n will give:

M-1

> P.wQu(u) = Bu
n=0

Py(u)Qu (') — PM_1(M)Qm(M’). (151)
u—u

This is called the extended Christoffel-Darboux formula for the sum of the
products of the Lanczos polynomials of the first and second kind, Q, (1) and
P, (u), respectively. Of course, the sum in Eq. (151) could start from n=1
due to Py(1) =0, but this is not done to allow the possibility to replace P, (1)
by Q,(u) in the sequel. When P, is used instead of Q,, the result (151) is
reduced to:

OQum@)Qu-1 (1) — Qu—1 () Qu (1) .

(152)
u—u

M-1
D QuwQu ) = Bu
n=0

This is the original Christoffel-Darboux formula that includes only the poly-
nomials of the first kind [47, 48]. The formula (151) with mixed polynomials
P, and Q,, has no meaning at #'=u. However, this is not so in the case
of Eq. (152), which is well defined in the limit # — u'. The indeterminate
expression 0/0 is regularized by the I’'Hopital rule which gives:

M-1

> Q2 w) = Bul Q) Quir () — Qpy, 1) Qu)], (153)

n=0

where Q, (1) =dQ,(u)/du. Setting here u=1u, and inserting the resulting
expression for the term Y ) Q2 (i) into Eq. (144) for the residue 4 in the
case of the finite chain of any fixed length M, we have:

M Co 1

- . 154
© T B Qi () Qi () — Qi (1) Qua (1ay) (154)

Let us now set M =K, where K is the number of the roots {u};_, of Qx(1). In
such a case, taking u as the eigenvalue u; and using Qx (u) =0 from Eq. (112),
we simplify Eq. (153) as:

K-1

> Q) = Qi () Qi1 (1) (155)

n=0

This reduces (154) to the Christoffel formula for the Gauss numerical inte-
gration/quadrature [45]:

Co 1

d =N A N
7 Bre Qe () Qur (14y)

d = dy, (156)
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where Qx_1(ux) # 0, as per Eq. (113). If the norm of the state vector | Y/):

K-1

ITelP = (Nl T =co Y Q% 1T =10, (157)

n=0
is substituted into Egs. (155) and (156), then:

G
el

(158)

At u=u,, we abbreviate |1}) = |Y}) and write the expansion (143) for
M=K as:

K-1

1T = Quelt). (159)
n=0

The result (156) should be contrasted to the usual applications of the Lanczos
algorithm, in which the residue d; is computed numerically from the defining
relation d, = (®,|Y,")? as in Eq. (72) via squaring the overlap between the
initial state |®,) and an approximate total wave function |Y;"). Taking u and
u' as the eigenvalues u =u; and u' =y, the results (152) and (153) become:

K-1
Z O () Qu (1) = By Ok (1) Qg1 () — QK—l(uk)QK(uk/)l (160)
n=0

U — Up

K-1
D Q) = Bl Q) Q1 () — Qi Q)] (161)
n=0

The use of the characteristic equation Q (1) =0= Qx(uy) in Egs. (160) and
(161) will give:

K-1
> Qi) Quuy) =0, K #Kk,
n=0
K-1

D Qi) = BeQi(u) Qe (), K =k. (162)
n=0

With the help of the Kronecker §-symbol 8y, the two separate results from
Eq. (162) for k' # k and k' =k can be combined into a single equation as:

K-1
(Sk,k’

Z Qu () Qy (up) = Cod—k- (163)

n=0
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In Eq. (162), the result (156) is used to identify the residue d;. Note that
the upper limit K — 1 in Eq. (163) could be replaced by K on account of the
characteristic equation Qx(ux) =0. The expression (163) represents the local
completeness relation or closure for the Lanczos polynomial {Q, ()}

Next, we are interested in considering the weighted products
a4, Q, (ur)Q, (1) summed over all the eigenvalues {u;}f_, for two arbitrary
degrees 1 and m:

K
In,m = deQn(uk)Qm(uk)- (164)
k=1

Here, the sum over k can be carried out with the following result
In,m = Coan,m- (165)

Using Eq. (142), we see that the integral I,,, coincides with the scalar product
(Qun()|Qn (1)):

K
(Qu)IQu ) =Y deQu (1) Qu () = oS- (166)
k=1

This is the orthogonality relation of the two Lanczos polynomials Q, (1) and
Q,,(u) with the weight function, which is the residue d; [48]. We recall that
the sequence {Q,} = {Q.(u,)} coincides with the set of eigenvectors of the
Jacobi matrix (60).

Given the inner product (142), the two polynomials Q,(#) and Q,, (1) from
the set {Q, (1)} are said to be orthogonal to each other with respect to the
complex weight d,. Since the set {Q, (1)} is complete, every function f (1) € Ly
can be expanded in a series in terms of {Q, (u)}:

Fa="Y "y Quw), (167)
n=0

where the expansion coefficients {y,} is given by

_ (f (W) ]Q,(w))

Co

(168)

n

Thus, we have proven that the eigenvectors Q. ={Q,} of the J-matrix (60)
form an orthonormal complete set of vectors and hence represent a basis
set. We emphasize that orthonormality is a matter of convenience, but
completeness is essential both in theory and in practice [57].
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13. DUAL LANCZOS REPRESENTATION VIA STATE VECTORS
AND SECULAR POLYNOMIALS

13.1. Matrix elements of the evolution operator in terms of the
Lanczos states

Besides the signal points {c,}, the key ingredients of spectral analysis are the
Lanczos coupling constants {«,, 8,}. They are defined in terms of the ele-
ments of the basis set {|,,)} of the Lanczos state vectors, as stated in Eq. (54).
The common matrix element from Eq. (54) is of the following type:

L = Wul U190, (169)
where the evolution operator U is raised to power s which can be any integer.

13.2. Matrix elements of the evolution operator in terms of the
Lanczos polynomials

We can eliminate GS(‘C) from Eq. (169) by using the closure (8) for the
normalized full state vectors {|Y;)/[| Y|} together with the eigenproblem
U°|Yy) =u;| Yy) that comes from Eq. (38):

o _1g
L = = D (U X (G190, (170)

0 k=1

where Eq. (158) is utilized. Inserting the expansion (159) into Eq. (170) and
using Eq. (59) will give:

LY, = Wl U [¥) = (Qu () [151Q, (w)), (171)

where the definition (142) of the scalar product in the Lanczos space Ly is
used. With the result (171) at hand, the couplings {«,, 8.} from Eq. (54) can
be equivalently written as:

_ (Qu)[ul Q1))

, = = WM e tH)) Qi )] Q. (W)
’ (Qn()]Q, (1)) ’

= : 172
(Qua ()1 Qu-1 () (172

ﬂl‘l

The significance of this finding is in establishing the Lanczos dual represen-
tation {|,,), Q.(1)} that enables the following equivalent definitions:

L _ WO _ (Qu0[1Q,w)

(Wl (Qu()1Q. )
_ Wi l0) _ (Qua)141Qu (1)
(1/fn71|1/fn71) (anl (u)|Qn71 (T/l)) ’

Ba (173)
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This duality enables switching from the work with the Lanczos state vec-
tors {|¢,)} to the analysis with the Lanczos polynomials {Q,(u)}. A change
from one representation to the other is readily accomplished along the lines
indicated in this section, together with the basic relations from Sections 11
and 12, in particular, the definition (142) of the inner product in the Lanczos
space Ly, the completeness (163) and orthogonality (166) of the polynomial
basis {Q,.x}-

14. CLOSED EXPRESSION FOR THE KRYLOV-SCHRODINGER
OVERLAP DETERMINANT

We carried out an explicit calculation of the first few determinants
{detS,} ={H,(cy)} from (46) and deduced the most general result for any n
as follows:

n—1

Hn(CO) = det Sn — C(r)lﬁIZH—Z 22n—4 32;1—6 . ﬁi,] — Cg 1_[ ﬂZn—Zm (174)

m 4
m=1
Cn Cn
0 0
=2 2 2 .2 11 o (175)
Tr0920950 " Tu10 [ Loei Gmo

This finding, which was mentioned in Section 4, exhibits a remarkably regu-
lar factorability of the general result for H,(c,) as a direct consequence of a
judicious combination of symmetry of the Hankel determinant (46) and the
Lanczos orthogonal polynomials. Thus, given either the set {8,} or {4,,}, the
Hankel determinant H,(c)) or equivalently the overlap determinant detS,
in the Schrodinger or Krylov basis {|®,)} can be constructed at once from
Eq. (175). This is very useful in practical computations.

15. EXPLICIT SOLUTION OF THE LANCZOS ALGORITHM

Inspecting the explicit expressions for the first few Lanczos polynomials, we
deduced the following expression for the general degree n:

1 u u? u"
Co Cq Cy s Cy
~ =" €1 € G ot Cpp
Q=== 0, 05 ¢ - Cua |’ (176)
C[) m=1 IBm
Ch1 Gy Cyp s O
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where Q,(1)=4,Q,(u), as in (111). The part []’_, 822" of the multi-
plying coefficient in (176) can equivalently be written as [],_, 43, via
[T, Ba—" = [1,,_, 92, Which was also used in (175). The result (176) rep-
resents the explicit orthonormalization of the polynomial sequence {Q, (1)}
This is the explicit Lanczos algorithm, as opposed to the recursive rela-
tion (84). The expressions (53), (84), and (92) relate to the implicit Lanczos
algorithms since the solution to the problem is not immediately available, but
it is attainable through recursions. Extending the Cayley—-Hamilton theorem
to encompass determinants with a mixed structure of scalars and opera-
tors/matrices as elements, we can immediately generalize (176) to Q. @) or
Q,I(U) through the replacement of the 1st raw {1 u #* ... u"} in Qn (u) by

(1002 ... Ulor1U L2 ... U}, respectively, for instance:

1 u v ... U
C € C - Cy
-~ o~ =" Cq () C3 R
Q.(U)= Gl fom | & & - G (177)
m= m
Cn1 Cn Cn+1 e Con—1

Further, regarding {|v,)}, it is also possible to have the explicit Lanczos algo-
rithm by deriving the expression that holds the whole result with no recourse
to recurrence relations. For example, applying the explicit Lanczos polyno-
mial operator Q,(U) from Eq. (177) to [y0) = Do) will generate the wave
packet |v,) according to [y,,) = Q,(U)|vp) as in Eq. (91). Therefore, the final
result is the following expression for the explicit Lanczos states {|v,)}:

[@g) [D1) [D2) -+ [Dn)
Co 1) C e Gy
- (=" C1 Cy C3 e G
|wn) = n ﬁ2"72m Cy C3 Cy ce Chio s (178)
0 m=1Fm
Cn-1 Cy Chy1 * Con

where [,) = B.|¥,), as in Eq. (57). This expression for the explicit Lanc-
zos orthogonalization of the Schrodinger state vectors {|®,)} coincides with
the result obtained by the Gram-Schmidt orthogonalization [2, 53]. Using
Eq. (178), it is readily shown that:

(Dol ) =0, (179)
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where n > 1, in agreement with the orthogonality condition (59) recalling
that [®g) =[).

16. EXPLICIT LANCZOS WAVE PACKET PROPAGATION

Given the initial state |®,) of a system at time t=0, the Schrodinger state
|®,) at a later time nt is obtained by propagation via the evolution opera-
tor U(), such that |®,) =U"(7)|d,), as in Eq. (36). To get the spectrum of
U(r), diagonalization techniques could be used with the Schrodinger basis
set {|®,)}. Such a basis is delocalized, causing matrices to be full, and this
enhances the ill-conditioning of the problem. One of the ways to counter-
act this is to switch to a localized basis set given by the Fourier sum of
{|®,)} as done, for example, in the filter diagonalization (FD) method [40, 42].
The result of this change of the basis is a modification of the Schrodinger
matrix U, which then becomes diagonally dominated and hence of sig-
nificantly reduced ill-conditioning [42, 47]. Another way to obtain sparse
diagonalizing matrices is provided by switching from {|®,)} to the Lanc-
z0s basis set {|},,)} in which the vectors {|v/,)} are implicitly generated via
the recursion (53). The resulting evolution matrix U(r) is tridiagonal, as
in (60). We see from the definition (53) that each state vector [¢,) is a result
of repeated applications of U(r) onto the initial wave packet [¢;) = |Dy).
This is expected to yield an expression in which the general vector [,) is
given by a linear combination of Schrédinger states |®,) = U"(7)|®,). Such
a feature can be well analyzed within, for example, the concept of a poly-
nomial Lanczos propagation of wave packets {|y,)} from the initial state
vector |yy) =|P) via, |¥,) = Q,(U)|¥y), as in Eq. (91). This equation defines
the Lanczos polynomial propagation of the initial wave packet |®,). Here,
Q. (U) is the Lanczos operator polynomial defined by the recursion (89) that
results from applying the Cayley-Hamilton theorem to Eq. (84). Of course,
the same theorem can also be applied to power series representation (114)
giving:

n

QM) =Y g, T, (180)

r=0

where the coefficients {g,,_,} are given recursively in Eq. (117). Inserting the
finite sum (180) into Eq. (91) and using Eq. (36), we derive immediately the
following result:

W) =D Guns|®,). (181)

r=0
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Hence, as expected, the general Lanczos state |y,) is indeed a linear
combination of the Schrodinger states {|®,)}. The availability of the explicit
formula (181) for any state vector |y,) also permits deriving the explicit
expressions for the coupling constants {«,, 8,}. Thus, inserting Eq. (181) into
Eq. (54), we have:

n n
1

oy = — E E qn,n—rqn,n—r’cwrrurl/
Co

r=0r=0
n  n-1

ﬂn = cl0 Z Z Gnn—rqn-1,n—r'-1Crtr+1- (182)

r=07r=0
This can be considerably simplified according to:

2n—1

2
1 — 1
oy = — E A mCrmt1s ,871 = - E bn,mcm+lr
Co Co
m=0 m=0

L

b
r=r{

n r
Apm = E Tnn—rGnn—m+rs bn,m = § Tnn—rGn—1,n—1—m+rs
r=r{

¥ =max{0,m —n}, r,=max{0,m—n+1}, r,= min{n,m}. (183)

We have checked through the several first terms that these formulae yield
the correct results for the Lanczos parameters o, and 8,.

17. MAPPING FROM MONOMIALS #" TO THE LANZOS
POLYNOMIALS Q,, (1)

The orthogonal characteristic polynomials or eigenpolynomials {Q, (1)} play
one of the central roles in spectral analysis since they form a basis due
to the completeness relation (163). They can be computed either via the
Lanczos recursion (84) or from the power series representation (114). The
latter method generates the expansion coefficients {g,,,,_,} through the recur-
sion (117). Alternatively, these coefficients can be deduced from the Lanczos
recursion (97) for the rth derivative Q,,(0) since we have g,,,_, = (1/r1)Q,,,(0)
as in Eq. (122). The polynomial set {Q, ()} is the basis comprised of scalar
functions in the Lanczos vector space £ from Eq. (135). In Eq. (135), the defi-
nition (142) of the inner product implies that the polynomials Q,(u) and
Q.. (u) are orthogonal to each other (for n # m) with respect to the complex
weight function dj, as per (166). The completeness (163) of the set {Q, (1)}
enables expansion of every function f(u) € £ in a series in terms of the
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polynomials {Q,(u)}, as shown in Eq. (167). Doing this with the monomial
fu) =u" yields:

u" = Z Mr,mQr(u)/ (184)
r=0
where
= (M'"|Qr(u))_ (185)
Co

The expansion coefficients {u,,,} are called the modified moments [58]. They
have the following property [2]:

om=0 (m=0,1,2,...,n—1). (186)
In other words, the modified moments fill in an upper triangular matrix

i ={p;;} in which all the elements below the main diagonal are equal to
zero [45]:

Moo  Hoir Moz Moz  Moa - HMon
0 M1 M12 M13 MH14a - Mg
0 0 22 M23 M24 +° Mon
k=10 0 0 M3z HMaa -+ M (187)
0 0 0 0 O M ,un,n
The scalar product of u" with u" read as:
W™ |u") = Cppm- (188)

We can calculate the same scalar product (u"|u") by using (184) for both u"
and u" so that:

(um |un) =0 Z Mornrm- (189)

r=0

On comparing Egs. (188) and (189), we deduce:

n Coim
Z Mernbrm = A . (190)
r=0 Co
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Combining Egs. (114) and (188) leads to the following;:

1 n
Monm = C_ Z Contrfnn—r- (191)
0 r=0

Furthermore, using Eq. (191), the following system of linear equations for the
coefficients {g,,,} of the polynomial Q,(u) is obtained, as typical for the PA:

Z Cm+rqn,n—r =0 (m = 0/ 1/ 2/ e n = 1) (192)

r=0

This demonstrates the equivalence between the harmonic inversion and the
moment problem [2].

18. MAPPING FROM THE KRYLOV-SCHRODINGER TO THE
LANCZOS STATES

In Eq. (181), we give the mapping |¢,) = Y ._, u.|P,) between the two
different representations {|y,)} and {|®,)}. Here, the expansion coefficients
{gun—r} play the role of the elements of the direct transformation |y,) — |®,,)
between the Lanczos and the Schrodinger states. The result (181) shows
that each Lanczos state |y,) is a linear combination of n Schrodinger states
{|®,)}(0 < m < n). To proceed further in this direction, we need the inverse
transformation |®,) —> |4,,). This could be obtained using Eq. (36) as the
definition of the Schrodinger state |®,,) —U”(r)|<1>0), if we have U" as a lin-
ear combination of the polynomials {Q, (U)}, such that the ansatz Q, (U)|<I>0)
could be used to identify the Lanczos state |,) via Eq. (91). The mapping
U" — Q,(U) can be obtained as the operator counterpart of Eq. (184) by
resorting to the Cayley-Hamilton theorem [2]:

= Z Mr,rth(ﬁ)~ (193)
r=0
Substituting this expression into |®,) = ﬁ"(r)|¢0) from Eq. (36), we have:
D)= toulthy). (194)
r=0

Hence, the inverse mapping |®,) — [¢,) between the Schroédinger and
Lanczos states is carried out by means of the matrix p of modified moments
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{t:;} [58]. The inner product between two Schrodinger states (®,,| and |®,,)
from Eq. (194) is given by:

(cbm | q)n) =0Co Z MrnMrm- (195)
r=0

According to Eq. (44), we have (®,,|®,) = ¢,1.,, which is the general element
S, of the Schrodinger overlap matrix S ={S, .} = {¢,1»} and therefore:

- Crtm Sim
Zlur,nﬂr,m ="t = ’ (196)

r=0 Co Co

as in Eq. (190). Our formula (196) can also be verified in the opposite direction
by using Eq. (185) for both w,,, and u,, together with Eqgs. (142) and (163). In
this checking of Eq. (196), we used the completeness relation (163) in the form
>0 Qr(u)Q, (up) = codiw /dy with the underlying characteristic equation that
is here defined by Q, (1) = 0. The final result (196) is, of course, independent
of the eigenvalues {u}. This, in turn, proves the correctness of the inverse
transformation (194) between the Schrodinger and Lanczos states. Similarly,
it can be verified that a direct transformation (181) between the Lanczos
and Schrodinger states can reconstruct the orthonormalization condition
so that:

(wmhbn) = C(](Sn,m/ (197)

as in Eq. (59) for the Lanczos states. This establishes the correctness of
Eq. (181). Moreover, in a mixed scalar product between Lanczos and
Schrodinger states, we project |,,) onto (®,,| and use Egs. (59) and (194) to
deduce:

(q)mhbn) = Z H/r,m(wrlwn) = Z ,U/r/m{COSr/n} = CoMn,m,
r=0 r=0

(P [V)

= W m- (198)
Co

Thus, the scalar product (®,,|y,)/c, between the Schrodinger (®,,| and Lanc-
zos |y,) states is equal to the modified moment ., ,,, which is equivalently
defined by Eq. (185). Using the property (186) of u,,,, for (m < n), it follows:

(®ul) =0 (m=0,1,2,...,n—1). (199)

Hence, every Lanczos state |,) is orthogonal to each Schrodinger state (|
for 0 <m <n —1 and this generalizes (®,|v,) =0 from Eq. (179). Similarly,
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inserting Eq. (181) into (®,,|y,,), we obtain:

n n

(quH”n) = Z qn/n—r(q>m|q>r) = Z qil,n—rcnl+rr

r=0 r=0

(@ul¥) =D Cosrfunr (200)

r=0

A comparison between Egs. (198) and (200) yields the following expression:

1 n
Mnm = C_ Z Cm+rqn,n—r (QED)/ (201)
0 r=0

which confirms the previously obtained formula (191).

19. THE PADE-LANCZOS APPROXIMANT

Given the eigenvalue set K from Eq. (136), the polynomial Qx(#) can be
expressed through a product of the type Qg (1) = qxo(u — u1) (U — 1) - - - (u —
ux), as in Eq. (124), where gxo =1/ is the leading coefficient (120) in the
power series representation (114) of the polynomial Qx(#). On the other
hand, the Lanczos orthogonal polynomial of the second kind P, (1) from
Eq. (114) has one zero less than the corresponding polynomial of the first
kind Q, (1) since the degrees of the polynomials P,(1) and Q, (1) are n —1
and n, respectively. This suggests that there ought to be a linear transfor-
mation, say 7, which is capable of deducing the polynomial Py(u) from
a function containing the quotient o Qk(z)/(1 — z). The contour integral in
Eq. (137) is well suited for such a task of the operator 7. Clearly, this is con-
tingent on a judicious modification of the function Qx(z)/(u — z) to meet the
requirement of a regular behavior throughout the complex z-plane bounded
by the contour C, which encompasses the eigenset K. Such an adjustment is
possible through a replacement of the ansatz Qx(z)/(u — z) by the following
first-order finite difference:

g(u,z)= QK(M;%ZQK(Z), Px(w)=Tg(u,z), (202)

so that the polynomial Py (u) should be deducible from the linear mapping
Px(u) =Tg(u,z). This is indeed possible by selecting the operator 7 to be
proportional to the contour integral from Eq. (137). Such a choice leads natu-
rally to the following integral representation for the Lanczos polynomial of
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the second kind P, (1):

0 —Z

Pw=2"§ a0, 220, (203)
Co 27 u
C

where C is the contour from Eq. (137). This is easily transformed to the
following expression:

o Pcu)  ~ d
E Qk(u) - ; u—u' (204)

where the residue d, = (®o|Y)? is from Eq. (15). The rhs of Eq. (204) is equal
to the spectral representation of the Kth rank approximation to the total
Green function R(u) from Eq. (51). The representation (co/B:)Px(1)/Qx (1)
from Eq. (204) for the Green function R(u) will be called the Padé-Lanczos
approximant (PLA) of the order (K — 1, K) and, as such, will be denoted by
Ry () = Ry (u) [47, 48]:

¢ Pe(w)
B Qx(u) '

The Lanczos algorithm and the Padé approximant have also been combined
in other research fields, for example, in computational and applied math-
ematics [2], as well as in engineering via circuit theory [59]. The authors
of Refs. [59, 60] from 1995, being apparently unaware of the earlier work
[48] from 1972, rederived through a different procedure the Padé-Lanczos
approximant and called it the Padé via Lanczos (PVL) method.

The numerator Py (1) and denominator Qx () polynomials from Eq. (205)
are of degree K —1 and K, respectively, so that the ensuing PLA belongs
to the “subdiagonal” case of the general order Padé approximant [2, 61].
The PLA can also be introduced by starting from inversion of the matrix
(Pol{ul — U} '|dy), as will be analyzed in Section 20. In either case, the
name Padé-Lanczos approximant and the associated acronym PLA is used
to emphasize that the PA via the representation (cy/B:)Px(u)/Qx(u) for the
Green function R(u) from Eq. (49), is generated by the Lanczos algorithms
for the numerator and denominator polynomials Py(u) and Qk(u), respec-
tively. In addition to the subdiagonal PLA, we can also introduce the general
PLA as aratio of two Lanczos polynomials of degrees L — 1 and K as follows:

Rw) ~ R w), R w) = (205)

PLA _ C_O P L)
Ruic (0 = B Qu(w)’ (206)

where K> L. If L=K, we have the subdiagonal PLA, whereas the case
L=K+ m, where m is a positive integer (m > 2), represents the mth “para-
diagonal” PLA. The pure diagonal PLA corresponds to L —1=K. We saw
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in Section 6 that the polynomials Px(1) and Qx(u) are generated individ-
ually in the course of producing the Lanczos states {|{/,)} in K iterations.
Such a computation depends on the availability of the coupling parameters
{an, By} that are generated within the recursion for the state vectors {|v/,)}.
However, this is not how the Lanczos polynomials should be constructed in
practice. It would be advantageous to dissociate completely the recursions
for {P,(u), Q,(u)} from the Lanczos algorithm for {|y,)}. To this end, one
needs an autonomous strategy for computations of the constants {«,, 8,}.
Such are the powerful Chebyshev, Gragg, and Wheeler algorithms linked
to the nearest neighbor method in Refs. [2, 47]. Generation of the constants
{a,, B} is of paramount importance since these parameters contain the whole
information about the studied system. This is the case because the Green
function, density of states, evolution matrix, autocorrelation function, etc.
can all be expressed solely in terms of the couplings {«,, B,}. In this way, one
can bypass altogether any reliance of the polynomials {P, (1), Q,(1)} on the
Lanczos recursion for the state vectors {|v,)}.

The spectral representation of RY**(u) from Eq. (205) is given by the
Heaviside partial fractions [2]:

o Px) <~ dy
Br Q(u) o 4 ue

I (207)

This expression for Ry (u) represents a meromorphic function since its
poles are the only singularities encountered. Therefore, the zeros of Py (u)
and Q(u) are the zeros and poles of R (1), respectively. There are K poles
{uhe_, of RF- (1) since Qk (1) is a polynomial of the Kth degree. The Heavi-
side partial fraction (207) includes only the first-order poles {u;} since the
polynomials Py (1) and Qx (1) have no multiple zeros as shown in Section 8.
The definition (205) of the PLA obeys the main property of the general PA,
according to which the Maclaurin expansions of the Green functions R(u)
and RP*(u) in powers of the variable u agree with each other, exactly term
by term, including the power 2K — 1:

co Px(u)
R _ — =
W B Qx (1)

ow™, u — 0. (208)

Here, as usual, the remainder symbol OWw*) represents a Maclaurin series in
powers of u such that the starting term is u*<.

The above derivation shows that the definition of the residue d; = (9| Y)?
from the general expression (15) is transferred as intact to the spectral rep-
resentation (207) in the PLA. Therefore, such an introduction of the PLA
falls precisely within the so-called state expansion methods in signal pro-
cessing [2, 47]. This establishes the PLA as a complete eigenvalue solver
since the computed Lanczos pair {|,), Q,(u)}, as well as the zeros of the
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characteristic polynomial Qx(u), also provide the whole eigenset {u, | Yi)}
according to (67). However, although the residues {d;} in other state expan-
sion methods, for example, FD [40, 42] or decimated signal diagonalization
(DSD) [38, 39] necessitate explicit computations to obtain some approxima-
tions of the full exact eigenstate vector | Yy), the PLA possesses an alternative
procedure. This procedure does not require any knowledge about the state
vector |Y}). It is an explicit expression for d; as the Cauchy residue of the
quotient Py (u)/Qx(u):

Co .. Px(w) ¢y Px(uy)
di=—1 - -2 , 209
TG T B Q) (209)
with the result,
X Pr(1y) 1
REAw) = 3 | S0 2K } . 210
k() ; {fh Qi) | u —uy 210)

20. INVERSION OF THE KRYLOV-SCHRODINGER GENERAL
MATRIX

Once the Lanczos coupling constants {«,, 8,} have been computed, we could
construct the Green function R (1) = cy(®P,|{ul — U} }|®,), which is defined
in Eq. (49). If in the formula (49) for R(u), we use the Lanczos representation
for the matrix u1 — U based on Eq. (60) within the infinite chain model, we
shall have:

u— 0oy _ﬂl 0 0
B u—o  —p e 0
0 _,32 Uu—ay A R 0
RWu) =cy : : : . : ,
0 0 0 _,Bn—l U—0o,q _/3n
O 0 0 0 _,Bn U—oao,

211

where the symbol (---)y denotes (--)g = (Pol(---)7"|Py) and (---) ' =
(u1 — U)~'. However, by definition, the matrix element (211) of the inverse
matrix (u1 —U)™" is given by the ratio of the corresponding determinant
det[u1 — U] and the associated main cofactor. Therefore,

D (u)
Dy(u) )

Ru) =c, (212)
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Here, Dy(u1) is the determinant of the matrix u1 — U for the infinite chain

model (M = 00):
u—aoy
—h
0
D)= | :
0
0

—b
u—oq

b2

0
=B

u— o

_,Bn—l U—ayq

0 _/311

o

_:3»1

U—a,

, (213)

and D; (u) is the corresponding main cofactor of Dy(u) at the position u — «.
In other words, D, (u) is obtained by removing the first row and the first

column from Dy (u):

u—o

—p2
0

Di(u) =

—p2
u— o

—Bs

O -

0
—Ps

u—os

(214)

The results of truncation of the infinite-order determinants D, (1) and D; (1)
at n=K will be denoted by Dyx(1) and D, (u), respectively, such that
Dy x (1) = Qg (u) according to (106):

—pBi
0
Dox(u) =

Dl,K(u) =

u— oy

—B
u— o

—B2

0
0
0

—Bk-1
U — ok
0

0
0

~fea

U — ok

, (215)

(216)
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The ensuing Green function ¢yD; k(1) /Do (1) is an approximation to R(u)
from (212):

Dk (1)
Dox(u) .

Ru) ~ Rx(u), Rxu) =co (217)

The determinant D, (1) can be computed iteratively by expressing it in terms
of its subdeterminants D, (1) and D,(u) via the usage of the Cauchy expan-
sion for determinants, as we have done in Refs. [2, 47]. The determinant D, (1)
is obtained by deleting the first two rows and the first two columns from
Dy(u). Thus, in a complete analogy with Eq. (108), we have:

Do(u) = (u — ag) D1 (u) — /312D2(U)- (218)

In order to continue this iterative process further by descending to lower
ranks, we denote by D, (1) the determinant that is obtained by deleting the
first n rows and columns from Dy (u). Then by working inductively with the
help of the Cauchy expansion for determinants, we obtain the generalization
of Eq. (218) as:

Dn—l (1/!) = (M - an—l)Dn(u) - ﬂyz,DnJrl (u)/ (219)

with the initializations D_; (1) =0 and Dy(u) = 1. This three-term contiguous
relation for D, (u) falls precisely into the category of the Askey—Wilson poly-
nomials [2], just like the oppositely recurring counterpart of (108). When the
Askey-Wilson polynomials are divided by the constant 8, from Eq. (57), the
Lanczos polynomials {Q, (1)} are obtained as in Eq. (111). In particular,

Dox(u) = (B1B2s5 - - - B) Qx (1) = Qx(w), (220)
Dy x(u) = (Bafs - - - B) P (u) = Pe(w). (221)
Here, Py (1) is the minor of the determinant (106) at the position u — « for

n=K —1, obtained by deleting the first column and the first row from
Eq. (106). Thus, PK(u) =D, x(u) as per Eq. (216),

oDk _ Pr) _ - (Bofs - BOPk() oy P(w)
Do) "Oxw)  (BiBaBs - BOQcw) B Qe(w)’

(222)

where Qx (1) and Py (u) are the Lanczos polynomials (84) and (92) of degrees
K and K — 1, respectively. Therefore, truncation of the infinite-order deter-
minants Dy (1) and D;(u) at the finite order n=K — 1 leads to the following
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approximation for the quotient R () from Eq. (217):

co Px(u)
R = — =
K@) Br Qx(u)

RILA ), (223)

in agreement with the previously established expression (205) for the resol-
vent R} (1) in the PLA. The result RY“* (1) from Eq. (223) is the PLA of the
order (K — 1,K) for the exact expression for R(u) from Eq. (212). The above
derivation demonstrates that the explicit and exact inversion of scaled evo-
lution matrix 41 — U is possible for any finite rank, and the analytical result
is precisely the Padé-Lanczos approximant. It should be recalled that in the
literature, the algorithm of the Lanczos continued fractions for iterative com-
putation of the diagonal or off-diagonal Green functions is also known as
the recursion method [48] or equivalently the recursive residue generation
method (RRGM) [62]-[64].

21. THE LANCZOS CONTINUED FRACTIONS

A general continued fraction (CF) [2, 65] is another way of writing the PA as
a staircase with descending quotients. There are several equivalent symbolic
notations in use for a given CF and two of them are given by:

A, A Ay A
= —g—a3—2.... 224
A, B, tB,TB, T (224)

As

By +
B, +

Bs+ .

The lhs of Eq. (224) is a natural way of writing the staircase-shaped continued
fraction, but for frequent usage, the rhs of the same equation is more econo-
mical as it takes less space. It should be observed that the plus signs in
boldface on the rhs of Eq. (224) are lowered to remind us of a “step-down”
process in forming the CF. In other words, the rhs of Eq. (224) could also be
equivalently written using the ordinary plus signs as A;/(By + A,/ (B, + A;/
(Bs +---))) [47, 48]. In this section, we shall connect the PLA to the CF by
returning to the recursion (219) for the Lanczos determinants {D,(u)} [2, 48,
65]. Letting n — n + 1 and dividing both sides of Eq. (219) by D, (1) will
yield [2, 48]:

D,,(Z/l) —U—a _/32 Dn+2(u)
Dn+1 (H) ! i Dn+l (M) ’

(225)
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Denoting the ratio D, (1)/D, (1) by T, (1),

Dn+l (u)
r,u)=———. 226
W=7 (226)
We can rewrite Eq. (225) in the following form:
1
u(u) = (227)

u—oao, — IB§+1 F)Z+1 (M) .

In order to obtain the Nth order approximation to R(u), we use the backward
recurrence (227) with the initialization I'y; (1) = 0 and subsequently descend
all the way down to n=0. The final result is I'y = D; (1) /Dy (). Then, using
R () = coD1 (1) /Dy (u) from Eq. (212), we obtain:

Rw) =colo(u), (228)
so that with the help of Egs. (226) and (227), we arrive at:

R(u) =R""(w), (229)
Co Bt B3 B3

U—0oy U—o; U—0 U—U3

RLCF (u) —

.. (230)

This procedure of obtaining the Green function R(u) is called hereafter the
method of the Lanczos continued fractions (LCF) in the symbolic notation
from the rhs of Eq. (224). Then, we say that the quantity R"“ (u) is the infinite-
order LCF for the exact Green function R(u) from Eq. (49). A truncation at
the nth term in Eq. (230) leads to the approximation:

REF (1) ~ REF (). (231)
Here, R“F(u) is the LCF of the nth order:

R ={R" " w},  1=123,..), (232)

) B B; B; iy

LCF
R, (w)= - - - ——e— .
U—0oy U—0; U—0 U—U3 u—o,

(233)

No matrix inversion is encountered in Eq. (230). Stated equivalently, the
matrix 1 — U associated with the resolvent operator R(u) from Eq. (48)
is inverted iteratively through its corresponding LCE. The LCF as a ver-
satile convergence accelerator can yield the frequency spectrum (230) with
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a reduced number of terms {«,, 8,}. The meaning of the nearest neighbor
approximation within the LCF is that the coefficients {«,, 8,} become increas-
ingly less significant for determination of the Green function R(u) as one
progresses further down the continued fraction in Eq. (230). Explicit calcu-
lations of the first few terms easily reveal a general pattern from which it
follows:

REF(u) = RM (u), (234)

where the term R™(u) is given in Eq. (205) for K=n as the quo-
tient of the two Lanczos polynomials P,(u) and Q,(u), that is, R"™*(u) =
(co/B1)P, (1) /Q,(1). Then, according to Eq. (234), the nth-order Lanczos con-
tinued fraction, which is derived from the expression (211) for the exact
Green function R(u) from Eq. (49), is mathematically equivalent to the
Padé-Lanczos approximant.

22. EQUATIONS FOR EIGENVALUES VIA CONTINUED FRACTIONS

If the set of the couplings {a,, B,} is precomputed, it is clear from the pre-
ceding section that the LCF is technically more efficient than the PLA.
This is because the PLA still needs to generate the Lanczos polynomials
{Px(u), Qx(w)} to arrive at Eq. (205), whereas LCF does not. The LCF is an
accurate, robust, and fast processor for computation of shape spectra with
an easy way of programming implementations in practice. For parametric
estimations of spectra, there are two options. We can search for the poles in
Eq. (230) from the inherent polynomial equation after the LCF is reduced
to its polynomial quotient, which is precisely the PLA. In such a case, the
efficiency of the LCF is the same as that of the PLA. However, the poles
in Eq. (230) can be obtained without reducing RL"(u) to the polynomial
quotient. Since By # 0, as per Eq. (61), we can rewrite the characteristic
equation (112) as QK(u) =0. This can be stated as the tridiagonal secular
equation:

u— oy _ﬂl 0 0
b u—a —p 0
- 0 —,Bz u— o 0
Qx(u) = : : : . : =0. (235)
0 0 0 —Bx—o U— g, —Brx1
0 0 0 0 —Bx1 U — 0ok
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Expanding the determinantal equation (235) by the Cauchy rule, we readily
obtain the following continued fraction:

B B B B

u—otl_u—otz_u—ot3_ _u—(XK_l.

u=ay— (236)

The solutions {u}k_, of this equation are the eigenvalues of U(t). Clearly,
Eq. (236) is a transcendental equation. This is because the kth solution u =
is given only implicitly since u appears in the continued fraction from the rhs
of Eq. (236), and the unknown u is also present on the lhs of the same equa-
tion. The modified Newton—-Raphson iterative method used in Eq. (129) can
be employed to solve F(u) =0 for u = u,, where F(u) is the difference between
the lhs and rhs of Eq. (236). Many quantum-mechanical eigenvalue prob-
lems can be reduced to diagonalization of triangular matrices. Alternatively,
the eigensolutions can be obtained using the corresponding secular deter-
minantal equations similar to Eq. (235) but with the real variable w instead
of the complex exponential u = exp (—iwt). A good example for this is the
extraction of extremely accurate eigenvalues (also called the “characteristic
numbers”) of the Mathieu function.

23. EXPLICIT PADE APPROXIMANT: A CLOSED, GENERAL
EXPRESSION

In the preceding section, the continued fractions were introduced in an
indirect way into the spectral analysis. Alternatively, they are analyzed in
this section in a direct manner. By definition, the infinite-order CF to the
series (52) is given by:

ay Ay das ag as dg 4y
R =—_—_—=_—_=2_2_=2
u u

ST T (237)

The unknown set {a,} is determined from the condition of equality between
the expansion coefficients of the series of the rhs of Eq. (237) developed in
powers of ™! and the signal points {c,} from Eq. (52), which we rewrite as
the following ordinary summation:

C c C
RW=="+ 4 2+ S+t (238)

In practice, the rhs of Eq. (237) cannot be used to the infinite order, and there-
fore, a truncation is required. The infinite order CF, that is, R (1), which is
truncated at the finite order 7, is called the nth-order CF approximant RS (1),
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where 1 is a positive integer (1 =1,2,3, . ..). This truncation is done by setting
all the higher order coefficients {4,,,.1} to zero from the onset:

RSF(Z’{) = {RCF(u)}amzo/mzn+l (7’1 = 1/ 2/ 3/ . ) (239)
The first few even-order CF approximants {R5" (1)} can be easily extracted.

This permits deduction of the general expression for the even- and odd-order
continued fractions:

PSF(u)
RSE(u) =a QSF @ (240)
RSE () = {RSF W)}y, 0 1=1,2,3,...). (241)

The polynomials 13? (1) and QSF (u) from Eq. (240) are given by their general
power series representations as:

n—1

PSF (1/{) = Z ﬁn,n—rur/ QSF(M) = Z 5]»1,»14”7- (242)
r=0 r=0

The general expansion coefficients p,,,_, and 7, ,,_, of the polynomials 13?: (u)
and QSF(u) are:

2(n—m+2) 2(n—m+3) 2n
~ -1 2 : 2 : } :
Pum = (_1)m url Apy » - arm,ll (243)
rn=3 rp=r1+2 Fm—1=Tm—2+2

m—1 summations

2(n—m+1) 2(n—m+2) 2(n—m+3) 2n
~ m
Gnm = (_1) E ay E ay, § [/ E Ay, s (244)
rn=2 rp=r1+2 r3=ry+2 Im=Tp—1+2

m summations

where n > m. The explicit results (243) and (244) have originally been derived
in Ref. [47]. They express both p,,_, and §,,_, as the compact analytical
formulae for arbitrary values of nonnegative integers {1, r}. Our closed ana-
lytical expressions (243) and (244) contain only the continued fraction coeffi-
cients {a,}. Therefore, in order to design a purely algebraic analytical method,
the remaining central problem is to obtain a general analytical formula for
any CF coefficient a, in the case of an arbitrary positive integer n. This prob-
lem will be tackled and solved in the next section. Note that the forms of the
general coefficients from the rhs of Eqs. (243) and (244) are such that they
could be efficiently computed using a recursive algorithm from Ref. [2].
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24. ANALYTICAL EXPRESSIONS FOR THE GENERAL
CONTINUED FRACTION COEFFICIENTS

Here, we shall focus on the exact general analytical expression for all the
expansion coefficients a, in the CF from Eq. (237). For this purpose, one
can use the theorem of uniqueness of two power series expansions for the
same function. The rhs of Egs. (52) and (237) shows two different repre-
sentations of the same Green function (49). Therefore, if we develop the
nth-order CF, R$F(u), from Eq. (237) in powers of u~!, the ensuing mth
(m < n) expansion coefficient must be identical to the coefficients {c,} from
the series (52). The series expansion of the rhs of Eq. (237) in terms of powers
of u™! can be obtained by first expressing RSF (1) as the associated PA, that
is, alpfF (Y QSF(u). This can be followed by the inversion of the denominator
polynomial Q€ (u) to obtain a series in u~'. Such a series can then be mul-
tiplied by the numerator polynomial P$¥ (1), and the result would be a new
series. Finally, the first n terms of this latter series can be equated to the first n
time signal points from Eq. (52), according to the uniqueness expansion theo-
rem for the function (49). This method provides the transformation between
the general autocorrelation functions {C,} ={c,} and the coefficients {a,} of
the continued fractions (237). Such a uniquely defined transformation has
been obtained for the first time by Belki¢ [47] in an explicit analytical form
for any value of the nonnegative integer n (1 =0,1,2,3,...). We have already
derived the explicit expressions for the polynomials P (1) and Q¥ (1) with
the most general expansion coefficients (243) and (244). Therefore, the poly-
nomial QS (1) can be explicitly inverted. Then, it would be tempting to
multiply PS(u) by [QSF(u)]™! and arrive directly at the nth expansion coef-
ficient of R$" (1) developed as a series in powers of u~!. However, it is less
cumbersome to carry out separate, explicit calculations for 1 <n <7, as we
did [47]. The obtained results provided a clear way to deduce the general CF
coefficient a, for any integer n > 1 as the following compact expression:

Cp — OpTly—1 — )"nnn—él
iy = - , (245)
n

Cp = Tnp1 + 0uT1 + )"nnn—ll/ (246)

with

n—3 j+1 k+1

Ay = ajéjz, %-] = Z Ay ay, (24:7)
2

j:[n—l] k=2 (=



Parametric Analysis of Time Signals and Spectra 209

where
7, =0 <0, o0,=0 (n<3). (248)

If the time signal points {c,} or autocorrelation functions {C,} are given, the
analytical formula (246) yields the whole set of the expansion coefficients
{a,} of the continued fractions R*(u) from Eq. (245) of the Green function
R(u) from Eq. (238). Conversely, if the coefficients {a,} are given, the closed
expression (245) supplies the entire set {c,}. We see from Eq. (245) that each
4,41 is given in terms of one fixed ¢, and the string {a,,} (1 < m < n). These
earlier coefficients {a,,} (1 < m < n) can be eliminated altogether from any a,
so that:

B, — Hn(cl) Hn—l(CO)
" Hya(e) Hyleo)
Hn+1 (CO) anl (Cl)

T ) Hy@) (250)

(249)

Using Eq. (45), which states that the n x n Hankel matrix H,(c;) is equal to
the matrix U® of the evolution operator U raised to the power s, namely U°,
we can write equivalently:

detU, detS,_;
detU,_; detS, ’
detS, . detU,_;

detS, detU, °

(251)

Ao =

(252)

Aopy1 =

Here, we used the relationships U? = S and U® = U, where U is the evo-
lution or relaxation matrix and S is the Schrodinger or the Krylov overlap
matrix.

25. EIGENVALUES WITHOUT EIGENPROBLEMS OR
CHARACTERISTIC EQUATIONS

In this section, we shall show how the eigenvalues {u} (1< k < K) can
be obtained without actually solving the eigenproblem UJ|Y})=1u|Y;) or
the characteristic equation Qx(u) =0. Instead of these two latter classi-
cal procedures for arriving at the required eigenset {1}, we shall use the
Shanks transform [37] and the Rutishauser [66, 67] quotient difference algo-
rithm, the QD. The form of the Shanks transform that will be used here is
en(c,) =H,11(c,) /H,,(A%c,), which for the time signal points c, from Eq. (42)
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can be rewritten as:

_ L Hk+1 (Cn)
ek(CPl) - Wi Hk(Cn) ’ (253)

where W, = 1_[;;1(”;‘ — 1) # 0. Moreover, we have:

Hk+l (o) 2 Vk+1
——— =Rdqu},, Ri= ,
Hie) 0

(254)

where V is the Vandermonde determinant [45], which is equal to the product
of all the differences (1; — u;) # 0 withj > j:

Uy Uy e Uy f f
u? u? . u?
Vk = 1 2 k| = 1_[ l_[ (M] — M]'/). (255)
. E ..‘ : j=1j=1G>})
wit bt u!

This determinant is nonsingular. This is due to the inequality Vi # 0 that
holds true because the roots {1} are never equal to u; forj’ # j. The quotient
Vis1/ Vi is computed via the Vandermonde determinant with the following:

k
Ri= l—[(uk+1 —uj). (256)
j=1
Thus, the Shanks transform becomes:
() = p]gdk+1u]}z+1/ Pr= o5 (257)

From here it follows, e;_;(C,+1)/ex—1(c,) = U, so that,

= lim &1 C)). (258)

n=o0 €1(Cy)
The limit n — oo is taken on the rhs of this equation since the lhs of the
same equation is independent of #n. The relation (258) can equivalently be
written as:

= lim 222 (259)
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where ¢,(c,) = ¢ is a quantity that connects the four adjacent elements of
the Padé table by the Wynn ¢— recursion [68]:

1
(m+1) __ (m=1)
8n _8n+1 + (m) (m)’ (260)
ni1 — En
-1 )
e™ =g,(c,), & V=0, &V=c,. (261)

According to Eq. (253), the transform ¢(c,) is proportional to the quotient
Hy11(c,) /Hi(c,). Moreover, the constant of proportionality 1/W? is indepen-
dent on n. Since u; is obtained from the ratio e,_;(c,+1)/ex—1(c,), the constant
1/W7 can be ignored altogether. Therefore, for computation of uy, it is natural
to use only the ratio Hy(c,)/H; _1(c,) that will be denoted as H{":

Hy(cn)
m _ "k
= ——. 262
, Hk—l(cn) ( )
Employing Eq. (254), we can rewrite Eq. (262) via:
H =R?_ dqutl. (263)

Hence, regarding u;, we need the quotient H{"*" /H{", as in e, 1(c,.41)/ex_1(c,)

via Eq. (258). It is convenient to label the quotient H{"*" /H{" by 4"

H(n+1)
m _ "7k
e S (264)
H;”
Thus, combining Egs. (263) and (264), we arrive at q;" = 1, so that:
w = lim g". (265)

In this way, the eigenvalue u; is obtained directly from the quotient
g" =H"" /H{" in the limit n — oo via Eq. (265). Using Egs. (262) and (264),

we can calculate g explicitly as:

H,_,(c,)Hi(c,
q;{n): r-1(c)Hi(c +1). (266)
Hk—l (Cn+1 )Hk (Cn)
It is also important to introduce another determinantal ratio obtained from
Eq. (262) by the simultaneous changes H{""” — H", in the numerator and

H;” — H{""" in the denominator. The new quotient H;”,/H{""" will be
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denoted by e\":

(1)
() __ I_Ik+1

" = o (267)

Inserting Eq. (263) into Eq. (267) gives:

R\ d e\
(n) k k+1 k+1
= — — ) . 268
“ (Rk1> Ayl ( Uy ) ( )

If the eigenvalues {1} are ordered according to

0 <l <lug| <+ <l < ] < |thgal < -+ < |ux| <1, (269)
then it follows from Eq. (268) that:

lim e” =0. (270)
Thus, the determinantal quotient e’ = H{”, /H{"*" tends to zero when n —
oo provided that the eigenvalues are ordered as in Eq. (269). Similarly to
Eq. (266), we can use Eq. (262) to calculate ¢;” explicitly viz:

e(n) — Hk—l (C11+1 )Hk+l (Cn)
T HOHC)

(271)

The vectors {g\”,e{"} in their respective forms (266) and (271) are recognized

to be the same as the corresponding ones from the QD algorithm [66].

The derivation from this section shows that the Shanks transform, the
Wynn g-algorithm, and Rutishauser QD algorithm can all give the eigenval-
ues {u;} (1 < k < K) without resorting to the more conventional procedures,
for example, the eigenproblem U|Y}) =u,|Y}) or the Characterlstlc equation
Qx(u) =0. Of course, in practice, the vectors e(c,), &(c,), q ) and e("> needed
for obtaining the eigenvalues {1} are not computed via the Hankel deter-
minants at all, but through their respective recursions. Usually, the Shanks
and the Rutishauser algorithms are presented and analyzed separately in the
literature. However, in this section, we show how the need for the introduc-
tion of the two vectors g\ and e” from the QD algorithm can be naturally
motivated within the analysis of the Shanks transform.

26. ANALYTICAL EXPRESSIONS FOR THE GENERAL LANCZOS
COUPLING CONSTANTS

Written in the Padé form (240), the function R$F(u) ought to be identical
to the corresponding result R (1) from the PLA due to the uniqueness of
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the Padé approximant proven in Ref. [2]. More specifically, both expressions
RSF (1) and R (1) must represent the same Padé approximants to the same
series (52) for R (u). Therefore, we must have:

Ry () =Ry (w), (272)
where R (u) is given in (205) for K=n as the quotient of the two Lanc-
zos polynomials P,(u) and Q,(u), that is, RI™(u)= (co/B1)P.(1)/Q,(1).
We use Eq. (205) to multiply and divide R (u) by {B.B;---B.} via
RELA(L{) = CO[(I32/33 e ,Bn)Pn (M)]/[(,B],Bzﬁg, e ,Bn)]Qn(u) SO that:

P, (u)

RIMA W) = ¢ = , 273)
0, (
P,(u) = {Bafs - - - B} P(u) = PSF (u), (274)
Q) ={B1BaPs - - - B} Qu(u) = QSF (), (275)

where a; =¢,. Letting n + 1 — n in Eq. (106), Qn(u) from the PLA becomes
Qn (u) =Dy, where Dy, is from Eq. (215) for K=n. In Eq. (275), the unique-
ness of the PA yields the equalities, P, (1) = P<F (1) and Q,(u) = QSF(M). Thus,
using Eq. (275) and the expansions for {P, (1), Q,()} and {PF(u), QSF(L{)}
from Eqgs. (114) and (242), respectively, we obtain the following:

n

nn—rs ~n = _n nn—rs 276
5P Gn = Py, (276)

Pun—r =

where 8, is from Eq. (57). The expansion coefficients g,,_, are given in terms
of the Lanczos coupling constants {«,, 8.}, whereas the parameters {a,} of the
continued fractions determine the coefficients §,,,_,, as in Eq. (244). Therefore,
the relationship (276) between g,,,_, and §,,,_,» could be exploited to establish
the relationship between the sets {«,, 8,} and {a,}. With this goal, we con-
sider the first few coefficients {g,,_,} and {§,,_,} from which we deduce the
following:

Oy =lan i1 + Aony2, /3,2, =yl (M= 1), (277)

with ap=a, and B, =0. These are the sought general analytical expressions
for any Lanczos coupling parameters {o,, ,} in terms of the continued frac-
tion coefficients {a,}, whose entire set is available from the single closed
formula (245). Inserting the expressions for a,, and ay,,; from Eq. (250) into
Eq. (277), we can write the following explicit analytical formulae for any
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Lanczos coupling parameters {«,, 8,}:

o = H,(co) Huoa(er) | Hya(e) Hi(eo)
! H,(co)) H.(cr) H,(c1) Hn+1(CO)’

’32 _ H,_1(co)H,11(co)

! [Hn(Co)]z '

(278)

(279)

Here, B2 is given exclusively in terms of the determinant of the Schrédinger
overlap matrix H,(c,) =detS,,. Recursive numerical computations of the
Hankel determinants H,,(c,) and H,,(c;) from Eq. (278) can be carried out by,
for example, Gordon’s [69] product-difference (PD) algorithm that is accu-
rate, efficient, and robust with only ~ n*> multiplications relative to some
formidable n! multiplications in the Cramer rule via direct evaluations.
Moreover, the same PD recursion can also be used for the CF coefficients
{a,} [53].

27. CONTRACTED CONTINUED FRACTIONS

Employing the relationships from (277), we can rewrite the Lanczos contin-
ued fraction (230) as:

a axas a4as Aedy
u—a, u—(as+ay) u—@s+ag) u—(a;+as)

REF (1) = (280)

A truncation of this expression at the order n will give the nth-order LCF
approximant:

RECF(u) = {RLCF(u)}am:O,mzszrl (7’[ = ]-/ 2/ 3/ .. ) (281)
For an arbitrary positive integer 7, the following equivalence exists:
REF () =RSFw) (n=1,2,3,...). (282)

This implies, according to REF (1) = R (u) from Eq. (234), that we have, in
general,

RMw) =R W) n=1,2,3,...). (283)
Let us recall the definition of the contracted continued fraction (CCF).

A general CF, say C(z), whose approximants coincide with a subset of the
approximants of another continued fraction C(z) is called a contraction of
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C(z) [65]. The result (282) shows that the approximant R-“F () of order n of
the Lanczos continued fraction R"F(u) is equal exactly to the approximant
RSF(u) of order 2n of the continued fraction R (1) from Eq. (237) of the
series (52). Thus, RF(u) is a contraction of R (). Therefore, the PLA is
equal to the LCF and the CCE.

28. RECURSIVE SOLUTIONS OF TRIDIAGONAL
INHOMOGENEOUS SYSTEMS OF LINEAR EQUATIONS

Here, we shall develop a recurrence algorithm for solving a general tridiago-
nal inhomogeneous system of 1 linear equations. This will be illustrated for
two important classes of problems, such as the power moment problem and
spectral analysis, as frequently encountered in physics and chemistry, as well
as in linear algebra.

28.1. Gaussian elimination method
Consider the following system of inhomogeneous equations in the general
case [2]:

Bix;+Cix; +0+0+0+---+04+04+04+0=D,

Asxi +Box; + Cox; + 0+ -+ +0+0+0+0=D,

0+ Asx +Bsx3 +Caxy +0+---+04+0+0+0=D;4

(284)
0+0+0+0+0+---+A, 2%, 3+ B, 2%, o +Cyx,.1+0=D,_,
0+0+0+0+0+---+0+A,_1x, o+ B,_1x,.1+C,1x, =D, 1
0+0+0+0+0+---+0+0+A,x, 1 +Bx,=D,,

where A,, B,, C,, and D, are the known constants. The equivalent matrix form
of (284) reads as:

B, ¢, 0 0 0 --- O 0 0 X1 D,

A2 Bz C3 0 o --- 0 0 0 Xy D2

0 A3 B3 C3 o --- 0 0 0 X3
e . : : = , (285)
0 0 0 0 o -- An—l anl Cnfl Xn-1 anl

o o o0 oo .- 0 A, B, Xy D,
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or in the abbreviated form:

Ex=D, (286)
where E={E,} is the n x n matrix with the elements E,, = A,8, .1 + Bd,s +
C,8,41s and 8, is the Kronecker §-symbol. In Eq. (284), x = {x,} is an unknown
column vector, whereas D ={D,} is an inhomogeneous column vector with
the given elements D, (1 < r < n).

We solve the system (284) by the Gaussian elimination method. To this end,
we multiply the last line A,x,_; + B,x, =D, in Eq. (284) by C,_; and write:

Cn—an Ancnfl

Cnf n=
> B, B,

X1 (287)

Similarly, when the first to the last line in Eq. (284), that is, A, 1x,> +
B,-1%,-1 + C,1x, = D,,_4, is multiplied by C,_,, we get:

Cn—an
D, — ——
" B, Ay aCoe
CraXp1=Cia A e (288)
n— n n—144n
anl - B Bn—l - B

Here, we also used the last line in Eq. (284). Similarly, we multiply the second
to the last line in Eq. (284), that is, A,_»x,_3 + B,_2X,—» + C,_2X,.1 =D,_,, by
C,_3 and obtain:

C..1D,

Dn—l - Bl

Dn—Z - Cn—Z C 1’:4
B - n—141n
! B, A, Chs
Cn73xn72—cn—3 5 An_] Cn_z - 5 an_l(jn_2 Xp_3. (289)
" Cn—lAn e Cn—lAn
B, — —— B, —

B, B,

From the particular expressions (287)—(289), we can immediately write down
the general recursion for the solution x, of the system (284). With this aim, let
us introduce the two auxiliary vectors V,, and W, as follows:

Gy
VPI =5 a1 =
Bn - An anl VO 0
D — AW (290)
Wn — n n¥Vn-1 Wo -0

Bn - An Vn—l ’
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Then, the general element x, of the column vector x={x,} from Eq. (284) or
Eq. (285) is given by the following simple recursion:

Xn = Wn
, (291)
Xm = Wmfl - melxm+1/ (1 =m< Vl)

where 7 is the number of equations in Eq. (284). The relationship in Eq. (291)
recurs downward from the maximal value # of the subscript to the minimum
which is 1.

28.2. The power moment problem

In the power moment problem [69], there is only one nonzero element of
the inhomogeneous column vector D = {D,} from Eq. (284), that is, D, o 8,1,
where §,,,, is the Kronecker §-symbol. Thus,

Bn Z‘i:nr An = - C)}/ZI Cn = - 5;111211 Dn = - ;1871,1/ (292)
£ — 50+ 0 54+0 0 +0 x5+ +0= -0
— P 460 - 5 4+ 0- x5+ 0 x5+ +0=0

0.2 — &2 + &% — £ "X+ 0 x5 4 -+ 0=0

(293)
0+04+0+0+0+ - +0—, %2 +&X,1 — /%%, =0
04+0+04+0+0+---4+0—1¢,"x,1 + &x, =0,

or in the matrix representation:
£ -7 0 0 0 --- 0 0 0 X
5% & =&” 0 0 0 0 0 %
0 —-u”? & =7 0 0 0 0 X3
0 0 0 0 0 _Cr}izl é:n _g-nl/z Xn-1
0 0 0 0 0 —¢* g, X,
&
0
0
=—|.1 (294)
0
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It then follows from Eq. (288) that:

é-n é-n—l

_Cnlﬂxn = — —Xu-1, _;-’11/2xn71 - - —{x”’z’ (295)
n ‘S;:n—l - s_:
12 _ §i1—2
=8, Xy = — ﬁxn—& (296)
En—z o
sn—l - é
&

The recursions (295) and (296) permit extension to the general result for x, in
n steps:

12, (& 56 b & Sn1 Q) 297
2 (&‘&‘a‘&""‘afa . @7

By reference to the first equation of the system (293), we can eliminate x,
from Eq. (297) so that

& & L & Cn1 Cn
= (g2 8 8 & b ) 298
¢ (S e TE s T sn)x (28)

Thus, the solution for the first element x; of the column vector x = {x,}
n=1,2,...)is

B R S
£ 6 & & & &1 &

= (299)

The solution (299) is the continued fraction of the order n. The system (293)
is encountered in statistical mechanics [69] when applying the method of
power moments to obtain a sequence of approximations to the partition
function Q(B) defined as the Stieltjes integral f0°° exp (—BE)dg(E), where B
is a parameter proportional to the reciprocal temperature of the investigated
system, d¢(E) is a density of states, and ¢(E) is a positive, nondecreasing
function of energy E.

28.3. The problem of spectral analysis

The second example from the general system (284) is of direct relevance to
the Lanczos continued fraction (LCF). The Lanczos inhomogeneous tridiag-
onal system of linear equations can be identified from Eq. (284) by specifying
D, «§,, and:

Bn =U—0y_1, An = - :371—1/ Cn = - ﬂnr Dn = C08n,1r (300)
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where «, and B, are Lanczos parameters Eq. (54) and Eq. (173). The sys-
tem Eq. (284) now reads as:

u—op)x; —P1x2+04+04+04+---+04+04+04+0=c¢y
—,81351+(u—051)x2—,323(3+0+0+"'+0+0+0+0=O
0_/32x2+(1/[—az)X3—,33.7C4+0+"'+0+0+0+0:0

(301)
O+O+O+O+O+"'+O_ﬁn72xn72+(u_an—2)xn71 _ﬁnflxnz()
0+0+04+04+04+---4+0+0—-Bi1xy1 + (U —y_1)x, =0
or in the associated matrix form:
u— oy —,81 0 0 o --- 0 0 0 X1
=B u—ar =B o 0 --- 0 0 0 X,
0 —,32 u— o —/33 0 0 0 0 X3
0 0 0 0 0 _IBn—Z Uu—a,_ _,311—1 Xn—1
0 0 0 0 O 0 —B.1  U— 0, Xy
Co
0
0
=1.1. (302)
0
0
In this case by using Eqs. (287-289), we obtain:
2
_ﬂn—lxn - - an—l (303)
U—0oyq
2
_ﬁn—an—l - - n2 P X2 (304)
U— oy y — n—1
U— 0y
2
_,8,1,3.7(',,,2 = - nd 2 Xy—3- (305)
n—2
U=y — 3
u— Wy — n—1
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By continuing this recursion further for the next n — 2 steps, we get

ﬂle = ( /312 —_— ﬁzz ﬂ§ —_—e ¢) X1, (306)

u—oq U—=uo U—OU3 u—auo,1

where the symbolic notation for the continued fractions is used. We can
eliminate x, from Eq. (306), and this yields the solution for x;:

o B 5 5 i

u—ao_u—al_u—az_u—ag,_ _U—C(n_l‘

= (307)

Hence, the first component x; of the n-dimensional column vector x= {x,}
(1 <r<mn) from Eq. (301) coincides with the Lanczos continued fraction
REF(u) to the Green function R(u) from Eq. (12):

R (1) = x,

S Y W S W= W (308)

u_ao_u_al_u_az_u_a3_ _u_an,l

A recursive algorithm for RSF(u) is available from Eq. (291) as

1
r,= , I =0
u—aoy, — ﬂyzn+1 1—‘m-H e , (309)

RIL\;CF (u) =coly

where T, =T,,(u), in agreement with Eq. (227). Obviously, the rela-
tion Eq. (309) can be expressed through continued fractions from which we
have:

RoFw) =R ) =R (w) (n=1,2,3,..)). (310)

Thus, the LCF of the nth order, REF(u), is the same as RS! (1), which is an
even-order general continued fraction, the CF, obtained from Eq. (239) when
the suffix n is taken to be 2n. In other words, R.“F(u) is the contracted con-
tinued fraction (CCF) relative to R$"(u), as pointed out in Section 27. To
emphasize that we are dealing here with the even part of RSF (1), we added
the subscript “¢” (for even) in Eq. (310). The relationship Eq. (308) indicates
that the same result for the Lanczos continued fraction R:“F(u) can also be
obtained by finding the first element x; of the system Eq. (285) of linear
equations. The major practical significance of this equivalence is in the fact
that systems of linear equations represent the most robust section of linear
algebra packages [48-51]. Even such powerful algorithms are unnecessary
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for a special class of inhomogeneous linear systems with tridiagonal struc-
ture Eq. (284), since the solution {x,} can be obtained with the help of a
remarkably simple recursion Eq. (291).

There is more to the presented strategy than the equivalence Eq. (308).
To illuminate an additional advantage of the presented formalism, we shall
analyze its application to the quantification problem (harmonic inversion)
with the goal of determining the key spectral parameters {uy, d;}. To this end,
we rewrite the matrix equation (302) as follows:

wl-J) -x=cpey, (311)

where x={x,} is an unknown column vector, 1 is the unit n x n matrix,
e; ={1,} is the unit column vector 1,=4,;, and J =J, = {J;;} is the symmet-
ric tridiagonal Jacobi evolution n x n matrix in the Lanczos representation
from Eq. (60) for M =n, that is, Ji; =], = J. The matrix element J;; is given
by Jij=a:6;; + B;dis1; + Bidiji1, as in Eq. (58). The matrix equation (311) can
formally be solved by writing:

x=co(ul—]) ey, (312)

assuming that the inverse of ul — J exists. As before, we only need the first
element x;, from Eq. (60) to obtain RL“F(u) as per Eq. (308). We can obtain
x; by diagonalizing the matrix J on a basis belonging to a vector space with
the symmetric scalar product. This amounts to transforming our system to
another basis in which the matrix J is diagonal, with the eigenvalues {u;}
given by:

where T = {T;} is the transformation unitary matrix. In the new basis, the
vector x becomes:

x=cTT '(ul —J)'TT e,. (314)

From here, the first element x, is at once extracted as [69]:

n d
=) — (315)
j=1 I
di=cT}. (316)

We recall that the Lanczos continued fraction is equivalent to the
Padé-Lanczos approximant, which is defined in Eq. (207) through its
polynomial quotient or equivalently via the sum of the Heaviside partial
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fractions. The form (315) also coincides with the Heaviside partial frac-
tions (207) of REF(u), as expected due to the equivalence (308). Hence, with
the spectral pairs {u;, d;} found via Egs. (313 and 316), the formalism from this
section based on Ref. [69] solves fully the spectral problem of quantification
or the harmonic inversion nonlinear problem by using purely linear algebra
for which the most stable algorithms are available [45, 49-51].

29. PADE-BASED EXACTNESS AND MATHEMATICAL MODELINGS

Here, we shall carry out a succinct, preparatory analysis needed for the next
section which deals with the two important applications of the Padé method-
ologies in oncology: magnetic resonance spectroscopy for diagnostics and
biological modeling of cell surviving fractions for dose planning systems in
radiotherapy.

29.1. Recapitulations on exact quantification in MRS by the FPT

For a given time signal {c,} (0 < n < N — 1), the exact spectrum F(z) of a finite
rank N is the truncated Maclaurin expansion:

1 .
F@) = Y ez z=e", Re(w)>0. (317)

n=0

Here, z is a complex harmonic variable, t is the sampling time, whereas
o (w = 2v) and v are the complex angular and linear frequency, respectively.
The sum in Eq. (317) is also known as the finite-rank Green function. In the
current and the next section, the fast Padé transform for F(z) is represented
by the two equivalent variants, FPT®, via F(z) ~ G*(z*'), with G*(z*') being
the unique polynomial quotients in their respective variables z*':

B Qf(zﬂ) B Zf:o qsizis k=1 kQ a qi k=1 @z = Zki,Q) '
(318)

G:t(zztl) _ PI%(Z:H) _ Zi(:ri prizir — b + i dkizil _ p_lt ﬁ (Zil — Zki,P)
0 Zil _ Z:t

where {z,z;,} are the fundamental harmonics given by the solutions
of the characteristic equations Py (z;,) = 0,Qi(z;,) = 0. Further, {p},q7}
(r* =1, r =0) are the expansion coefficients and by = p, /q; with bf =0
due to p§ = 0. Quantities, d; are the fundamental amplitudes (the Cauchy
residues of G*) dj = (P{(z*)/[(d/dz")QE @) Lz, = (pi /0 TTE, (2 -
ze ) /{[(Z" = 2 )]k} The second subscripts P and Q in the fundamental
harmonics are introduced as a reminder that z, and z;, satisfy the sec-
ular equations for the Py (z*') and Qi (z*') polynomials, respectively. This
distinction is needed especially when dealing with Froissart doublets. The
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polynomial expansion coefficients {p;", ¥} are determined from the definition
of the FPT® and FPT® through the asymptotes for z — 0 and z — oo via
F(z) — G*(z*") = O*(z***V), where O* (z**+V) symbolizes theresidual series
(errors) that begin with powers z*@*V. These definitions yield the systems
of linear equations for the coefficients {pF} and {g*} of P¢(z*!) and Qy(z*') as
S G = —Co, P = Yy ¢ (0 <m < L,1 < £ < K) for the FPT* and
S D Ckames = —Chamy Pr = D os oG, (1 <m < L,0 < £ < K) for the FPT®).
There are two systems of these equations in each variant of the FPT, but only
those for the coefficients {4} need to be explicitly solved. This is because
when the sets {77} become available, the equations for {p;} are automati-
cally the analytical expressions with all the known quantities and, thus, no
system for the coefficients of the polynomials P (z*') should be solved. The
convergence regions in G*(z*') from Eq. (318) for the FPT™ and the FPT"
are inside (|z| < 1) and outside (|z| > 1) the unit circle, respectively.

Once the polynomials Py and Qi are uniquely extracted from the given
FID using Eq. (318), the FPT® can yield the complex mode spectra Py /Qx
whose variables z*! are defined at an arbitrary frequency w. This is advan-
tageous relative to the FFT, whose spectra F, = F(e >"*N) are limited to the
Fourier grid {2wk/(N7)} (0 < k < N — 1) with no interpolation or extrapola-
tion features based upon the studied FID. The difference 27 /(Nt) between
any two equidistant Fourier grid points represents the resolution in the
FFT, which is predetermined by the total acquisition time, T = N/z. To
resolve any two closely spaced resonances, the FFT requires long T, due
to the lack of extrapolation features in the FFT. However, at long T phys-
ical harmonics from a time signal decay practically to zero (due to the
exponential damping for complex fundamental frequencies), so that noise
becomes dominant. Such difficulties are absent from the FPT due to the
extrapolation and interpolation characteristics of the rational functions from
Eq. (318).

Overall, the FFT can estimate merely the total lineshapes of the spectral
peaks, but not their parameters. By definition, nonparametric estimators,
such as the FFT, cannot solve autonomously the quantification problem.
To this end, postprocessing is needed via fitting, numerical quadratures
for peak areas, etc. By contrast, the FPT can obtain the spectral lineshapes
and the peak parameters on the same footing. Such a key advantage is
due to both nonparametric and parametric signal processing in the FPT. As
a nonparametric analyzer, the FPT yields the total shape spectra by com-
puting the quotients Pi/Qy at the selected frequencies w from any desired
range and spacing without the need to perform quantification at all. When
applied as a parametric estimator, the FPT solves the quantification prob-
lem explicitly and exactly by computing the spectral parameters (positions,
widths, heights, and phases) from the reconstructed fundamental harmonics
z;, and amplitudes di for every physical resonance. This is accomplished
by rooting the denominator polynomials Qi to obtain the fundamental
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frequencies {w;} = {w;,} and using the quoted analytical formulae for the
Cauchy residues of Pi/Qj to compute the amplitudes {d;’}.

A critically important feature of the FPT is its ability to reconstruct exactly
the total true number of physical harmonics in the given FID. Each FID is
a sum of damped complex exponentials with stationary and nonstationary
(polynomial type) amplitudes, associated with nondegenerate (Lorentzian)
and degenerate (non-Lorentzian) spectra. This type of FID is ubiquitous
across interdisciplinary research fields, including MRS. In practice, determi-
nation of the exact number of resonances can be accomplished via Froissart
doublets (pole-zero cancellations). The total number of genuine resonances
is given by the degree K of the denominator polynomials Qk. The only
known information about this degree K is that it must obey the inequa-
lity 2K < N. Algebraically, the 2K unknown spectral parameters (frequen-
cies and amplitudes) require at least 2K signal points from the whole set
of N available FID entries. To unambiguously determine K, one computes
a short sequence of the FPTs by varying the degree K’ of the polynomials
in the Padé spectra {Py,/Q%} until all the results stabilize/saturate. When
this happens, say at some K' = K, we are sure that the true number K is
obtained as K = K". If we keep increasing the running order K’ of the FPT
beyond the stabilized value K, we would always obtain the same results for
K' = K + m and for K using any positive integer m as Py, (z*")/Qx,,.(z*") =
Pg(z)/Qx(z*") (m = 1,2,...). The mechanism by which this is achieved (the
maintenance of the overall stability, including the constancy of the value
of the true number of resonances) is provided by the pole-zero cancel-
lation. By not knowing the exact number K in advance, we would keep
increasing the order K' = K+ m, and this would lead to extra roots from
Px.. and Qg,,. All the roots of Py, and Qxi,, are the respective zeros
and poles in the spectra Pg,,./Qx,.,. because these latter rational polynomi-
als are meromorphic functions. Such extra zeros and poles are spurious,
as they cannot be found in the input FID, which is built from K true har-
monics alone. The unequivocal signatures of spurious poles and zeros are
their coincidences z;, = z,. Moreover, spurious amplitudes are zero-valued
di =0 at z;, =z, as per the stated formulae for the Cauchy residues
that are the differences between poles and zeros. Therefore, in the spectra
P/ Qicem for m > 1, all spurious poles and zeros, found beyond the stabi-
lized number K of resonances, will automatically cancel each other because
of the special form of the Padé spectrum given by the polynomial quo-
tients. Hence stability of the Padé spectra via the said relation Py,,,/Qk,,, =
Pg/Qi (m=1,2,..). Such a stabilization condition is the signature of the
determination of the exact total number K of resonances. This stability stems
primarily from the constancy of the fundamental spectral parameters that
are reconstructed exactly from the FID by the FPT®. Both the pole-zero
cancellations leading to the true K and the exact reconstruction of all the
fundamental frequencies as well as the amplitudes are illustrated in the next
section.
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29.2. Padé approximant for cell surviving fractions in radiobiological
modelings

Theoretical descriptions for cell survival upon irradiation are of critical
importance for accuracy in dose planning systems for cancer therapy by
particle and ray beams. The simplest theory is obtained by adapting the
radioactive decay law without cell repair, as done in the linear (L) model
for the cell surviving fraction, S (D) = e~*P, where D is the absorbed dose.
Here, the sensitivity parameter « > 0 describes the direct cell kill per gray
(Gy). The resulting dose—effect curve is linear via a straight line in a semiloga-
rithmic plot for S’ (D). However, the corresponding experimental data show
deviations via a shoulder at intermediate doses. This is due to the lack of cell
repair in the L model. The situation is partially remedied via the replacement
of «D in the L model by the biological effect E(D) = «D + BD*. Param-
eter g > 0 multiplying the quadratic (D?) term approximately describes
the cell repair per Gy . Substitution of E(D) for aD in the L model gives
the linear-quadratic (LQ) model, S{? (D) = e*"~#?*, Here, the linear e~"
and quadratic e #”* terms dominate at low and high doses, respectively.
Often, the LQ model compares reasonably well with measurements at low
and intermediate doses. However, at high doses, experimental data behave
like Sp(D) ~ e /P, as opposed to the corresponding Gaussian asymptote
S;LQ) (D) ~ e*”* of the LQ model. Dose D, as the reciprocal of the final slope,
represents the dose at which the surviving fraction e " drops by a fac-
tor of 1/e = 1.27183 ~ 0.3679, or by 36.79%. Thus, D, can be taken as one
of the input data to theoretical modelings, since it can be easily and accu-
rately determined even by hand from the final portion of any experimentally
measured survival curve Sg(D) plotted on a semilogarithmic graph. To
amend the LQ model, we have introduced the Padé Linear Quadratic (PLQ)
model, which automatically provides a missing smooth transition from the
quadratic (D?) to the linear (D) term at large doses. This is done by concei-
ving the LQ-based effect D + BD* merely as the first two expansion terms
of a series. Such a series could be modeled by its Padé approximant, or PA,
as a ratio of two polynomials. In so doing, the PLQ is constrained to simulta-
neously satisfy two conditions: (i) preservation of the formal expression for
the LQ-based effect «D + BD?, which now appears as the numerator of the
PA, and (ii) improvement of the incorrect high-dose limit of the LQ model
by the denominator 1+ yD (y > 0) of the Padé-based biological effect via
Er(D) = (aD + BD* /(1 + yD). This yields the PLQ model:

_ aD+pD?

SHD) =e T, (319)

We use the same labels « and 8 in S(FLQ) (D) and S;PLQ)(D), but the numeri-
cal values of these parameters differ in the two theories. There is one extra
parameter (y) in the PLQ relative to the LQ model. However, y need not
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be an independent parameter. It could be constrained to the form y = 8D,,
where D, is the required final slope, which can be taken from the input data,
as explained. In this way, the PLQ model possesses only two free parameters
a and B, as in the LQ model. The initial and final slopes in the PLQ model are
given by « and B/y. Hence, at high doses, the PLQ possesses the exponen-
tial fall-off S"? (D) a2 e #P/¥ = e P/P0, as in measurements. In the LQ model,
the initial slope is @, but the high-dose limit of S{?(D) continues to bend
following a Gaussian curve with no final slope. The PLQ model can also
be derived from the Michaelis-Menten enzyme kinetics for lesion recov-
ery through saturable repair. This is seen in the Padé-based biological effect
Ep(D) = [1 4 (8/a)D][eD/(1 + yD)], where 1+ (8/a)D describes precipita-
tion of the average specific energy around sublesions and «D/(1 + yD) is
the Michaelis-Menten rate for conversion of sublesions to repaired lesions. In
this latter term, as the number of sublesions aD increases, the average repair
rate /(1 + y D) per repairable lesion decreases, due to both an overload and
a limited amount of enzymes. As a result, «D/(1 + y D) tends to a constant,
a/y = (1/Dy)(a/B), at large doses. Thus, saturation of the enzymes complex
repair system is correctly described by the PLQ model. Detailed comparisons
with many experimental data systematically reveal a clear out-performance
of the LQ by the PLQ model, as will also be shown in the next section.

30. ILLUSTRATIONS

30.1. Magnetic resonance spectroscopy

We use Eq. (42) to generate a noise-free complex-valued synthesized time sig-
nal {c,}(0 < n < N — 1) or equivalently the free induction decay (FID) curve.
The chosen signal length N is 1024, and the bandwidth is set to be 1000 Hz.
This yields the sampling rate r = 1 ms and the total duration time of the signal
T=Nrt =1.024s. Table 4.1 gives the input data for the quantification problem
to be solved in the present work. These data are the complex fundamental fre-
quencies and the corresponding amplitudes from the noise-free model signal
(42) whose associated spectrum is comprised of a total of 25 resonances, some
of which are individual although tightly packed peaks, whereas others are
closely overlapped or nearly degenerate. The numerical values of the spectral
parameters were chosen to correspond to the typical frequencies and ampli-
tudes found in proton MR time signals encoded in vivo from a healthy human
brainat1.5T [71]. The columns in Table 4.1 of the input fundamental transients
are headed by labels 1y, Re(v) (ppm), Im(v) (ppm), |di| (au), and My, which
represent the running number, real and imaginary frequencies (both in parts
per million, ppm), absolute values of amplitudes (in arbitrary units, au), and
the molecular (metabolite) assignments, respectively. The phases of all the
amplitudes are set to be equal to zero.

On inspection of the values of all the other fundamental parameters for the
synthesized time signal from Table 4.1, it can be seen that the corresponding
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Table 41 Four-digit numerical values for all the input spectral
parameters: the real Re(v) and imaginary Im(vy) parts of the com-
plex frequencies v, and the absolute values |di| of the complex
amplitudes di of 25 damped complex exponentials from the syn-
thesized time signal Eq. (42) similar to a short echo time (~20
ms) encoded FID via MRS at the magnetic field strength Bo =1.5T
from a healthy human brain [71]. Every phase {¢x} of the ampli-
tudes is set to zero (0.000), for example, each di is chosen as
purely real, di = |dk| exp (i) = |dk|. The letter M denotes the
kth metabolite

INPUT DATA for ALL SPECTRAL PARAMETERS of
a SYNTHESIZED TIME SIGNAL or FID
no Re(w) (ppm) Im(v) (ppm) |dif (au) M,

1 0.985 0.180 0.122 Lip
2 1.112 0.257 0.161 Lip
3 1.548 0.172 0.135 Lip
4 1.689 0.118 0.034 Lip
5 1.959 0.062 0.056 Gaba
6 2.065 0.031 0.171 NAA
7 2.145 0.050 0.116 NAAG
8 2.261 0.062 0.092 Gaba
9 2411 0.062 0.085 Glu
10 2.519 0.036 0.037 Gln
11 2.675 0.033 0.008 Asp
12 2.676 0.062 0.063 NAA
13 2.855 0.016 0.005 Asp
14 3.009 0.064 0.065 Cr
15 3.067 0.036 0.101 PCr
16 3.239 0.050 0.096 Cho
17 3.301 0.064 0.065 PCho
18 3.481 0.031 0.011 Tau
19 3.584 0.028 0.036 m-Ins
20 3.694 0.036 0.041 Glu
21 3.803 0.024 0.031 Gln
22 3.944 0.042 0.068 Cr
23 3.965 0.062 0.013 PCr
24 4.271 0.055 0.016 PCho
25 4.680 0.108 0.057 Water

exact absorption spectrum, defined as the real part of the associated complex-
valued spectrum, possesses a variety of structures, including isolated, over-
lapped, tightly overlapped, and nearly degenerate resonances. The exact
absorption component shape spectra for the clinically most informative
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frequencies (0-5 ppm) will have isolated, but closely-lying resonances that
are associated with the following 10 peaks: n; =8,9, 10,13, 18, 19, 20, 21, 24, 25
located at chemical shifts 2.261ppm, 2.411ppm, 2.519 ppm, 2.855ppm,
3.481 ppm, 3.584 ppm, 3.694 ppm, 3.803 ppm, 4.271 ppm, 4.680 ppm, respec-
tively. In addition, overlapped resonances will appear corresponding to the
following 11 peaks: ny; =1,2 (0.985 ppm, 1.112 ppm), n; =3,4 (1.548 ppm,
1.689 ppm), n; =5,6,7 (1.959 ppm, 2.065 ppm, 2.145 ppm), n; = 14,15 (3.009
ppm, 3.067 ppm), and n; =16,17 (3.239 ppm, 3.301 ppm). The very closely
overlapped resonances will appear as the following two peaks: n; =22,23
(3.944 ppm, 3.965 ppm). These latter resonances are separated from each
other by 0.021 ppm. Finally, there will be almost degenerate resonances
that are comprised of two peaks n; =11,12 (2.675 ppm, 2.676 ppm) sepa-
rated by a mere 0.001 ppm. In the absorption total shape spectrum, these
two nearly coincident peaks will be completely unresolved and will appear
as a single resonance. It is expected that in the n; =11 and 12 peaks of
near degeneracy all the conventional fitting techniques would fail to detect
the smaller peak (n; =11). In fact, there would be no justifiable reason to
initialize fitting two peaks for a resonance that appears to be a single struc-
ture. Even if a fitting procedure were to begin with the two preassigned
modeling resonances, disregarding the appearance of a bell-shaped single
peak, there would be no justifiable reason for not choosing even a larger
number, for example, three, four, or more small peaks below the dominant
resonance 11, =12.

We shall also carry out spectral analysis using a noise-corrupted time sig-
nal. The specifics of the present model for the noise run are as follows. We
add random numbers {r,} to the mentioned noiseless time signal {c,} to
generate the noisy input data {c, +r,} (0 < n < N —1). More precisely, this
additive noise r,, is a set {r,,} (0 < n < N — 1) of N random Gauss-distributed
zero mean numbers (orthogonal in the real and imaginary parts) with the
standard deviation o =1 x RMS. Here, A is the selected noise level and the
acronym RMS stands for root mean square (or equivalently the quadratic
mean) of the noiseless time signal. For the given noiseless set {|c,|} gen-
erated with the spectral parameters from Table 1, RMS is defined by the
arithmetic mean (average) value, RMS = (ZS’ZO |c,|? /N)l/z. According to our
noise model, adding A% noise {r,} to noiseless data {c,} of RMS,gis_ree Would
produce noisy data {c, + 7,} whose RMS,gise_corrupted 15 2% 0f RMS, gise_free SO
that RMS,gise—corrupted = A RMS;gise—ree. Here, A is a fixed number expressed in
percent. For example, adding 10% noise would yield a new RMS (noisy),
which is 10% of the old RMS (noiseless), 0 =0.01 RMS,pisefree- In the present
computations, we shall fix the noise level A to be a constant number equal
to 0.00289 so that o =0.00289 RMS in which, as stated, RMS = RMS, qisc_free-
The value 0.00289 in the standard deviation o of noise is chosen to approx-
imately match 1.5% of the height of the weakest resonance (n; =13) in the
spectrum. Such a noise level is sufficient to illustrate the main principles
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of Froissart doublets. However, the Padé-based processing can successfully
handle spectra and images with much higher noise levels in simulated and
encoded data as shown in Refs. [28, 29], but this is not presently displayed
within Froissart doublets due to clutter of an exceedingly large number of
spurious resonances. Crucially, however, for quantitative inspection by the
FPT, the tabular output list is of primary significance. Thus, a possible clut-
ter on graphs with reduced visibility is of no relevance to the usefulness of
the concept of Froissart doublets.

We shall begin with the analysis for the noise-free FID. Table 4.2 presents
the detailed convergence rates of the numerical values of the complex
frequencies and amplitudes for the reconstructed resonances by the FPT™
using six partial signal lengths (N/32=232, N/16 =64, N/8 =128, N/4 =256,
N/2=>512), as well as the full FID (N =1024). In panels (i), (ii), and (iii) of
Table 4.2, the spectral parameters of the detected 10, 14, and 20 resonances
are shown at N/32=32,N/16 =64, and N/8=128, respectively. Clearly,
these latter findings are approximate values for the corresponding exact
input data for the parameters. This occurs because the number of signal
points (N/M < 128) is not sufficient. In contrast, panels (iv), (v), and (vi)
of Table 4.2 display the spectral parameters found at N/4=256,N/2=>512,
and N =1024, respectively. These latter results should be compared with
the corresponding input data from Table 4.1. It, thereby, can be seen that
from, for example, panel (iv) of Table 4.2 for a quarter (N/4 =256) of the full
signal length N that the FPT" has retrieved the entire set of 25 resonances
with all their exact values for all the spectral parameters. Furthermore, it
is remarkable that these reconstructed spectral parameters remain totally
unchanged, even after attaining full convergence, when further signal points
are included beyond N/4. This is shown on panels (v) and (vi) for N/2 =512
and N =1024, respectively. This unique feature of the Padé polynomial
quotient, for example, P, /Qy and so on, is related to pole-zero cancellations
or Froissart doublets. A veritable signature of reconstruction of the true
number K of resonances is provided by the attained convergence of the
spectral parameters. If one continues to increase K in the ratio P, /Qy even
after convergence has been achieved, the converged results for the Padé
quotient in the FPT™ will not change because the new poles from Qg,,,
will be exactly the same as the new zeros of Py,,,. In such cases, pole-zero
cancellation occurs in the Padé quotient yielding Py,,./Qx.n=Px/Qx,
where m is any positive integer. We have verified that this holds true in
the present computation, as seen on panels (iv)—(vi) of Table 4.2. Syn-
ergistically, the same computation demonstrates that all the amplitudes
{d, } associated with the poles from the Froissart doublets are identical to
zero. Theoretically, the strict algebraic condition 2K =N implies that only
100 FID points should be sufficient for the FPT” to exactly reconstruct
all the 25 unknown complex frequencies and 25 complex amplitudes.
However, panel (iv) of Table 4.2 reveals that full convergence is attained



Table 4.2 Convergence of the spectral parameters in the FPT(™) for signal lengths
N/M (N=1024, M =1-32)

CONVERGENCE of SPECTRAL PARAMETERS in FPT™); FID LENGTH: N/M, N = 1024, M =1-32

(i) N/32 =32 (15 Missing Peaks)

(ii) N/16 = 64 (11 Missing Peaks)

0 Re(yp)(ppm) Im(v) (ppm) ldlaw)  n?  Re(y)(ppm) Im(vy) (ppm)  Idg | (au)
1 1.010 0.206 0.223 1 0.989 0.180 0.130
- - - - 2 1.121 0.241 0.148
3 1.517 0.420 0.254 3 1.562 0.206 0.195
4 1.643 0.097 0.038 - - - -
- - - - 5 2.030 0.012 0.026
6 2.064 0.069 0.339 6 2.055 0.071 0.376
- - - - 9 2.473 0.193 0.313
- - - - 10 2.590 0.054 0.062
12 2.637 0.274 0.421 - - - -
15 3.055 0.139 0417 15 3.057 0.051 0.160
- - - - 16 3.237 0.071 0.177
17 3.376 0.038 0.018 - - - -
- - - - 19 3.565 0.045 0.035
- - - - 21 3.776 0.068 0.075
- - - - 22 3.941 0.048 0.087
23 3.968 0.114 0.222 - - - -
24 4.093 0.083 0.080 24 4.269 0.054 0.016
25 4.681 0.106 0.056 25 4.680 0.108 0.057
(iil) N/8 =128 (5 Missing Peaks) (iv) N/4 =256 (Converged)
ny Re(v) (ppm)  Im(v) (ppm)  |d, | (au) ny Re(v) (ppm)  Im(v) (ppm)  |d; | (au)
1 0.985 0.180 0.122 1 0.985 0.180 0.122
2 1.112 0.256 0.160 2 1.112 0.257 0.161
3 1.545 0.169 0.123 3 1.548 0.172 0.135
4 1.704 0.134 0.051 4 1.689 0.118 0.034
5 2.012 0.072 0.331 5 1.959 0.062 0.056
6 2.045 0.042 0.331 6 2.065 0.031 0.171
7 2.157 0.037 0.041 7 2.145 0.050 0.116
- - - - 8 2.261 0.062 0.092
9 2.351 0.015 0.008 9 2.411 0.062 0.085
10 2.507 0.129 0.196 10 2.519 0.036 0.037
- - - - 11 2.675 0.033 0.008
12 2.655 0.048 0.059 12 2.676 0.062 0.063
13 2.809 0.018 0.001 13 2.855 0.016 0.005
- - - - 14 3.009 0.064 0.065
15 3.072 0.053 0.183 15 3.067 0.036 0.101
16 3.231 0.078 0.207 16 3.239 0.050 0.096
17 3.367 0.035 0.011 17 3.301 0.064 0.065
- - - - 18 3.481 0.031 0.011
19 3.588 0.022 0.025 19 3.584 0.028 0.036
20 3.699 0.041 0.047 20 3.694 0.036 0.041
21 3.803 0.027 0.036 21 3.803 0.024 0.031
22 3.944 0.046 0.084 22 3.944 0.042 0.068
- - - - 23 3.965 0.062 0.013
24 4.271 0.055 0.016 24 4.271 0.055 0.016
25 4.680 0.108 0.057 25 4.680 0.108 0.057

(Continued)
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Table 4.2 (Continued)

(v) N/2=512 (Converged) (vi) N =1024 (Converged)

n?  Re(y) (ppm) Im(v)(ppm) Idf|(aw)  n?  Re(y)(ppm) Im(vy) (ppm)  |d; | (au)
1 0.985 0.180 0.122 1 0.985 0.180 0.122
2 1.112 0.257 0.161 2 1.112 0.257 0.161
3 1.548 0.172 0.135 3 1.548 0.172 0.135
4 1.689 0.118 0.034 4 1.689 0.118 0.034
5 1.959 0.062 0.056 5 1.959 0.062 0.056
6 2.065 0.031 0.171 6 2.065 0.031 0.171
7 2.145 0.050 0.116 7 2.145 0.050 0.116
8 2.261 0.062 0.092 8 2.261 0.062 0.092
9 2411 0.062 0.085 9 2411 0.062 0.085

10 2.519 0.036 0.037 10 2.519 0.036 0.037

11 2.675 0.033 0.008 11 2.675 0.033 0.008

12 2.676 0.062 0.063 12 2.676 0.062 0.063

13 2.855 0.016 0.005 13 2.855 0.016 0.005

14 3.009 0.064 0.065 14 3.009 0.064 0.065

15 3.067 0.036 0.101 15 3.067 0.036 0.101

16 3.239 0.050 0.096 16 3.239 0.050 0.096

17 3.301 0.064 0.065 17 3.301 0.064 0.065

18 3.481 0.031 0.011 18 3.481 0.031 0.011

19 3.584 0.028 0.036 19 3.584 0.028 0.036

20 3.694 0.036 0.041 20 3.694 0.036 0.041

21 3.803 0.024 0.031 21 3.803 0.024 0.031

22 3.944 0.042 0.068 22 3.944 0.042 0.068

23 3.965 0.062 0.013 23 3.965 0.062 0.013

24 4.271 0.055 0.016 24 4.271 0.055 0.016

25 4.680 0.108 0.057 25 4.680 0.108 0.057

with the first 256 time signal points. This occurs because the FPT produces
genuine and spurious resonances. In other words, in the polynomial quo-
tient Py /Qy, spurious poles and spurious zeros from the denominator and
the numerator, respectively, exist in pairs as Froissart doublets. Therefore,
they cancel each other. Thus, each addition of more time signal points yields
new Froissart doublets. However, another process takes place at the same
time, namely stabilization of the values of the reconstructed physical spectral
parameters. Ultimately, saturation occurs when the total number of genuine
resonances stop fluctuating. At that point, all the spectral parameters become
constant for varying partial signal length. This process of stabilization illus-
trates how the FPT determines, with certainty, the true total number K of
genuine resonances. For the time signal that is currently under study, this
stabilization actually takes place by using less than a quarter N/4 =256 of
the full FID.

Table 4.3 for the reconstructed spectral parameters from the FPT® (left col-
umn) and FPT® (right column) focuses on a narrow convergence range with
three partial signal lengths Np =180, 220, 260. This is suggested by Table 4.2
in which all the parameters are found to have converged in the interval
[N/8,N/4] =[128,256]. Before full convergence, at the lowest partial signal
length considered in Table 4.3 (Np =180) on panels (i) and (iv), peak n; =11
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Table 43 Convergence of the spectral parameters in the FPT*) and FPT(™) near full
convergence for signal lengths Np =180, 220, 260

FAST PADE TRANSFORM: INSIDE and OUTSIDE the UNIT CIRCLE,
FPT™) and FPT(-); Np =180, 220, 260

(i) Np =180 (1 Missing Peak)

(ii) Np =220 (No Missing Peaks)

a0 Re() (ppm)  Im(y) (ppm) I np Re(y) (ppm)  Im(y) (ppm) 14} | (aw)
1 0.985 0.180 0.122 1 0.985 0.180 0.122
2 1.112 0.257 0.161 2 1.112 0.257 0.161
3 1.548 0.172 0.135 3 1.548 0.172 0.135
4 1.689 0.118 0.034 4 1.689 0.118 0.034
5 1.959 0.062 0.056 5 1.959 0.062 0.056
6 2.065 0.031 0.171 6 2.065 0.031 0.171
7 2.145 0.050 0.115 7 2.145 0.050 0.116
8 2.261 0.062 0.094 8 2.261 0.062 0.092
9 2411 0.063 0.089 9 2411 0.062 0.085
10 2.518 0.036 0.037 10 2.519 0.036 0.037
- - - - 11 2.675 0.031 0.006
12 2.675 0.054 0.066 12 2.676 0.061 0.064
13 2.855 0.014 0.004 13 2.855 0.016 0.005
14 3.013 0.054 0.058 14 3.009 0.064 0.065
15 3.065 0.037 0.113 15 3.067 0.036 0.101
16 3.242 0.053 0.120 16 3.239 0.050 0.096
17 3.301 0.052 0.045 17 3.301 0.064 0.065
18 3.482 0.027 0.009 18 3.481 0.031 0.011
19 3.585 0.028 0.036 19 3.584 0.028 0.036
20 3.694 0.036 0.042 20 3.694 0.036 0.041
21 3.803 0.024 0.031 21 3.803 0.024 0.031
22 3.945 0.042 0.072 22 3.944 0.042 0.068
23 3.970 0.057 0.010 23 3.965 0.062 0.013
24 4271 0.055 0.016 24 4271 0.055 0.016
25 4.680 0.108 0.057 25 4.680 0.108 0.057
(iii) Np =260 (Converged) (iv) Np =180 (1 Missing Peak)
n®  Re() (ppm) Im(7) (ppm) df|@u)  #®  Re(uy)(ppm) Im(v) (ppm) Id | (aw
1 0.985 0.180 0.122 1 0.985 0.180 0.122
2 1.112 0.257 0.161 2 1.112 0.257 0.161
3 1.548 0.172 0.135 3 1.548 0.172 0.135
4 1.689 0.118 0.034 4 1.689 0.118 0.034
5 1.959 0.062 0.056 5 1.959 0.062 0.056
6 2.065 0.031 0.171 6 2.065 0.031 0.171
7 2.145 0.050 0.116 7 2.145 0.050 0.115
8 2.261 0.062 0.092 8 2.261 0.062 0.094
9 2411 0.062 0.085 9 2411 0.063 0.088
10 2.519 0.036 0.037 10 2.518 0.036 0.037
11 2.675 0.033 0.008 - - - -
12 2.676 0.062 0.063 12 2.675 0.054 0.066
13 2.855 0.016 0.005 13 2.855 0.015 0.004
14 3.009 0.064 0.065 14 3.011 0.059 0.059
15 3.067 0.036 0.101 15 3.066 0.037 0.108
16 3.239 0.050 0.096 16 3.240 0.051 0.103

(Continued)
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Table 43 (Continued)

FAST PADE TRANSFORM: INSIDE and OUTSIDE the UNIT CIRCLE,
FPT™) and FPT(-); Np = 180, 220, 260

(iii) Np =260 (Converged) (iv) Np =180 (1 Missing Peak)
ny Re() (ppm)  Im(y") (ppm) 14 (auw) Y Re(y) (ppm) Im(y) (ppm)  Id; | (au)
17 3.301 0.064 0.065 17 3.299 0.061 0.062
18 3.481 0.031 0.011 18 3.480 0.030 0.011
19 3.584 0.028 0.036 19 3.584 0.028 0.035
20 3.694 0.036 0.041 20 3.694 0.036 0.041
21 3.803 0.024 0.031 21 3.803 0.024 0.031
22 3.944 0.042 0.068 22 3.944 0.042 0.067
23 3.965 0.062 0.013 23 3.964 0.061 0.014
24 4271 0.055 0.016 24 4271 0.055 0.016
25 4.680 0.108 0.057 25 4.680 0.108 0.057
(v) Np =220 (Converged) (vi) Np =260 (Converged)
n9 Re(p) (ppm)  Im(0) (ppm) I @w)  #§ Re(p) (ppm) Im(yp) (ppm)  Id | aw)
1 0.985 0.180 0.122 1 0.985 0.180 0.122
2 1.112 0.257 0.161 2 1.112 0.257 0.161
3 1.548 0.172 0.135 3 1.548 0.172 0.135
4 1.689 0.118 0.034 4 1.689 0.118 0.034
5 1.959 0.062 0.056 5 1.959 0.062 0.056
6 2.065 0.031 0.171 6 2.065 0.031 0.171
7 2.145 0.050 0.116 7 2.145 0.050 0.116
8 2.261 0.062 0.092 8 2.261 0.062 0.092
9 2411 0.062 0.085 9 2411 0.062 0.085
10 2.519 0.036 0.037 10 2.519 0.036 0.037
11 2.675 0.033 0.008 11 2.675 0.033 0.008
12 2.676 0.062 0.063 12 2.676 0.062 0.063
13 2.855 0.016 0.005 13 2.855 0.016 0.005
14 3.009 0.064 0.065 14 3.009 0.064 0.065
15 3.067 0.036 0.101 15 3.067 0.036 0.101
16 3.239 0.050 0.096 16 3.239 0.050 0.096
17 3.301 0.064 0.065 17 3.301 0.064 0.065
18 3.481 0.031 0.011 18 3.481 0.031 0.011
19 3.584 0.028 0.036 19 3.584 0.028 0.036
20 3.694 0.036 0.041 20 3.694 0.036 0.041
21 3.803 0.024 0.031 21 3.803 0.024 0.031
22 3.944 0.042 0.068 22 3.944 0.042 0.068
23 3.965 0.062 0.013 23 3.965 0.062 0.013
24 4271 0.055 0.016 24 4271 0.055 0.016
25 4.680 0.108 0.057 25 4.680 0.108 0.057

is not detected in the FPT®. However, full convergence of the entire set of
unknowns in both versions of the FPT is reached at Ny =260 on panels (iii)
and (vi). Moreover, it is seen on panel (v) that the FPT™ converged even at
Np =220. Convergence of the FPT® is verified to be maintained at Ny > 260
as also implied by Table 4.2.
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Figure 4.1 illustrates the reason for which mathematical methods are
absolutely indispensable in MRS and many other fields that rely on sig-
nal processing. The top panel (i) in this figure depicts the time signal from
the input data that are reminiscent of those encoded via MRS. The shown
free induction decay curve is heavily packed with exponentially decaying
oscillations and no other discernable structure appears. Specifically, it is
impossible to decipher any physically meaningful information by inspecting
an FID directly in the measured time domain. However, from such a time
signal, one can compute an MR spectrum that exhibits the definite advan-
tage of displaying a relatively small number of distinct characteristics that
are amenable to further analyses and interpretations for practical purposes.
A typical total shape spectrum of this type is shown in the middle panel (ii)
in Figure 4.1 in the absorption mode. This is obtained by a simple and pow-
erful mathematical transformation of the original time signal into its dual or
complementary representation in the frequency domain. The advantage of
this passage to the frequency representation is manifested in the emergence
of a number of clearly discernable features through the appearance of peaks
and valleys. Nevertheless, the total shape spectrum is merely an envelope
that, at best, could provide only qualitative information about the overall
contribution from the sum of all the constituent resonances but not the indi-
vidual components themselves. These are seen on panel (iii) in Figure 4.1
as reconstructed by the FPT™. Thus, despite being more revealing than the
time signal, the spectral envelope from panel (ii) is still only qualitative and
inconclusive and, as such, often of limited practical usefulness. Yet, the FFT,
as the most frequently used signal processor in many interdisciplinary appli-
cations, including ICRMS, NMR, and MRS, is restricted to computations of
total shape spectra alone. Overall, the absorption total shape spectra cannot
directly provide the information about any feature of resonances, such as the
most important abundance or concentrations of the underlying molecules of
the examined substance. Indirect information is often surmised from these
spectral Fourier-type envelopes by attempting to fit a subjectively preas-
signed number of resonances hidden beneath each peak structure. The most
serious of the drawbacks of such an approach is nonuniqueness, which stems
from the fact that virtually any chosen number of components could equally
well produce an acceptable error in the conventional least-square adjust-
ments to the given spectral envelope. Hence, for practical purposes, it would
be more advantageous to have an alternative mathematical transformation,
which would use only the original, unedited, raw time signal to first obtain
the unique spectral parameters of each peak (position, width, height, phase)
and then to generate the component and total shape spectra in any of the
selected modes (absorption, dispersion, magnitude, power). Nevertheless,
such spectra with curves, although convenient, are only for visual inspection.
As emphasized, the most important are the numerical values of the retrieved
spectral parameters and especially molecular concentrations. The reason for
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Figure 41 Time and frequency domain data in signal processing in the noiseless case using
the fast Fourier transform (FFT) and fast Padé transform (FPT). Top panel (i): the input FID
(to avoid clutter, only the real part of the time signal is shown). Middle panel (ii): absorption
total shape spectrum (FFT). Bottom panel (iii): absorption component (lower curves; FPT) and
total (upper curve; FPT) shape spectra. Panels (ii) and (iii) are generated using both the real
and imaginary parts of the FID.

this is that when analyzing experimentally measured FIDs, it is only with
these numbers from tables (rather than with envelopes from graphs) that the
adequate quantitative assessment could be made as to which molecule do
and which do not have their normal concentrations. Here the word “normal”
in the case of the scanned human organ by means of MRS relates to a healthy
tissue. To achieve this goal, the mentioned advanced mathematical methods
must unambiguously separate the physical from nonphysical (noise, noise-
like) contents in the input time-domain data to reconstruct exactly the true
number of individual resonances and finally to deduce the concentrations of
every physical molecule. The signal processor capable of fulfilling all these
most stringent physical for versatile practical applications, including MRS in
medical diagnostics, is the fast Padé transform. The FPT yields the unique
component shape spectra as on panel (iii) in Figure 4.1. Such component
spectra are used to subsequently generate the associated exact envelope.
This is opposed to all fitting routines that start from the Fourier envelope
spectrum and try to guess the component spectra.

Figure 4.2 shows, on panels (i) and (ii), the real Re(c,) and imaginary Im(c,)
part of the synthesized FID. Panel (iii) in this figure displays the initial con-
vergence regions of the FPT™ and FPT™ located inside and outside the
unit circle |z] <1 and |z| > 1 in the complex planes of the harmonic vari-
ables z and z7', respectively. Since the Padé spectra are rational functions
given by the quotients of two polynomials, the Cauchy analytical continua-
tion principle lifts the restrictions of the initial convergence regions. Namely,
the Cauchy principle extends the initial convergence region from |z| < 1 to
|z| > 1 for the FPT™ and similarly from |z| > 1 to |z| < 1 for the FPT". Thus,
both the FPT™ and the FPT™ continue to be computable throughout the
complex frequency plane without encountering any divergent regions. An
exception is the set of the fundamental frequencies of the examined FID,
which are simultaneously the singular points (poles) of the system’s response
function. The small dots seen on panel (iii) depict both the exact input
harmonic variables z;"' = exp (Liw; ) and the corresponding Padé counter-
parts z; = exp (iw; t) reconstructed with N/4 =256, where w;, =2mv, and
w; =2mv¢. On panel (iii), the locations of the 1st and the 25th damped
harmonics for lipid and water are denoted by Lip and H,O, respectively.
These represent the two endpoints of the complex harmonic variable interval
within which all the 25 studied resonances reside. To avoid clutter, numbers
for the remaining 23 resonances on both sides of the circumference |z| =1 are
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Figure 4.2 Time signal (panels (i), (ii)) and the corresponding absorption total shape spectra
(envelope) in the FPT®) (panels (iv), (v)) and FFT (panel (vi)). The initial convergence regions in
the FPT™ and FPT(), inside and outside the unit circle, respectively, are shown on panel (iii).
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not written on panel (iii). These numbers will be shown in Figure 4.6 and 4.7,
whereas the corresponding acronyms for the metabolites shall be depicted
in Figure 4.5. Panels (iv) and (v) in Figure 4.2 display the two Padé absorp-
tion total shape spectra from the Heaviside partial fractions of the FPT™
and FPT™, respectively, computed using a quarter signal length (N /4 = 256).
These results are identical to those obtained with N/2 =512 and N =1024.
Panel (vi) in Figure 4.2 presents the Fourier absorption total shape spectrum
evaluated via the FFT using the full FID with N =1024. A comparison of pan-
els (iv)—(vi) in Figure 4.2 reveals that zero-valued spectra are obtained from
the difference between any two selected pairs of these spectra.

In Figure 4.3, we present the absorption total shape spectra computed by
the FFT (left column) and FPT" (right column) at three partial signal lengths.
On panels (i) and (iv) in Figure 4.3, the most dramatic difference between the
FFT and FPT" is seen at the shortest signal length (N/8=128). Here, the
FFT presents little meaningful spectroscopic information. In contrast, with
the FPT", at N/8 = 128, several major peaks are clearly delineated, such as
NAA, Cre, Cho, etc. On panel (ii) at N/4 =256, the FFT has still not predicted
the correct height of even the largest resonance (NAA) around 2 ppm, and
simultaneously, a number of other peaks are unresolved. On the other hand,
with the FPT'” shown on panel (v) at N/4 = 256, full convergence of the total
shape spectrum is reached. At half signal length N/2 =512 (not shown), the
height of the NAA peak in the FFT is still too short, thus causing the lack
of convergence for the whole Fourier spectrum. However, on panel (vi) at
N/2 =512, the FPT"” maintains its complete convergence by pole-zero can-
cellations. Overall, it is seen from Figure 4.3 that the FPT” converges faster
than the FFT as the partial signal length is gradually augmented. Moreover,
the FPT" produces no Gibbs ringing in the process of converging in a steady
fashion as a function of the increased partial signal length, Np. This is in sharp
contrast to other existing parametric estimators that are usually unstable as
a function of Np, typically undergoing wide oscillations with unacceptable
results before eventually converging if they do at all.

At this point, it is instructive to juxtapose to Figure 4.3, a similar Fourier
and Padé convergence patterns from Figure 4.4 for a time signal of the total
length N =2048 and bandwidth = 6001.5 Hz encoded through MRS at 4T in
Ref. [72]. Panel (i) at N/16 =128 in Figure 4.4 for the FFT shows merely some
broad bumps throughout the spectrum. Although the situation is improved
on panels (ii) and (iii) at N/4=>512 and N/2=1024, the FFT is still unable
to yield the correct ratio of the important peak heights for Cre and Cho. In
particular, by exhausting even one half of the full signal length, the Fourier
spectrum from panel (iii) has not reached convergence. In contradistinc-
tion, the Padé spectrum computed by the FPT" variant at N/2=1024 has
fully converged on panel (vi). Even at shorter signal lengths N/16 =128 and
N/4 =512 from panels (iv) and (v), the Padé spectra exhibit good resolution
for a number of the dominant peaks. Thus, the FPT'” predicts nearly 90% of
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Figure 43 Convergence rate as a function of the partial signal length Np at the fixed band-
width, 1000 Hz. Fourier (FFT, left panel) and Padé (FPT(), right panel) absorption total shape
spectra computed using the time signal from Figure 4.2 at different partial signal lengths, as
well as at the whole FID (N =1024).
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Figure 4.4 Fourier (FFT, left column) and Padé (FPT(™), right column) absorption total
shape spectra computed using the time signal (divided by 10%) at the partial signal lengths
N/16 =128,N/4 =512, and N/2 =1024 on the top, middle, and bottom panels, respectively,
where the full signal length is N = 2048, as experimentally measured in Ref. [72] at 4T from
brain occipital gray matter of a healthy volunteer.
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the height of the NAA peak around 2.0 ppm at N/16 =128 on panel (iv), as
opposed to a practically structureless FFT spectrum from panel (i). This com-
parative analyses of Figures 4.3 and 4.4 establish that a faster convergence
rates of the FPT"” relative to the FFT found for a synthesized FID is also con-
firmed with an experimentally measured time signal [72]. To this end, the
FPT needs only either a quarter (Figure 4.3) or one half (Figure 4.4) of the
full signal length. With such an achievement, the FPT" effectively improves
the signal-to-noise (SNR) ratio of the generated spectrum since the unused
second half of the FID is mainly noise. This is advantageous relative to the
FFT, which converges only when using the full length N =1024 or N =2048
for the synthesized or encoded FID.

Returning to the synthesized FID, Figure 4.5 compares the results of recon-
structions by the FPT” and FPT (left and right columns). The pertinent
details with regard to panels (i) and (iv), as well as (ii) and (v) of Figure 4.5
have already been presented in Figure 4.2. Nevertheless, further important
information is presented on panels (ii) and (v) in Figure 4.5 for the absorption
total shape spectra by displaying the usual acronyms that locate the positions
of the major MR-detectable metabolites associated with resonances stem-
ming from FIDs encoded via MRS from a healthy human brain. Here, the
same abbreviations for several resonances (Cho, Glu, NAA) are seen at more
than one chemical shift. This is a consequence of the so-called J-coupling
[1]. On panels (iii) and (vi) in Figure 4.5, the absorption component shape
spectra are presented for each individual resonance. The sums of all of such
component shape spectra yield the associated total shape spectra from pan-
els (ii) and (v) in Figure 4.5. Once again, it is seen on panels (iii) and (vi)
in Figure 4.5 that only a quarter N/4 =256 of the full FID is necessary for
both the FPT® and FPT™ to fully resolve all the individual resonances,
including the peaks that are isolated (n;=38§,9,10,13,18,19,20,21,24,25),
overlapped (1, =1,2;n; =3,4;n; =5,6,7,n; = 14,15; n; =16, 17), tightly over-
lapped (n; =22,23), as well as nearly degenerate (17 =11, 12). Furthermore,
panels (iii) and (vi) of this figure show that the component shape spectra
coincide in the FPT® and FPT® as in Figure 4.2. Such an equivalence of
these two variants is due to the uniqueness of reconstructions in the fast
Padé transform. This is in sharp contrast to the nonuniqueness of all fitting
techniques.

Figure 4.6 reveals further insights into the exact quantification within the
FPT™. As was previously the case in Figures 4.2 and 4.5, all the obtained
results are for N/4 =256. The absorption total shape spectrum is shown on
panel (iv) in Figure 4.6, in which the individual numbers of resonances are
located near the related peaks. Thus, each well-resolved isolated resonance
is marked by the corresponding separate number, for example, n; =8, 9, etc.
Similarly, the overlapped, tightly overlapped, and nearly degenerate reso-
nances are labeled as the sum of the pertinent peak numbers, for example,
m=1+4+2 or n;=5+6+7, etc. On panel (v) in Figure 4.6, the absorp-
tion component shape spectra of the constituent resonances n; =1 — 25 are
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shown, and all the individual numbers are indicated for an easier compar-
ison with panel (iv) on the same figure. Thereby, the hidden structures are
well delineated in these component shape spectra. These hidden resonances
are are overlapped (n; =1+2,3 44,54+ 647,14 + 15,16 4 17), tightly over-
lapped (n; =22+ 23), and nearly degenerate (n; =11+ 12). As seen on
panel (v), most resonances, for example, n; =5 — 24 are rather narrow as
implied by the relatively small values of Im(v;"). Thus, these imaginary fre-
quencies are quite close to the real axis. As a result, these resonances are
seen on panel (vi) in a group in the middle part of this subplot. In contrast,
panel (vi) in Figure 4.6 shows wider resonances, for example, n; =1 — 4 and
n; =25 with larger values of Im(v;"). Thus, such imaginary frequencies are
deeper in the complex plane, and these resonances are quite distant from
the real axis, as observed on the far left and the far right parts of panel (vi).
Besides panel (vi) in Figure 4.6, graphic presentations of the reconstructed
and the input data for the spectral parameters are also presented on panels
(i)-(iii). Panel (i) in Figure 4.6 depicts the distribution of the absolute values
of the amplitudes at different chemical shifts. It follows from panel (i) that
the quantities |d;| do not represent the heights of the absorption peaks from
panels (iv) and (v). Instead, the absorption peak heights are directly propor-
tional to the quotient |d; |/Im(v{"), as it should be with any Lorentzian. Thus,
in Figure 4.6, panel (ii) displays the distribution of these latter quotients
of the absolute values of the amplitudes and the imaginary frequencies. It
can be observed from panel (ii) that all the 25 ratios |df|/Im(v,") are, in
fact, proportional to the heights of the corresponding peaks in the absorp-
tion component shape spectra from panel (v) in Figure 4.6. Panel (iii) from
Figure 4.6 shows, in the complex z* —plane, the distribution of the Padé poles
using the complex harmonic variable z; . This is the zoomed version of panels
(iif) or (i) from Figures 4.2 or 4.5, respectively. The difference is in displaying
only the first quadrant in Figure 4.6 since the rest of the complex z*—plane
does not contain any genuine resonance. Note that on panel (vi), both Re(v;"

and Im(v;") are shown in descending order when proceeding from left to
right on the abscissa or from bottom to top on the ordinate in Figure 4.6.
This convenient layout reveals that all the Padé poles n; =1 — 25 are aligned
from right to left regarding the abscissa. The same poles n; =1 — 25 are also
packed together near the circumference (|z| =1) of the unit circle in such a
way that they follow each other according to their consecutive numbers from
inside the unit circle by being aligned upward with respect to the ordinate,
as per panel (iii). Panel (iii) in Figure 4.6 shows that the poles contained in
the harmonic variable z; in the polar coordinates are less scattered from each
other relative to the associated distributions of the complex frequencies from
panel (vi) in the rectangle Descartes coordinates. The reason for this is in the
exponential function of the complex frequency, which is plotted on panel (iii),
whereas the frequency itself is shown on panel (vi) in Figure 4.6. It is seen on
panel (iii) in this figure that all the genuine poles retrieved by the FPT" are
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found inside the unitcircle (|z| < 1), as expected. Note that narrow resonances
ny =5 — 24 are shown to be near the circumference (|z| =1) of the unit circle.
On the other hand, the wide resonances seen on panel (iii) in Figure 4.6, such
as 1, =1 — 4 and ny =25, lie further from the borderline |z| =1.

Figure 4.7 is similar to Figure 4.6 in many ways. The difference is that
Figure 4.7 displays the results of the FPT™ . The interpretation of the results
from the FPT™ as presented on panels (i), (ii), and (iv)-(vi) in Figure 4.6
holds as well with respect to the corresponding findings from the FPT
shown on panels (i), (ii), and (iv)—(vi) in Figure 4.7. This observation emerges
from the fact that the FPT™ and FPT" generate indistinguishable spec-
tral parameters for the same number of signal points, N/4 =256. However,
panel (iii) differs for Figures 4.6 and 4.7 since the information presented
in these plots relates to the two complementary regions of the initial con-
vergence, inside and outside the unit circle, for the FPT®™ and FPT",
respectively. In order to match the configuration from panel (iii) in Figure 4.6,
the Padé poles contained in the harmonic variable z; as displayed in the
complex z —plane on panel (iii) in Figure 4.7 are plotted with the values of
Im(z;) in ascending order when going from bottom to top of the ordinate.
This is in contrast to the ordering of Im(z;) on panel (iii) in Figure 4.6 as
anticipated because Im(z;) > 0 and Im(z;) < 0. Thus, in reconstructions by
the FPT®™ and FPT, the harmonic variables z] and z; are located in the
first and the fourth quadrant of the complex z*— and z~—planes, respec-
tively. This is apparent on panel (iii) of Figure 4.2 or on panels (i) and (iv) in
Figure 4.5. Furthermore, on panel (iii) in Figure 4.7, all the resonances recon-
structed by the FPT" are observed to lie outside the unit circle (|z| > 1), as
expected. A careful inspection reveals that the kth heights |4, |/Im(v;") shown
on panels (ii) in Figures 4.6 and 4.7 do not fully match the corresponding
tops of the kth peaks in the component shape spectra d;z*'/(z — z) from
panel (v). This is explained by the fact that the heights |d;|/Im(v;) are due
to the lineshapes d; /(w — w;’) rather than to the presently adopted spectra
diz®'/(z — z;). The former and the latter lineshapes are given in terms of the
angular frequencies {w, w;} and harmonic variables {z*!,z '}, respectively,
where z*! = exp (Liwt) and z;" = exp (Liwy1).

In Figure 4.8, we display the absorption component shape spectra (left
column) and total shape spectra (right column) from the FPT computed
near full convergence at three partial signal lengths Np =180, 220, 260. The
three panels on the right column for the total shape spectra have all reached
full convergence. However, on the left column for the corresponding com-
ponent shape spectra, full convergence is achieved only at Np =220, 260.
On panel (i) for the component shape spectra at Np =180, peak n; =11
is absent, and peak n;=12 is overestimated. Furthermore, the area of
the 12th peak is overestimated by the amount of the area of the absent
11th peak. As a consequence of this latter compensation, the total shape
spectrum has not reflected that either shortcoming had occurred. Namely,
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Figure 4.7 Configurations of the reconstructed spectral parameters in the FPT(™). Panel (i):
the absolute values |d, | of the amplitudes d, at the corresponding chemical shifts, Re(v, ).
Panel (ii): the ratios |d, |/Im(v, ) that are proportional to the peak heights. Panel (iii): distribu-
tions of poles via the harmonic variable z,~ in the complex z~ —plane. Panel (vi): distributions
of the fundamental complex frequencies v, in the complex v~ —plane.

the total shape spectrum on panel (iv) for Np =180 reached complete con-
vergence even though peak n; =11 was missing and peak n; =12 was
overestimated. We verified that this full convergence is also conformed
by the corresponding zero-valued spectra for the residual Re(P/Qx)[N] —
Re(Px /Q)[Np] (N =1024, Np =180, 220, 260).

The left column in Figure 4.9 shows again the Padé absorption compo-
nent and total shape spectra but this time superimposed on top of each other
at Np=180,220,260. This is particularly illuminating on the right column
in Figure 4.9 with the corresponding three consecutive difference spec-
tra on panels (iv): Re(Px/Qx)[220] — Re(Px/Qx)[180], (v): Re(Px/Qx)[260] —
Re(Py/Qx)[220], and (vi): Re(Px/Qx)[260] — Re(Px/Qx)[180]. These three
consecutive difference spectra, built from the corresponding total shape
spectra, are seen as identical on panels (iv), (v), and (vi) in Figure 4.9, despite
the lack of convergence of the component shape spectrum from panel (i) in
the same figure. Hence, we can conclude that while obtaining the residual
or error spectra at the level of background noise may be a necessary condi-
tion, this is not sufficient for judging the reliability of estimation in practice.
Therefore, it is recommended to pass beyond the point where full conver-
gence of the total shape spectra has been reached for the first time (in this case
above Np =180) in order to verify that anomalies as seen on panels (i) and
(iv) of Figure 4.9 do not occur in the final results. Such final results obtained
for Np =220 and 260 are displayed on panels (ii) and (iii) in Figure 4.8 for
the components, as well as panels (v) and (vi) for the envelopes. Clearly,
for consistency, monitoring the stability of the component spectra should
be done together with the inspection of the constancy of the reconstructed
genuine spectral parameters.

Signal-noise separation (SNS) by Froissart doublets within the FPT®
and FPT is illustrated in Figures 4.10 and 4.11 for the noise-free and
noise-corrupted time signals, respectively. Only a small number of all the
obtained Froissart doublets appears in the shown frequency window in
Figure 4.10. The selected subinterval 0-6 ppm is important because all the
MR-detectable brain metabolites lie within this chemical shift domain of the
full Nyquist range. Froissart doublets as spurious resonances are detected
by the confluence of poles and zeros in the list of the Padé-reconstructed
spectral parameters.

It is seen on panel (i) in Figures 4.10 and 4.11 that the FPT" disentangles
the physical from unphysical resonances by the opposite signs of their imag-
inary frequencies. In other words, the FPT™ provides the exact separation
of the genuine from any spurious contents of the investigated noise-free and
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Figure 4.8 Absorption component shape spectra (left) and absorption total shape spec-
tra (right) from the FPT(™) near full convergence for signal lengths Np = 180,220, 260. On
panel (iv) for Np =180, the total shape spectrum reached full convergence, despite the fact

that on panel (i) for the corresponding component shape spectra, the 11th peak is missing
and the 12th peak is overestimated.
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Error Analysis in FPT O via Shape Spectra (Component & Total: Left, Residual: Right); FID Length: NP:1 80,220,260

Absorption Component and Total Shape Spectra Residual Spectrum: Subtraction of 2 Total Shape Spectra
18 : : : : = 12 T T T T
3
PADE: FPT®) B,=1.5T =
N, =180 S 8 N_ = 180, 220 B =1.5T -
144 54647 L - P 0
X
§ Converged (total only) g 41 Converged B
g 10 14+15 o
X 1 r Koy
g T o
| X 16+17 |
8 =)
12 =
344 142 IO NS
13 = - (=) (=), .
¥ -8 FPT™(220) - FPT(180)
I kol
0 - 7 7 T £ -12 L L L .
5 4 3 2 1 5 4 3 2 1
(i) Chemical shift (ppm) (iv) Chemical shift (ppm)
Absorption Component and Total Shape Spectra Residual Spectrum: Subtraction of 2 Total Shape Spectra
18 . . . . = 12 T T T T
T
PADE: FPT®) B=1.5T =
N, =220 I 8 N_ =220, 260 B =1.5T
144 54647 L N P 0
X
’(:“T Converged (both) Q 4 Converged B
= 10 14415 ID.!
X 1 r Koy
g T o
|n-¥ 16+17 |
5 g
o Q -4} .
x
<
nx 8f FPT)(260) - FPT)(220) R
T
L, _12 ! ! ! !
5 4 3 2 1
(i) Chemical shift (ppm) (v) Chemical shift (ppm)
Absorption Component and Total Shape Spectra Residual Spectrum: Subtraction of 2 Total Shape Spectra
18 . . . . = 12 T T T T
PADE: FPT®) B=1.5T <
N, =260 S 8F  N_=180,260 B=15T -
14 54647 L - P 0
x
"%‘ Converged (both) g 41+ Converged -
g 10 14415 h_x
X 1 - K
g T o
| X 16+17 |
= : e
o o2 L & a4t i
a4 12 5:4
L -8f FPT)(260) - FPT)(180) R
I T
0 T ¥ 7 T £ -12 L L L L
5 4 3 2 1 5 4 3 2 1
(iii) Chemical shift (ppm) (vi) Chemical shift (ppm)

Figure 49 (Continued)



250 Dzevad Belki¢

Figure 49 Residual or error spectra and the reconstruction quality. Left: absorption total
shape spectra superimposed on top of the corresponding component shape spectra in
the FPT(™) near full convergence for signal lengths Np =180,220, 260. Right: Consecutive
difference spectra for absorption total shape spectra in the FPT(™) with signal lengths
Np =180, 220, 260. All the residual or error spectra on the right column are equal to zero
indicating full convergence of the absorption total shape spectra at all the three partial
lengths Np =180, 220, 260. However, not all the absorption component spectra on panel (i)
converged since here, at Np =180, the 11th peak is not yet reconstructed.

noise-corrupted time signals. By contrast, in the FPT depicted on panel (ii)
in Figures 4.10 and 4.11, genuine and spurious resonances are mixed together
since they all have the same positive sign of their imaginary frequencies.
Nevertheless, the emergence of Froissart doublets also remains evidently
clear in the FPT® via coincidence of poles and zeros, with the ensuing
unambiguous identification of spurious resonances. Precisely due to pole-
zero coincidences, each Froissart doublet has zero-valued amplitudes as seen
on panel (iii) in Figures 4.10 and 4.11. This result, as another signature of
Froissart doublets, represents a further check of consistency and fidelity of
separation of genuine from spurious resonances, and this is the basis of the
concept of SNS.

The only difference between Froissart doublets for the noise-free {c,} and
noise-corrupted {c, +r,} time signals from Figures 4.10 and 4.11, respec-
tively, is that the latter are more irregularly distributed than the former. This
is expected due to the presence of the random perturbation {r,} in the noise-
corrupted time signal. However, this difference is irrelevant since the only
concern to SNS is that noise-like or noisy information is readily identifiable
by pole-zero coincidences. Note that the full auxiliary lines on each subplot
in Figures 4.10 and 4.11 are drawn merely to transparently delineate the areas
with Froissart doublets.

Once the Froissart doublets are identified and discarded from the whole
set of the results, only the reconstructed parameters of the genuine res-
onances will remain in the output data. Crucially, however, the latter set
of Padé-retrieved spectral parameters also contains the exact number Kg
of genuine resonances as the difference between the total number K of all
the found resonances and the number K of Froissart doublets, K; =K — K.
In Figures 4.10 and 4.11, we used a quarter of the full signal length
Np=N/4=1024/4 =256, which corresponds to the Padé polynomial degree
K =128 in spectra Pi /Qx. In the whole Nyquist range, the FPT® and FPT"
find 103 Froissart doublets, K; =103 (all not shown). Therefore, the number
K¢ of genuine resonances reconstructed by the FPT™ and FPT is given
by K;=128 — 103=25, in exact agreement with the corresponding value
of the input data. Overall, Froissart doublets simultaneously achieve three
important goals: (1) noise reduction, (2) dimensionality reduction, and (3)
stability enhancement. Stability against perturbations of the physical time
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Figure 410 A subset of the whole set of Froissart doublets in the FPT®® at a quarter
N/4 =256 of the full length (N =1024) of a noise-free time signal. On panel (i), the FPT")
achieves a total separation of genuine from spurious resonances that are mixed together
in the FPT(™) on panel (ii). Panel (iii) shows genuine and spurious amplitudes in the FPT®).
The reconstructed converged amplitudes are identical in the FPT") and the FPT(™). All the

spurious amplitudes are zero-valued.
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Figure 411 A subset of the whole set of Froissart doublets in the FPT™® at a quarter
N/4 =256 of the full length (N =1024) of a noise-corrupted time signal. On panel (i), the
FPT(™) achieves a total separation of genuine from spurious resonances that are mixed
together in the FPT(™) on panel (ii). Panel (iii) shows genuine and spurious amplitudes in the
FPT®). The reconstructed converged amplitudes are identical in the FPT™") and FPT(™). All
the spurious amplitudes are zero-valued.



Parametric Analysis of Time Signals and Spectra 253

signal under study is critical to the reliability of spectral analysis. The main
contributor to instability of systems is its spurious content. Being inherently
unstable and incoherent, spuriousness is unambiguously identified by the
twofold signature of Froissart doublets (pole-zero coincidences and zero-
valued amplitudes) and as such discarded from the output data in the FPT.
Only the genuine information that is stable and coherent remains.

Small amplitudes are the cause for great instability of spurious resonances
such as Froissart doublets. This is in sharp contrast to the stability of genuine
resonances. Such a diametrically opposite behavior of physical and unphys-
ical resonances greatly facilitates the task of distinguishing one from the
other. In practical computations, this is easily accomplished by merely mon-
itoring the Padé table when passing from one Padé approximant P (z*')/
Qi (z*) to Py, (z*)/Qi.n(z®) (m=1,2,3,...). When the order K of the FPT
changes, we observe that the parameters of some resonances are robustly sta-
ble, whereas the others exhibit great instability. Then the former resonances
are identified as genuine and the latter as spurious. In practice, the first feature
that is easily spotted in a long output table of spectral parameters from the
FPT are literally hundreds of zeros or near-zeros in the column of the recon-
structed amplitudes at certain frequencies. These will represent spurious,
noise, or noise-related resonances that, in turn, can confidently be dropped
from the Padé output list only if the corresponding pole-zero coincidences
are observed at the same frequencies. Very feeble resonances cannot be dis-
carded merely on the basis of smallness of their peak heights. For example,
in medical diagnostics via MRS, certain true metabolites of diagnostic rele-
vance could well have weak concentrations in the scanned tissue. Only in
the case of a correlation between almost zero intensities and pole-zero near-
confluences, we could identify /discard spurious resonances with fidelity.

There are many different procedures in various processors for attempting
to improve SNR. One of them also exists in the forward and root-reflected
backward linear predictor (FB-LP) [10]. Here, the unphysical poles yielding
diverging harmonics from the backward recursion are superficially forced
to lie inside the unit circle via the so-called root reflection. In addition, in
order to partially improve SNR, averaging is performed for the predictions
from the forward and root-reflected backward recursions. However, notice-
able instabilities exist when attempting to distinguish signal from noise
on the basis of near-equalities between poles generated by the forward
and root-reflected backward LP expansion coefficients of the characteris-
tic polynomial Q [11]. Such an obstacle is only partially mitigated by the
said averaging technique from [10]. Nevertheless, both the nonaveraged [11]
and the averaged [10] versions of this method exhibit a common draw-
back of potentially missing weak genuine components when comparing the
poles from the forward and root-reflected backward LP recursions. This is
opposed to the robust signal-noise separation in the fast Padé transform via
the FPT®, which exploits its additional degree of freedom via the numerator
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polynomial P. The latter is absent from all the variants of the LP model, as
well as from the autoregressive processor. It is precisely this extra flexibility
in the FPT, which sets the stage for the emergence of pole-zero confluences
with the resulting null amplitudes that subsequently enable the Froissart
strategy to naturally filter out all redundancies via spurious or unphysical
resonances from the reconstructed data.

30.2. Cell surviving fractions after irradiation: Padé-linear quadratic
(PLQ) model

Finally, we shall illustrate the remaining application of the Padé approximant
from Section 29 dealing with cell surviving fractions Si(D) after irradiation
through the absorbed dose D. To this end, Figure 4.12 is presented to compare
experimental data with the LQ and PLQ models. Shown are the curves of cell
surviving fractions Sg(D) and reactivity R(D) = —(1/D) In (S¢) on the top and
bottom panels, respectively. It is seen that the PLQ model compares more
favorably than the LQ model relative to the displayed experimental data.
The top panel indicates that the LQ model is relatively satisfactory for S¢(D)
up to about 6 Gy. Thereafter, S{'? (D) decreases too fast due to the dominance
of the Gaussian e ** over the exponential e " at larger values of D. By
contrast, S “?(D) is in a good agreement with measurement at all doses. In
particular, at larger D, it can be seen from the top panel that the PLQ model
exhibits a smooth transition to the high-dose asymptote Sy ? (D) ~ e /Do
similarly to the experimental data. As mentioned in Section 29, for the present
illustration, we constrained the 3rd adjustable parameter y to the relationship
y = BD,. Here, D, is the reciprocal of the final slope, considered as the input
data, which is taken from the semilogarithmic graph of the measured cell
survival curve Si(D). With this constraint, which is not mandatory, the PLQ
model possesses only two unknown parameters («, 8), as does the LQ model.
However, the reconstructed numerical values of @ and 8 are different in these
two models, as can most clearly be seen from the bottom panel of Figure 4.12.
Here, the curves for R(D) in the LQ and PLQ models have two different
interception points with the ordinate. Therefore, the numerical values for the
initial slope & are unequal in these two methods. We have R*?(D) = « + 8D
and R"9(D) = (a + BD)/(1 + yD), where « is the interception of the reac-
tivity line with the ordinate at D = 0. Reactivity is seen on the bottom panel
in Figure 4.12 to be a straight line and a rectangular parabola in the LQ and
PLQ model, respectively. This so-called Fe (full-effect) plot (reactivity versus
dose) is instructive, since any departure of experimental data from a straight
line indicates the inadequacy of the LQ model, as evident from the bottom
panel of Figure 4.12. At high doses, R*? (D) increases indefinitely, and this is
at variance with the measured values that tend to a constant, which for large
D is also predicted by the PLQ model R™?(D) — B/y = 1/D,. This high-
dose saturation effect in the reactivity is a direct consequence of the limited
amount of the enzymes that are available for repair of radiation-damaged
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Figure 412 Cell survival fractions Sg(D) as a function of absorbed radiation dose D in Gy
(top panel). The bottom panel is the so-called reactivity R(D) given by product of the recip-
rocal dose D' and the negative natural logarithm of S¢(D), as the ordinate versus D as the
abscissa. Experiment (symbols): the mean clonogenic surviving fractions Sg(D) (top panel)
and R(D) = —(1/D) In(S¢) (bottom panel) for the Chinese hamster cells grown in culture and
irradiated by 50 kV X-ray [73]. Theories: solid curve — PLQ (Padé Linear Quadratic) model and
dotted curve — LQ model (the straight line « + BD on the bottom panel).
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cells. For sufficiently large D, the number of lesions is accumulated to such an
extent that the enzyme molecules become effectively incapable of repair after
which point every radiation damage is essentially lethal. This saturation of
the enzyme repair system is the signature for the switch from the cell repair
to the cell kill mechanism. It is possible to make another improvement of the
dose-effect relation by redefining D. Repair will modify D, and this can be
described by introducing a biological dose Dy defined as DyP(0) = D. Here,
P(0) is the repair-based Poisson probability P(0) = e *"® (i is a constant in
units Gy ') for the number of cells that experience no events during a repair
time 7 (and thus are certain to survive) when they are expected to receive
the dose Dg. Thus, for the given dose D, the repair-modified dose Dg is
defined by the real-valued solution of the implicit transcendental equation
Dge s = D. To solve this equation, we expand e " in powers of Dy. The
obtained series is inverted to express Dy as an expansion in powers of D.
The final result is Dy = (1/n) > -, (K /k!)(uD)* = (1/w)T(uD), where T
is the Euler tree function, which is related to the Lambert W function by
T(y) = —W(—y). This yields the biological effect Ez = Dy to all orders as
Ey = aD + D + (3/2)(B?/a)D? + (8/3)(B°/o*) D* + (125/24) (B*/a*)D° + - --
= (&®/B) Y po (K /KD (BD/a)* where B = pa. The corresponding cell surviv-
ing fraction is S (D) =e ™ =exp (—[a?/B] Y 1, [K' /KN[BD/a]) or S’ (D) =
exp(—aD — BD?* —[3/2][*/a]D° — [8/3][8*/*]D* — [125/24][B* /] D" — - - -).
Thus, S(FLQ) (D) is a low-dose limit of S&’ (D) obtained if only the first two
leading terms oD + BD? are kept. The test ratio implies that the series from
E; or S;B)(D) converges for D < («/B)P,, where Py = 1/e ~ 1/2.7183 ~ 0.3679
is the probability at D = D, for which the repair-free cell surviving fraction
e P/Po drops by a factor of ~1/e or by ~36.79%. However, besides the above
series the definitions W(x)e"™ = x and T(x)e "™ = x permit several alter-
native representations for W, T, E; and S;B) (D), including certain Padé-type
approximations [74]. A further analysis of S’ (D) will be reported shortly.

31. CONCLUSIONS

The Padé approximant (PA), as a ratio of two polynomials, is the most known
rational function. In physics, this polynomial quotient represents the finite
rank representation of the Green function or the energy spectrum of a gen-
eral system. Energy or frequency spectra of a generic system are completely
described by the fundamental sets of all the physical poles and zeros. Such
key characteristics are directly ingrained in the very form of the PA because
its numerator and denominator polynomial give rise to the system zeros
and poles, respectively. In spectral analysis and signal processing, the PA
is equivalently called the fast Padé transform (FPT). This was done to high-
light the fact that the direct and inverse transformations within the FPT from
the time to the frequency domain and vice versa are possible with no loss
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of information. More specifically, from the analytically available expansion
coefficients of the continued fraction that are implicit in the FPT, the original
noise-free and/or noise-corrupted time signal points can be retrieved exactly.
This feature in itself is the key to the definition of a transform from the time to
the frequency domain and vice versa. The most often employed qualitative
method for this type of transformation has been the fast Fourier trans-
form (FFT), which is commercially built into spectrometers for physics and
chemistry, as well as in scanners for medicine.

The FFT provides only an overall total shape spectrum in the frequency
domain, which represents an envelope of all concentrations of molecules in
the structural studies of matter. However, the goal is precisely to extract the
information that is underneath this envelope, namely the component spec-
trum for each molecule. Since this is impossible within the Fourier analysis,
the customary procedure has been to resort to fitting the total shape spectrum
from the FFT by adjusting the entire envelope to a subjectively preselected
number of components. The number of molecules and their abundance or
concentrations are assessed in postprocessing the given FFT spectrum via
least-square fitting. The major drawback of this usual procedure in signal
processing is the lack of uniqueness since any number of preassigned peaks
can be fitted to a given envelope within a prescribed accuracy. This procedure
has not met with success in the interdisciplinary applications, including
medical diagnostics, because some physical molecules can be missed and
unphysical ones falsely predicted. Moreover, due to its linearity, the FFT
imparts noise as unaltered from the time domain to the frequency domain.
The FFT has no possibility of separating noise from the true signal. Each
molecule has one or more resonant frequencies. Besides concentrations, the
task is also to reconstruct these frequencies, known as chemical shifts. The
FFT cannot retrieve them since this method deals with the preassigned
Fourier grid frequencies as a function of the total acquisition time. This is the
main reason for which postprocessing the envelopes from the FFT is used by
fitting to surmise the underlying components.

On the other hand, the FPT simultaneously circumvents all these draw-
backs of the FFT. As a nonlinear transform, the FPT effectively suppresses
noise from the analyzed time signals. Most importantly, the FPT avoids
postprocessing altogether via fitting or any other subjective adjustments.
This is accomplished by a direct quantification of the time signal through
spectral analysis, which provides the unique, exact solution for the inverse
harmonic problem. This solution contains four spectral parameters (two
complex frequencies and two complex amplitudes) for each resonance or
peak in the associated frequency spectrum. From such spectral parameters,
the molecular concentrations are unequivocally extracted, thus bypassing
the ubiquitous ambiguities from fittings (underfitting associated with miss-
ing genuine molecules and overfitting corresponding to finding unphysi-
cal resonances). Moreover, the FPT succeeds in solving the most difficult
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problem in spectral analysis of time signals corrupted with noise by pro-
viding the exact separation of signal from noise. Identification of noise and
noise-like information is achieved in the FPT through the appearance of
Froissart doublets where poles and zeros coincide in the analyzed spec-
trum. As a double signature for signal-noise separation, the FPT detects
zero or near-zero amplitudes of Froissart doublets. In this way, genuine and
spurious resonances are unmistakably disentangled within the FPT.

The expounded features of the FPT have been confirmed in practice for
both theoretically generated and experimentally measured time signals. In
the present work, we report a part of this achievement as supporting evi-
dence for the most accurate reconstructions that are robust even against
computational round-off-errors. For concreteness, the concept of the versatile
and powerful Padé methodology and illustrations are presented specifically
for time signals encountered the field of nuclear magnetic resonance spec-
troscopy with clinical applications. However, there is no limitation whatso-
ever for wide applications of the FPT to any other field dealing with time
signals and spectra. Whenever the fast Fourier transform and the accom-
panying fitting are employed with all their ensuing ambiguities as obvious
drawbacks, the fast Padé transform comes to the rescue carrying out spectral
analysis of proven validity for reconstructing the hidden information from
the studied substance through unequivocal extraction of spectral parameters
of all the genuine resonances, including their true number.
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Abstract

In the development of different quantum chemical computational meth-
ods the main attention is paid to solving stationary many-body Schrodinger
equations. Recent developments in chemistry, physics, energy physics, and
materials science have brought forth a new class of problems where the
evolution of a system is considered. As in the stationary case correlation
effects are also important in the correct description of time-dependent
problems. The most rigorous approach to describe system evolution is based
on nonequilibrium Green'’s functions (or Keldysh functions). In chapter 2 we
provide a general description of some important properties of nonequilib-
rium Green's functions. In particular we introduce nonequilibrium Green's
functions on a Keldysh contour, describe the projection technique, and derive
Kadanoff-Baym equations. The application of nonequilibrium Green’s func-
tions to tunneling junctions is given in chapter 3. In this chapter the equation
for electric current is presented and Dyson equations for different nonequi-
librium Green's functions are derived. As the implementation of the proposed
methods, the particular numerical calculations of electric current in molec-
ular diodes and transistors are discussed. We also describe the application
of Keldysh functions to the calculations of photoelectric current in quantum
dot sensitized solar cells. The general equation for photocurrent is expressed
in terms of nonequilibrium Green’s functions, which can be found from the
proper Dyson equations. These equations contain arbitrary time-dependent
electric field in the dipole approximation. The importance of the application
of nonequilibrium Green'’s functions to various time-dependent problems is
emphasized in conclusions.

1. INTRODUCTION

One-electron picture of molecular electronic structure provides electronic
wavefunction, electronic levels, and ionization potentials. The one-electron
model gives a concept of chemical bonding and stimulates experimental
tests and predictions. In this picture, orbital energies are equal to ionization
potentials and electron affinities. The most systematic approach to calculate
these quantities is based on the Hartree-Fock molecular orbital theory that
includes many of necessary criteria but very often fails in qualitative and
quantitative descriptions of experimental observations.
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Following the advances of the many-body theory started in physics in
fifties and sixties of the twentieth century [1-8], many researchers in the-
oretical chemistry employed the ideas developed in physics and extended
them to systems with a finite number of electrons [9-21]. Different software
packages were developed soon [22] and applied to calculations of ionization
potentials and electron affinities of various chemical systems [23-29].
The calculations appeared to be efficient, and the results were amazingly
accurate.

The proliferation of experimental techniques in molecular electronics
[30, 31] requires the further development of sophisticated computational
methods to perform predictive calculations of conduction properties. The
success of the electron propagator methodology applied to molecules pro-
vides a hope that this method will be also successful in systems combined
from finite and infinite electron subsystems. In tunneling junctions, the
molecular bridge electrons interact with electrons from the leads, and there-
fore the electronic levels of the molecular subsystem are modified by this
interaction. Even if this interaction is small, there is finite dissipation result-
ing in the broadening of molecular levels. However, in the case of an
isolated molecule, the imaginary part of the molecular Green’s functions
is infinitesimally small. The most systematic approach is to use many-
body theory with a diagrammatic expansion with respect to the perturba-
tion. In a many-electron system, this perturbation is usually the Coulomb
interaction. In tunneling junctions, an interaction picture is different; there
are two interactions: (1) the interaction between the lead electrons and
the electrons in the bridge and (2) the Coulomb interaction within the
bridge. The interaction between the bridge and lead electrons makes this
problem substantially more complicated than molecular electronic struc-
ture calculations because of nonequilibrium conditions determined by the
difference in chemical potentials of the leads. In this case, the nonequilib-
rium Green’s function method has to be applied to find electric current in
molecular devices.

Another important application of nonequilibrium electron propagator
method is in quantum dot-sensitized solar cells. Indeed, to be competitive
with conventional energy sources, substantial improvements in the perfor-
mance and manufacturing cost of solar cells are needed to realize a system
cost well below $0.50/Wp. A critical aspect in reducing the module cost for
next-generation systems is improvement of the solar cell efficiencies beyond
the Shockley—Queisser limit for a single junction cell (~32%). This limit is
a consequence of the fact that photons below the bandgap of the absorber
are not collected, whereas each absorbed photon above contributes only the
energy of the electron-hole pair at the bandgap, independent of the photon
energy; the excess energy of photoexcited carriers is lost in a short timescale
through energy relaxation processes such as phonon emission. Kolondin-
ski et al. [33] proposed a way around this limit through the generation of
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multiple electron-hole pairs from a single photon through the creation of
secondary carriers using band-to-band impact ionization. Because this pro-
cess competes with phonon losses, the dynamics of carrier relaxation are
of crucial importance in realizing quantum efficiencies much greater than
unity. Particularly promising are quantum dot and nanocrystalline materi-
als [32, 34-39] where the reduced dimensionality of the system suppresses
the dominant optical phonon relaxation mechanisms. Indeed, the promis-
ing results on a two-electron transfer in sensitized QD solar cells have been
recently obtained in the study by the group of Parkinson, in which the value
of the photocurrent was increased by a factor of two if the frequency of light
was greater than a 2.8 times the gap energy value [32]. In such systems, elec-
tron transfers from an excitonic QD state to a semiconductor. The estimated
radius of the exciton is greater than a size of a quantum dot, and therefore
the QD electron subsystem is highly correlated. It is correlated not only by
e—e interactions but also by interactions with vibrations both in a QD and a
semiconductor. In addition, the electron transfer in such systems is mainly
nonequilibrium because of continuos light irradiation. Consequently, novel
methods that include e—e and e—ph correlations in strong nonequilibrium
environment have to be developed.

For such nonequilibrium processes, the direct mapping of the electron
propagator methods to calculations of electric current becomes inapplicable
because of the time-dependent nature of electric current in both pheno-
mena. A time-dependent problem requires the further development of the
theory of Green’s functions to electron dynamics in which e—e correlation
effects are taken into account. Such methodology already exists in physics
in which many-body ideas have been developed for time-dependent prob-
lems. This theory is based on nonequilibrium Green’s or Keldysh functions
[2,5, 6, 4046].

In this work, we present a brief introduction to the nonequilibrium Green’s
function method and discuss two important examples in which nonequli-
brium Green’s functions can be employed: (1) electric current calculations in
molecular tunneling devices and (2) in quantum dot—sensitized solar cells.

2. NONEQUILIBRIUM GREEN’S FUNCTION FORMALISM

2.1. Keldysh contour

In this section, we introduce the Keldysh formalism that allows for cal-
culations of different quantum correlation functions necessary for various
time-dependent problems. In our description, we follow the reviews of
Danielewitcz [42] and van Leeuwen and Dahlen [46, 47]. We embark our
discussion on the description of evolution of a system that is originally in sta-
tistical equilibrium. We are interested in an expectation value of an operator
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Oina grand canonical ensemble at temperature T:

(0) = Tr{p0}, (1)
where we denote

. e~ BEH-uN)

P= i @

Initially, at t < 0, the isolated system is described by the Hamiltonian H, that
does not depend on time. Thus, any expectation value averaged with the
density matrix p, is time-independent. At ¢ > 0, the system is disturbed by an
external time-dependent field. Then, the evolution of the expectation value

of operator O can be presented as follows:
(0) = Tr{aOu(®) = Tria U0, HO U, 0)), 3)

where the operator in the Heisenberg representation is OH(t) = a(O, t)
OUL(t,0). The evolution operator is determined from the following equations:

l,dll(t, ) _ I:Ij(t)ﬁ(t, 0,
i% = —HihUt, t)H(t) (4)

with the initial conditions ﬁ(t, )y =1. ﬁj(t) is the interaction representation
of the operator H' defined as follows:

Out) = exp [iHO(t - to)] O exp [—iHO(t - to)] (5)

The solutions of Eq. (4) are

t
Ut t) = Texp —ifdrﬁ;(r) t>t,
/

I

l:l(t, t) = %exp if drﬁl;(r) t<t. (6)

t
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The operator T rearranges the operators in the chronological order, whereas

the operator T is the antichronological operator. In addition, the evolution
operator satisfies the identity

U, Uk, ) = U, 1). )

An operator in the Heisenberg representation can be expressed in the
interaction representation as follows:

Ou(t) = Ulty, HOBO UL, 1), 8)

Assuming that in the density matrix, gy, HO, and N (a number of particle oper-

ator) commute, then g, can be rewritten in terms of the evolution operator U
with the complex time argument:

) exp [WN] (1(—iB,0)
Po = 1~ : ©)
Tr {exp| ] Ui, 0)}

Inserting this expression in Eq. (3), we obtain

Tr{exp| gl | U(=ig, 000, H0, (¢, 0))
Tr {exp [ﬂ,uN] Cl(—iﬁ,O)}

Oy = (10)

If we look at the time arguments in the evolution operator U from right to
left, we see that the contour begins from 0 — ¢t — 0 — —if. Such a contour
is called a Keldysh contour, y, [40] and is shown in Figure 5.1. The group
property (7) is also applicable to complex arguments on the contour. Using
this property, we can present Eq. (10) in the following way:

. Tr Iexp [ﬁ,uN] T. [exp [—ifch’HI(Z’)] OI(Z)”
(O) = —— ~ . (11)
Tr {exp [,BMN] T.exp [—ifc dz’Hl(z’)]]

The ordering operator T, places the operators in the Taylor expansion of
the T, exponent to the left with a later-in-time variable on the contour y.
The operators are taken in the interaction representation on the Keldysh
contour.
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Figure 5.1 The Keldysh contour in the complex plane with t’ on the forward branch and t on
the backward branch. The contour begins at t = 0 on the upper branch and ends at t = —i
on the vertical branch. Here “—” denotes the forward branch, whereas “+” represents the
backward branch.

2.2. Nonequilibrium Green’s functions

Before defining nonequilibrium Green’s functions, we introduce field oper-
ators (e.g., a fermion field) ¥ (r) and v/ (r) satisfying the following anticom-
mutator relation {&(r), 1}*(1")} = §(r — r'). The Green’s function on a Keldysh
contour is defined as

A A

Gz, 7)) = (r|G(z, 2)|Y) = —i{TAy(x, z)i/Af;,(r’z’)), (12)

where the field operators are taken in the Heisenberg representation. The
Green’s function operator (12) can be rewritten as follows:

G(z,2) =0(z,2)G™(z,2) +0(Z,2)G"(z,Z). (13)

The function 6(z,7z') is equal to 1 if z is later than z’ on the contour y and 0
otherwise. The “lesser” and “greater” Green'’s functions are defined as

—iG~(rz,Y7) = (Y, (*2)Pu(r,2)), (14)
iG™(rz,¥7) = (Yu(r, )V}, (r2)) (15)

Some interesting properties of nonequilibrium Green’s functions can be
proved. If we choose z = 0_ (here “—” corresponds to time on the upper
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branch of y and “+” to the lower one), which is the earliest time on the
Keldysh contour, then [47]

G(O,,Z/) = _eﬁ,LG(_iIB/Z/)/
G(z,0.) = G(z, —iB). (16)

These two identities are called Kubo-Martin-Schwinger boundary condi-
tions [47]. From the commutation relation, it follows that

1(GT =G (rz,¥z) =68(r — ). (17)
In addition, the following symmetry relation is true on the real axis:
[G=#,h] =-G~(t,1). (18)

These equations are important for solving Kadanoff-Baym equations.

2.3. Some useful relations

Green’s function belongs to a larger class of functions of two time-contour
variables that includes a divergent term as well:

k(z,z) = 68(z,2)K(z,Z) + 0(z,2)k™ (z,Z) + 6(Z,2)k~(z,2). (19)
Here a é-function on a Keldysh contour is defined as

do(z,z
8(z,7) = f:lz ).

As follows from Eq. (12), the Green’s function does not have a singular part,
but a self-energy operator, X, does have it [42]

Y(z,7) =8(z,2)2%(z,2) +0(2,2)27(z,Z) + 0(z,2) 2= (z,2). (20)

The Keldysh function space is rather complicated because it has two real-
time branches and one imaginary branch. Multiplication rules for operators
with time arguments from different branches were proved by Langreth [41]
and Wagner [48-50].
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Consider the following integral on the Keldysh contour:

c(z,2) = / dzia(z, z1)b(zy, 2). (21)

All three functions belong to the Keldysh space. For any function in the
Keldysh space, we define the greater and the lesser functions on the real-time
axis as

k() =k(t, b)) k(HE) = k(t_,t,). (22)

To account quantum correlations of the function between real and imagi-
nary times on the Keldysh contour, we additionally introduce the following
correlation functions:

Kt 1) =k(ty, 7) k'(z,t) = k(t,ty). (23)

The evaluation of the integral (21) is described in Ref. [47] and results in the
following relations (we follow the notation of Ref. [47]):

c=a-b4+a8 b +a % (24)
c=a"-b 4+a8 b +a xb, (25)

where the following definitions have been introduced:

f-g= / dtif (t)g(t) (26)
0
—ip

frg= / dof(r)g(n). (27)
0

In Eq. (24), we have defined the retarded and advanced functions as

KR(t, 1) =8, YK + 0t — ) [k (t,t) —k=(t,1)], (28)
Ki(t,t) =8t 0OK -6 — b [kt t) — k= 1)]. (29)
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It can be also proved that [47]

cf=a® b, (30)
c=at b (31)

The function with time arguments on both real and imaginary time branches
of the Keldysh contour can be presented in the following manner:

c=a®- b +a xb", (32)
where
M, t)=bz=r1,7Z =17). (33)
For the Matsubara component, the following relations holds true:
M= a" % aM. (34)

There is another class of identities different from the relations considered
earlier. These identities are the products of the functions:

c(z,Z) = a(z,z)b(Z, 2). (35)
For z # Z, the following identities are valid:
¢ =abs, ¢c=ab, d=ab, =4ab, M=aMM (36)
For retarded and advanced functions in the Keldysh space, we can write

R =aRb= +ab* = atb” + a7V,
A =a'b" +a"b® =a’b + a7 b° (37)
All these identities are useful in the evaluation of integrals in diagrammatic

expansions with respect to interaction and also in the derivation of equations
of motion.

2.4. The Kadanoff-Baym equations

For a perturbation, expansion for Green’s functions can be described in
the same manner as for ordinary Green'’s function [1, 3, 4, 6-8]. The only
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difference is in considering Green’s functions and self-energies in a Keldysh
space, with the rules discussed in the previous subsections. Besides a dia-
grammatic expansion, there is an alternative approach based on equation
of motion where Green’s function of the first order is expressed in terms of
Green’s function of the second order, the Green’s function of the second order
is expressed in terms of Green’s function of the third order, and so on. The
excellent presentations of this approach is given in Ref. [7]. Kadanoff and
Baym applied the equation of motion approach to nonequilibrium Green’s
functions [5]. They derived the following equations:

(z’% - ﬁ0> G(z,7z) =18(z,Z) + / dz:2(z,21)G(zy,2), (38)
G(z,7) Q% — ﬁo) =18(z,2) + / dz;G(z,21) 2 (21, 2). (39)

The external potential is included in these equations. The self-energy is
defined as a function or operator in the Keldysh space according to Eq. (20).
T obeys the Kubo-Martin-Schwinger boundary conditions (16). The ()-
projections of the Kadanoff-Baym equations can written as

0
(E—Ho)G ) =3 . G- + -G+ 21+ G/, (40)
] < <
G- (tt)(z——H0>:G>-EA+GR-2>+G1*ER 41)

The retarded and advanced projections can be easily found as

8 R A R R
<z§ _HO)GA(trt’) =13t t)+ X4 - G4, (42)
) . ]
GA(t 1) (1— —HO) =18t t) + G424, (43)

The (1, [)-projections obey the following equations:

0 ~
(za - HO) G'(t7)=2f G +3.GY, (44)

A
<z§ — HO>G((t,r) =3 .G+ xM.G (45)
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Finally, the equation for the Matsubara Green’s functions determines from
the following equation:

0 A o
(8_ — HO) GM(r,7) =18(t, 7)) + =M. GM. (46)
T

The Kadanov-Baym Egs. (40), (44), and (46) determine the evolution of a
quantum system in the most general way.

3. TRANSPORT IN TUNNELING JUNCTIONS

Here we embark on the application of nonequilibrium Green’s functions
in chemistry to molecular electronics. This problem is not traditional in
chemistry because it includes a single molecule placed between two semi-
infinite metal electrodes. A typical molecular device (a molecular wire) is
depicted in Figure 5.2. Besides its fundamental importance, molecular elec-
tronics is a field in which progress depends on improved techniques for
design and optimization of conducting structures at the atomic level [51].
The ability to perform predictive calculations on the conduction properties
of large molecules could facilitate efforts to understand and manipulate the
mechanisms that are responsible for electron transport. Given the diversity
of structures, which may serve as wires, an unbiased theoretical approach
based on ab initio methodology and not parametrized for a certain class
of molecules is likely to have advantages in the interpretation of conduc-
tion measurements and in the stimulation of chemical synthesis. Although
correlated ab initio propagator methods have been successful in comput-
ing spectra of large, isolated species [9-21], it is likely that an extension of

Figure 5.2  Dithiol molecule placed between to gold electrodes.
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these capabilities to the determination of nonequilibrium electronic proper-
ties would have considerable value, in cost and time, for those who would
construct and characterize molecular wires. Among these methods, electron
propagator techniques are known for their efficient generation of correlated
electron binding energies and Dyson orbitals, which are needed in the lead-
ing theories of electron transport. Because molecular electron propagators
that are expressed in a finite basis set have no imaginary parts, they exhibit
no dissipation [11]. Interaction of the bridge with the leads produces dis-
sipation that appears as the imaginary part of a nonequilibrium Keldysh
function. In tunneling junctions, the molecular bridge electrons interact with
electrons from the leads, and therefore the electronic levels of the molecular
subsystem are modified by this interaction. The most systematic approach in
many-body theory is a diagrammatic expansion with respect to the pertur-
bation. In a many-electron system, this perturbation is usually the Coulomb
interaction. In the case of tunneling junctions, there are two interactions: (1)
the interaction between the lead electrons and the electrons in the bridge and
(2) the Coulomb interaction within the bridge (in this work, we consider that
the lead electrons are noninteracting). Hence, we consider these two interac-
tions as perturbations. For noninteracting lead electrons, the expression for
electric current was obtained in Refs. [45, 52, 53].

_ ie dow L X B ) .
]_%/ZWF —THG™ + (fi = f)(G" = GY). 47)

Here I'LR ,(w) are line-broadening matrices defined as follows:

nyn

MR @) =71 [Virl,n) Vi (k) + c.c] 8 (0 — &) (48)
k

InEq. (47), G, G’, and G* are nonequilibrium Green'’s functions of the bridge
where the interaction between the bridge and leads’ electrons is included
in the Green’s functions. f; and f; are fermi functions of the left and right
leads, respectively. V, r(k, n1) is the matrix element of the interaction between
the electrons of the left (right) lead and the bridge electrons. To determine
the electric current, it is necessary to find Keldysh functions of the bridge
molecule. These Green’s functions are modified by the interactions with the
leads electrons.

To find nonequilibrium bridge Green’s functions, we develop a diagram-
matic technique with respect to Coulomb interaction in the bridge. Below,
we follow the presentation given in Ref. [54] in which we derive the Dyson
equations for bridge Keldysh functions that are modified by the tunneling
interactions. Then, we show that Dyson equations for bridge nonequilibrium
Green’s functions have the same topological structure as Dyson equations for
equilibrium Green’s functions (with no interaction with the leads). In these
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equations, the zeroth Green’s functions are modified by the interaction with
the lead electrons.

3.1. Keldysh functions for noninteracting bridge electrons:
the diagrammatic approach

The Hamiltonian that describes a tunnel junction is given by the following
expression:

H=H +Hg + Hy+ Y _{[Vik,m)cid, + hc] + [Velk, mbjd, +hc]}, (49)

k,n

where only in the bridge Hamiltonian, I:IM, we have included Coulomb
interaction between the electrons:

N L+
H, = E £,C,Cr,
k

I:IR = Z EII:b;bk,
k

ny,12,14,13 "1 1

. 1
Hmzzlsnd;dn—l—i >V d d d,.d,. (50)

ny,nz,n3,14

Here c;, ¢} are annihilation and creation fermi operators for the left lead elec-
trons, by, b; are the same but for the right lead electrons, and d,,, d, are creation
and annihilation operators for the bridge electrons. In Eq. (49), Vi r(k,n)
denotes the tunneling matrix element between the the kth electronic state of
the left (or right) lead and the nth bridge electronic state. In Eq. (50), V',
is a Coulomb integral in the bridge. ¢, £f, and ¢, stand for the single-electron
orbital electronic energies in the left lead, the right lead, and the bridge,

respectively.

3.2. Uncorrelated electrons in tunneling junctions

To understand the diagrammatic approach, which is introduced below,
we first determine the nonequilibrium Green’s functions for uncorrelated
electrons in the leads and the bridge on a Keldysh contour employing a dia-
grammatic expansion rather than the equation of motion [45, 52, 53]. For such
a system, the Hamiltonian is given by:

Hy=Y efcicc+ > efbib+ Y e,did,. (51)
k k n
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In this subsection, we calculate the Keldysh functions for the electrons in the
bridge. Nonequilibrium Green’s functions between the bridge, and left lead,
and left-lead-bridge electrons are defined in the following way:

Gt — ') =< Td,(Hd' (t) >, (52)
igh (t —t) =< Tep(bel () >, (53)
igho (t — ) =< Th(HbL(t) >, (54)
iGu(t —t') =< Td,(He,(t) >. (55)

The Keldysh functions for the right electrode should be defined in the same
manner. In Egs. (52)—(55), we use time ordering T on a Keldysh contour
[6, 40, 42, 45-47].

In the interaction representation, the bridge Keldysh functions are pre-
sented as follows:

ié(o) (t _ t/) =< T&n(t)alﬂ(t/)éc >, (56)

nm

where S, is a scattering matrix [1, 4-8, 45] with the time ordering on the
Keldysh contour y defined in section 2:

A ) . (=) - n .
Se= Texp(—z / dtlet(tl)) = Z(l—|) / d ... / At THu(t) - . Hy(h).
=0 ' c ¢

c

(57)
Here the operators for I:Lnt(t) are taken in the interaction representation:
;Zn(t) = eiﬂotdneii}:lm/
&) = eiﬁlotcke—iﬁlgr,
Bk(t) = Eiﬂutbkeﬂﬂot. (58)

In Eq. (57), Him in the interaction representation is defined as the interaction
between the lead and bridge electrons:

Hut) =Y ”VL(k, e (B, () + h.c.] + [VR(k, b (Hd, () + h.c.]} (59)
k,n

For simplicity, we consider only a left lead. The generalization to two leads is
straightforward. Since the interaction has an odd number of each operators
c and d (see Eq. (59)) and the Taylor expansion in the S-matrix in Eq. (57)
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contains only even terms, the nonequilibrium bridge Green’s function
yields:

~ ~ n . (—1)
GO~ 1) = < Ta,0d,05 >= Y S0 53 [ [ de
=0 : 2

kymy kapmgr
x <Td,(Hd’ () [VL(kl, nE, () (1) + h.c.] .

x [VL(kZ,, 1)E, (bl (Fr) + h.c.] >. )
It is apparent that different types of electrons should be averaged separately.
According to Wick’s theorem [1, 4, 6-8], the averages of the multiple products
of the operators in Eq. (60) can be decoupled into the product of Green’s func-
tions (paired operators). To find a Dyson equation, we regroup the infinite
sums in the following manner:

o0 _ ] s -
Got -1 =308 3 Y [dt [t < T, 0,60 >

=0 ka1-1,m21-1 karnar

X I:VL(kZIrnZI)VZ(kZI—lrnzl—l) < Takﬂ(tzl)a;yil (t2-1) >] [~--],(61)

where the rest of the series is presented in the brackets. Due to the sym-
metry of the integrand in the T-exponent series, t, and #,_; can be chosen
2[(21 — 1)/2 times. Therefore, the expression in the brackets is in fact the exact
Green’s function for the bridge electrons, iéfgm (t, — t). Thus, one obtains the
following Dyson equation for the bridge Keldysh function:

Got—t)=Got—t)+> [ dh / dbGO (t— ) EL, (h — B)GO, (t — 1),

ny,ny ¢

(62)

where the self-energy matrix is defined in the following manner:

E,(,?),nz (th —t) = Z {[VL(k1/ ﬂl)gilkz (t — tz)Vz(nzl kz)]

ky k2

+ [VR(kl/nl)g;I:]kz (t — tz)VE(lelkz)]} . (63)
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Figure 53  Diagrammatic representation of Dyson equation (62). A solid line denotes
the zeroth bridge Keldysh function, a wedged line stands for a linear combination of the
zeroth lead Keldysh functions determined by Eq. (63), and a dot represents a tunneling
transition.

In Eq. (63), the generalization to two leads has been made. Here the left
and right lead Keldysh functions are defined by Egs. (53) and (54). The
Dyson equation (62) is diagrammatically presented for noninteracting elec-
trons in Figure 5.3. In this figure, a solid line represents the zeroth bridge
Keldysh function, G?"(t — t'), and a wedged line defines a linear combi-
nation of zeroth lead Keldysh functions determined by Egs. (53) and (54):
ZkllszL(kl,nl)gilkz(tl — 1) Vi (ny, ky). The dot is interaction, V, that has been
included into the definition of a wedged line. The graph describes a pertur-
bation series with respect to |V/|>.

3.3. Renormalized zeroth Green’s functions

The nonequilibrium zeroth Green’s functions are determined by the Dyson
equations (62) and (63) on the Keldysh contour. The standard way to solve
these equations is to perform a Fourier transform and then solve the alge-
braic matrix equations for the Green’s functions. For the Keldysh functions,
this procedure cannot be implemented in a straightforward way because
of two time branches. Thus, we should find the Fourier transform for
each Keldysh function after applying the Langreth’s mapping procedure
described in Section 2 [41, 45]. In particular for GO<(t — t'), the Dyson
equation is given by

nm nny niny npm

t t
GO(t—t) =GO t—t)+ Y [dh / dtGO (t — 1) SO=(h — B) GO (t, — 1)
to

ny,np fo

t t
+3 [ an f LG (t — 1) (1 — )GV (1 — )
to

mo

t t
+y / dt, / d6GY (t — ) B (t — )G (1, — 1), (64)
to

mn g
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For GO%(t — t'), we obtain the following Dyson equation:

nm

nm nny niny npm

t t
GOt —t) =GOt —t)+ ) [dh / dt,GO(t — t)E" (h — )G (1, — t).
nq,ny to fo

(65)

Thus, the Fourier transform of Egs. (64) and (65) in a matrix form (here we
omit n, m for simplicity) yields, respectively:

é(0)<(w) — G(0)<(a)) + G(0)<(w)2(0)<(w)é(0)ﬂ(w)

+ GO @) E” (@) G (@) + GV (@) EV (@G (@),  (66)
and
G(O)u ((,()) — G(O)a ((1)) + é(O)a (w) b)) (0)a ((,()) G(O)a (w) . (67)

From the second equation, we find that

é(o)< (w) — G(O)a (0)) I:i _ Z(O)a (0)) G(O)a (w):l -1 ) (68)

Using this equation, we obtain the matrix solution of Eq. (66)

6" (@) =[1 - 67 @27 @] [6" @ + 6V (@5 )G (w)]
~ -1
x[1- 26" )] (69)

To solve Egs. (68) and (69), we should find £©~(w), Z©(w), and £ (w)
from Eq. (63). Thus,

Tt — 1) =Y {[Vilk,m)gis, (h — )V (12, k)]

ky.ky
+ [Vrlkr, m)ges, (h — ) Vi, ko) ]} . (70)

For noninteracting electrons, g’ () is known [6]

§ei (@) = 20mfy(@)1,1,8 (0 — &), 71)
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where
¢ (w) = / dte gk (p) 72)

is a Fourier transform of the Green'’s function. In the noninteracting electron
gas approximation:

T @) =i[fi@I] (o) +fr(@T} , (@)]. (73)

Here I''® (w) are line-broadening matrices defined as follows:

1,13

DR (@) =21 Y [Vir(k, n)Vi (2, 0] 8w — &) . (74)

k

In this definition, I is always positive.
To find £ (w), and " (w), we employ Eq. (63) where

Eéffiz(tl —t) = Z {[VL(klr nl)gisz (t — tz)VZ(nm kz)]

kyka
+ [VR(klrnl)gliakz (1 — ) Vi(ny, kz)]} . (75)
The retarded Green’s function can be easily found from the following
relation:
- - i
G =[Gw] . (76)

In the case of noninteracting electrons

8"1 ky

——F— (6> +0). 77
w— gl £ ( ) 7

LR ra _
Skk, (@) =

Consequently,

Ea (w) — Z {[VL(k/ nl)vz(n2/k)i| + |:VR(kr nl)vﬂ(nbk)]} . (78)

o w—ef —i8 w—ef —i8
k

Equations (73) and (78) coincide with the similar equations obtained by Meir
and Wingreen in Refs. [45, 52, 53] by making use of the equation of motion
approach.
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Now that the self-energy operators are known, the zeroth Keldysh func-
tions can be easily obtained from Egs. (68) and (69):

(w— &, +i8)(w — &, +18)
(@ — &, —i8)(w — &, — i8)

GO (@) =i Y (fl@T}y, +fr(@)IF,)

Il

-1
x <w—émzl(w>+iw> ( ~ B — 1722 ) )

and

- — &, 118 r,,\ "
G(O)r,ﬂ = % - ~mn + — 80
m @)= T s 0T e @ (80)

In Egs. (79) and (80), we have assumed that V is finite introducing the
following definitions:

g,,m_gm+pzv Al ZVR Vf»f

Con(@) =T, (@) + F,If,m(a)) 81)
The presented derivation of Egs. (33) and (34) is exact.

In the next section, we show that the Green’s functions (79) and (80)
become the zeroth Green’s functions in diagrammatic expansion if the
Coulomb interaction is considered between the bridge electrons.

3.4. Nonequilibrium Green'’s functions for interacting
bridge electrons

In this subsection, we include electron—electron interaction in the bridge
Hamiltonian. Thus, the bridge Hamiltonian yields:

Hy = and d, + >V e dl did,,, (82)
mmmm
where V9 represents a four-center Coulomb integral. For simplicity, we
assume that there is only one (left) electrode. The generalization to two elec-
trodes will be done at the end. As in the case of noninteracting electrons, we
present Keldysh functions described in the same manner as in Eq. (56):

iG(t — ') =< Td,(Hd’ (#)Sc > . (83)
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Here S. is a scattering matrix given by Eq. (57). All the operators are
taken in the interaction representation described by Eq. (58). The interaction
hamiltonian includes now both tunneling and Coulomb terms:

, : 1
Hi () =Z[VL(k,n)Ek(t)dn(t)+h.c.]+§ 3 VOt ddd,,. (84)

kn ny,M,13,14

Thus, a diagrammatic expansion in the interaction representation can be
presented as follows:

( 1y

GOt —t) =< Td,(Hd! ()Sc >= BT

/dt1 /dt; < Td, (t)d @)

I 0

X |:Z VL(kl/nl)Ck] (tl)dnl (t) + h.c.

ky,my

1
+ 5 > VYl (B (tl)dm(tl)dw(tl)]

ny N, n3,ng

> Vilk, m)E, (t)d,, (1) + hec.

kymny

Z V,(fl),,z 0, md;l (tyd: (tl)dn3(f1)dn4(f1):| >. (85)

ny,np,n3,ny

In Eq. (85) all terms, even and odd, are included in the expansion. As a par-
ticular case, we consider a first-order Hartree-Fock exchange diagram that is
depicted in Figure (5.4a). The exchange diagram (a) is given by the following
equation:

Gyt =)= (=" D Viun, / dt, G, (t — 1) OGY, (1 — E)G) (1 — £)

nynyn3ny

= (- 1)3ZVW / dtGu(t — 1) OGOt — NG (h —t).  (86)

If we turn the interaction with the leads on as shown in Figure 5.4b, the
tunneling self-energy terms can be inserted into a zeroth Green’s function
by breaking the solid line. In the same manner, all orders of V? can be
included in the zeroth Green’s function as depicted in Figure 5.4c. Accord-
ing to Eq. (62), such insertions are the renormalized zeroth Green’s functions
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Figure 5.4 Diagrammatic representation of the first-order Hartree—Fock exchange dia-
gram: (a) no interaction with the leads is included, (b) the interaction with the leads is
considered in the second order with respect to V2 for each G©, (c) the interaction with the
lead electrons is considered in all orders to V2, and (d) the diagram (c) is presented according
to Dyson equation (62) where the zeroth Green’s functions, G©, have been substituted by
the renormalized zeroth Green's functions, G(©.

shown in Figure 5.4d. Thus, for any order diagram, the lead-bridge interac-
tion retains the topological structure of a graph in the same manner as for
noninteracting case where the ordinary zeroth Green’s functions are substi-
tuted by the renormalized zeroth Green'’s functions described by Egs. (79)
and (80). The rigorous proof of this is almost the same as for noninteracting
electrons presented in Section 3.3 and is based on the essential property of a
T-product, TA(tl)A(tz) = TA(tZ)A(tl) independent of the order of operators.
Indeed, by grouping the operators Td(t,)d(t,) in the product (85), the order
of the time sequence becomes irrelevant. This feature is crucial to break up
a zeroth-order line and substitute it by a renormalized zero-order Keldysh
function. Hence the Dyson equation for nonequilibrium Green’s function
yields

Gt —t)=GO% —t) + / dt, / dLGOt— t)S(h — t)G(t — F),  (87)

where self-energy operator X (t) includes all possible diagrams with respect
to the Coulomb interaction taken with the renormalized zeroth Keldysh
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functions. The approach presented above is valid if the Coulomb interac-
tion is considered between the bridge electrons, while lead electrons are still
noninteracting. For the calculation of nonequlibrium Green'’s functions, such
a change is essential because now the zeroth Green’s functions have finite
imaginary parts as described by Egs. (79) and (80). Thus, various schemes
for calculations of Green’s functions have to be modified. As an example
of such modification the random phase approximation (RPA) in the bridge
molecule was considered in Ref. [54].

3.5. Noncrossing approximation

In this subsection, we describe a method where the electron propagator
machinery developed for quantum chemical calculations of single molecules
is applied [9-21]. We use a so-called noncrossing approximation where a self-
energy for interacting bridge electrons is divided into two independent parts
[55-57]:

T (w) = TV(w) + TP (w). (88)
In Eq. (88), (a) interaction with the electrons inside a molecular bridge with
the self-energy £ is the self-energy of bridge electrons and £ is the self-
energy for the electrons interacting with the left and right lead electrons.

In this approximation, electric current can be expressed in the following
way [55]:

e [do
1= 1 [ S26.0) - )G TG 59)
hJ 2w
In this description [45],

25 (w) = i [[H)fi(0) + T ()fe(@)], (90)
where f; (w) and fx(w) are the fermi functions of the left and right electrodes,
respectively. For different electrodes, these functions can have different
chemical potentials. The right fermi function also contains a voltage. In
the derivation of Eq. (89), we have used the following relation for Keldysh
functions [45]:

G- =G'=-G". (91)

where I' is assumed to be known [55]:

~ 1ra ~
f =3 [FL(a)) + FR(a))] . (92)
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The retarded and advanced Green functions can be expressed in terms of the
electron propagator matrix that is supposed to be known from numerical
calculations [55, 56]. Usually, it can be found, for example, from GAUS-
SIAN program [22] whose output provides all necessary information for the

electron propagator, G [55, 56]:

& =67 = & — iGP . (93)

As discussed in Ref. [55], a I' matrix can be of an arbitrary dimension
depending upon the number of contact orbitals for the left and right elec-
trodes. If, for instance, the number of terminal orbitals for the left lead is [
and for the right lead is r, then the dimension of I" is

n=I[+r.

In Ref. [55], we discussed the simplest case where n = 1 + 1 = 2, that s, only
one orbital from each side is transport active. In general, it might not be the

case where several orbitals from the left- and right-hand sides can be active
in charge transport [56]. An analysis requires that “the denominators” with
matrices in Eq. (93) are presented in terms of matrices in numerators and
w-dependent functions in denominators. Such a representation allows for a
simple integration of the integral (89) in a complex half plane with poles
that are the roots for a secular equation for the matrices in the denominators
for the retarded and advanced Green function matrices (93) [58]. The final
expression will be given in terms of the poles, the pole strengths, atomic ter-
minal coefficients, and [ matrix elements that can be found from numerical
calculations.

3.6. Electron propagator in the noncrossing approximation

To find retarded and advanced Green function matrices, it is necessary to

determine an electron propagator matrix, G, which may be written in terms
of its Lehmann representation [1, 7]

+

2 _ a
Glw) = le prrmmlLLL" (94)

where 4, and ¢ are called Dyson pole strengths and Dyson poles in
which electron and hole states are included. Usually, these poles represent
molecular ionization energies (for ¢, < 0) and electron affinities (for g, > 0).
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The basis set is chosen such that around the /th Dyson pole, the electron prop-
agator matrix is diagonal. Consequently, the eigenstate |I) can be presented
as a linear expansion over atomic orbitals with coefficients c,(/) that depend
on the number of the Dyson pole, I, and the number of the atomic orbital, k,
so that

) =" cDlk)a. (95)
k

Coefficients, c.(I), pole strengths, a;,, and poles, ¢, usually are reported as
output in ab initio electron propagator calculations on molecules.

Matrix elements of the electron propagator over atomic orbitals that con-
nect the bridge molecule with the left and right electrodes will be needed
below. Specific choices of atomic orbitals will depend on the system under
study. The number of orbitals participating in such connections determines
the rank of the electron propagator matrix. For example, if one atomic orbital,
|k.)u, connects the bridge with the left electrode and one atomic orbital,
|kr)a, connects the bridge with the right electrode, the rank of the elec-
tron propagator matrix will be two. The blocks of the electron propagator
matrix read

2 a
Gu =y ——{llk)al®,
1

ot —¢g
= a
G = 3 o 1ike)ul,
1
c a
Gur = k) Uk (%)
1

where the Ith pole’s matrix element is defined as

(Nkpya = chlskkL (97)
k

and Sy, is an overlap matrix element. As soon as the retarded and advanced
Green function matrices are known and the trace in Eq. (89) is taken, the
integration over w should be performed. This integral can be evaluated in
a lower, complex-w half plane. Equation (93) indicates that the integrand
contains complex poles that are determined by matrices.

To find the integral (89) for electrical current, it is necessary to present
the integrand where all the matrices are in a numerator and ordinary poles
are in a denominator. There is a special procedure that allows for such a
representation. A suitable mathematical theory is described by Gantmakher



286 Grigory Kolesov and Yuri Dahnovsky

in his book [58]. The matrix part of the integrand of Eq. (89) is the following
product of four matrices:

PRGTLGE (98)

In this product, only the terminal projection of G'(w) is needed. For example,
if the left terminal has I/ and the right terminal has r orbitals connecting the
bridge with the electrodes, G'(w) has the rank n = [ + r. Consequently, the
electron propagator will have the same rank:

G =Y A (99)

B w — &

In the integration for the current expression of Eq. (89) in the complex
lower half plane, only the area around the poles where w =~ g contributes
significantly to G (w).

The matrices I'"* in Eq. (100) have a block-diagonal structure in the left
and the right corners of the matrix n x 1, respectively. Apparently, I'* # [}
even if all the y;(k)s are equal to each other [56]:

yik) .. 0
ool
0 0 0
R = o y,ﬁi(k) o ) (100)
Y

The final expression for electric current yields [56]

, (101)

= € Z ?L(k)J;R(k)ﬂk[fL(&) —fR(Ek)]
h P [P (k) + (k)|

where a4, is a polestrength of the kth Dyson pole. We have also intro-
duced the following definition of the left- and right-renormalized dissipation
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coefficients:

i
Phi = clkykt,
i=1
PR = il ). (102)

i=141
The diagonal matrix elements in Eq. (102) are positive and given by [55, 56]

c = (11k)?,
¢ = (2[k)*
: (103)

The coefficients in Eq. (103) are determined by Eq. (97).

The proposed formalism does not contain any self-consistent procedure
that implies a single quasiparticle approximation. The derived expression
for electric current (101) is presented in terms of the parameters that are
a standard output in numerical calculations, that is, Dyson poles, Dyson
polestrengths, coefficients for terminal atomic orbitals, and overlap integrals.
All the parameters depend on applied voltage that should be introduced
into a microscopic Hamiltonian of the bridge. This research deals with the
most general case in which the bridge is connected to the left lead by !
and to the right lead by r atomic orbitals. The rigorous definition of contact
(terminal) orbitals has been given by Eq. (103). To find the integral of the cur-
rent with the integrand where the “poles” are represented by matrices (see
Eq. (89)), we have employed a procedure proposed by Gantmakher [58] that
transforms the “matrix poles” into ordinary complex poles. Such a math-
ematical technique significantly facilitates the calculation of the electrical
current (89).

3.7. Molecular wire numerical calculations

In this subsection, we apply the theory developed in subsections 3.1-3.6
to particular calculations. Electron binding energies, molecular and atomic
orbitals, ionization potentials, electron affinities, etc. play a crucial role
in determining the suitability of a molecule to be a proper candidate
for a device with desired properties. These parameters should be accu-
rately determined by reliable methods. There are several computational
schemes that are based on a tight binding approximation (uncorrelated
electrons) [59-63], density function theory [64-72], a many-body electron
scattering approach [73-75], and an ab initio electron propagator approach
[55-57, 76]. The expression for electric current (see Refs. [55, 56]) has been
derived in terms of outputs from a standard commercial software package,
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Gaussian-03 [22], and then this expression was used for numerical cal-
culations for current-voltage characteristics of a molecular wire with a
1,4-benzenedithiol (BDT) molecular bridge [76]. A BDT molecular bridge
was intensively studied by different experimental groups [30, 31] from which
monotonic current-voltage characteristics were obtained. In addition, this
molecule as a molecular bridge was computationally studied by employing
DEFT (see the discussion in Reference [66]) from which the discrepancy of
the factor of 50 with the experimental data [31] was found. Other DFT-based
electronic structure calculations differ in details; nevertheless, most of the
calculations provide similar results (see the discussion in review [77]). Such
a substantial discrepancy between the theory and experiment has motivated
our investigation to use alternative ab initio electron structure computa-
tional schemes, in particular electron propagator methods [55, 56, 76]. These
techniques rigorously include electron correlations providing accurate ion-
ization potentials and electron affinities. The poles can be found as outputs
of numerical calculations within the Gaussian software [22]. It is important
to note that the electron correlation approach to tunneling in molecular junc-
tions provides a different physical picture than the DFT approach. The lead
electrons tunnel to bridge ionization levels rather than to excited states of a
neutral molecule. Such a picture is natural in order for the bridge to remain
a neutral molecule during a transport process.

Next we present numerical calculations described in Ref. [78]. Our inves-
tigation included only a single d gold atomic orbital [55] and was focused on
a planar conformation that forced the C-5-Au angle to be 180°; however, the
experimental geometry of the attachment is unknown. Indeed, it is more nat-
ural for a 1,4-benzenedithiol (BDT) bridge molecule to be attached with 109°
tetrahedral angle as in a gas phase [79]. Forcing this angle to be 180° causes
the sulfur p-orbitals to overlap with benzene r-orbitals, destroying the aro-
maticity of the ring. Such a configuration is energetically unfavorable. Thus,
additional investigation of electric current through a BDT molecule with dif-
ferent attachment conformations and the inclusion of all gold atomic orbitals
is necessary. Moreover, we provide some unusual fermi energy dependen-
cies of electric current with a strong negative differential resistance at low
voltages that could be useful to design new electronic devices.

In an initial step, a full geometry optimization is performed on the
Au-BDT-Au molecule to obtain the most energetically favorable starting con-
formation. Three spatial conformations are considered for the computation
of the current as shown in Figure 5.5. These conformations are selected to
represent a variety of experimental conditions.

For three different configurations, A,, A;, and A,, the current-voltage
characteristics are shown in Figures 5.6, 5.7, and 5.8 at & = —1.10eV,
gr = —1.30 eV, and & = —1.35 eV, respectively.

We have studied different configurations with various fermi energies and
concluded that configuration A, with & = —1.35 eV explains the experimen-
tal dependences [31] in the best way. Indeed, configuration A; exhibits a
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8.842 A

10.06 A

8.842 A

Figure 5.5 Aj represents the gas-phase conformation with the optimized Au—Au distance
of 8.842 A. A; depicts the molecule with the stretched Au—Au distance of 10.061 A along
the y-axis. A; shows the molecule with the stretched Au—Au distance of 10.061 A placed
between electrodes that are separated by 8.824 A.

small Coulomb blockade effect, whereas configuration A, reveals a smaller
peak (a negative differential resistance) in the current-voltage characteristics
at lower voltages. Our calculations show that the main contribution to the
current for these fermi energies is because of the overlap between gold d and
sulphur p orbitals in molecular Dyson orbital 40.

3.71. Negative differential resistance
The current-voltage characteristic is given in Figure 5.9. The detailed analy-
ses reveal that at & = 0.4 eV, the main contribution to the conductivity at
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Figure 5.6  Current versus voltage at &r = —1.10 eV for configuration Ag.
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Figure 5.7  Current versus voltage at & = —1.30 eV for configuration A;.

voltages above 1 eV is because of Dyson orbital 40, whereas the conduc-
tivity at lower voltages is determined by Dyson orbital 42. It is important
to understand a quantum mechanical origin of such a peak-wise behav-
ior versus applied voltage. In general, a current-voltage behavior depends
on three different factors according to Egs. (101), (102), and (103): (1) the
difference between the fermi functions, f; (&) — fr(e1), (2) coefficients di(V),
and (3) overlap integrals S;*(V). The difference between the fermi functions
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Figure 5.8  Current versus voltage at er = —1.35 eV for configuration A,.

4000 T T T

—e— Calculated Ao

3500 - b

3000

2500

2000

Current (nA)

1500

1000

500 b

O 1 1 1
0 0.5 1 1.5 2

Voltage (V)

Figure 59 Current—voltage characteristics at ¢ = 0.40 eV for configuration Ag.

selects the range of Dyson poles and Dyson orbitals participating in the
conductivity; the coefficients d,(V) determine the weight of a kth bridge
atomic orbital in a molecular Dyson orbital; whereas the overlap integrals
reflect the strength of the interaction between the ith gold orbital and the
kth bridge atomic orbital (e.g., a sulfur orbital). The signs of 4,(V) and
SiX(V) can be positive or negative, resulting in strong quantum interference
between the electrons described by different bridge and gold atomic orbitals,
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b

Figure 510 Molecular Dyson orbital 42 at V = 0.227 V.

4

Figure 511 Molecular Dyson orbital 42 at V = 0.727 V.

whereas the contributions due to the gold terminal orbitals, ¢7, are summed
independently.

The peak in current-voltage characteristics shown in Figure 5.9, can be
explained from a quantum chemical point of view. Figure 5.10 depicts Dyson
molecular orbital 42 in which one finds the strong overlap between the
aromatic 7-molecular orbital of the benzene ring and the 6d,. gold atomic
orbital at the peak value, V = 0.227 V. As discussed earlier, the current van-
ishes at V = 0.727 V. The corresponding molecular orbital picture is shown
in Figure 5.11 where the aromaticity of the benzene = molecular orbital is
destroyed resulting in the weak overlap with the gold atomic orbitals of the
left electrode. Consequently, the current sharply drops. Since the electron
propagator methods employ optimized conformations and include electron
correlations in the most accurate manner, they provide a promising computa-
tional approach for the explanation of experimental data and the prediction
of novel important properties in molecular tunneling junctions.

3.8. Molecular transistors

In this subsection, we apply the electron propagator methodology to molec-
ular transistors. Building a single-molecule field-effect transistor can be
considered an important step toward the ultimate goal for molecular elec-
tronics. There have been experimental [80-83, 85] and theoretical studies
[84, 86-89] in three-terminal molecular devices (transistors) with large and
small gate modulation in the current. Field-effect transistor type behav-
ior has been demonstrated in different systems such as carbon nanotubes
[91, 93] and molecular wires with strong Coulomb blockade [94], and
Kondo effects [95-98]. To explain these strong electron correlation effects,
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Figure 512 The coordinate system used to compute the gate voltage characteristics of the
2-nitro-1,4-benzenedithiol (nitro-BDT) molecular wire. The Au—Au distance is 10.0614, and
the Au—Au axis makes an angle of 6 = 16.3° with the y-axis.

reliable computational schemes are necessary. However, it was experimen-
tally [80-83, 85] and theoretically [84, 86-90] proved that a 1,4-benzenedithiol
(BDT)-type molecular transistor does not show any significant dependence
on a gate electric field. We schematically demonstrate a transistor setup in
Figure 5.12. In Ref. [90], we study the effect of electron correlations in molec-
ular transistors with molecular bridges based on 1,4-benzenedithiol (BDT)
and 2-nitro-1,4-benzenedithiol (nitro-BDT) by using ab initio electron propa-
gator calculations. We find that there is no gate field effect for the BDT-based
transistor in accordance with the experimental data (see Figure 5.13). After
verifying the computational method on the BDT molecule, we consider a
transistor with a nitro-BDT molecular bridge. From the electron propaga-
tor calculations, we predict strong negative differential resistance at small
positive and negative values of source—-drain voltages [90]. The quantum
chemical calculations provide a deep insight into the mechanism of the ori-
gin of the peak and the minimum in the current versus applied voltage. As
shown in Figure 5.13, both MO 48 and Mo 49 equally contribute to the cur-
rent at the peak (V4 = 0.3 eV). The overlaps between sulfur and gold orbitals
on the left become much smaller at V3 = 0.5 eV than at the peak value for
MO 48. While the voltage has little effect on the overlap values for MO 49,
this orbital does not contribute to the current due to the vanishing difference
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Figure 513  Current versus voltage curves at different gate voltages (¢r = —1.35 eV) for the

Au-BDT-Au molecular wire. 1a.u. = 5142 x 10" V m~". Thus, 0.0020 a.u. = 1.0 V/10 A.
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Figure 514  Current versus voltage curves at different gate voltages (¢ = —1.35 eV) for the

Au-nitro-BDT-Au molecular wire. 1 a.u. = 5142 x 10" V m~". Thus, 0.0020 a.u. = 1.0 V/10 A.

between the fermi functions. This difference indicates that both left and right
lead electronic states are occupied, and therefore the electron cannot tunnel
due to the Pauli principle. As shown in Figures 5.13 and 5.14, the depen-
dences of I-V curves on the gate voltage are weak. As mentioned earlier,
1,4-benzenedithiol (BDT)-type molecular transistor does not show any sig-
nificant dependence on a gate electric field. In Figures 5.15 and 5.16 we
present a molecular orbital picture of the two main orbitals that contribute to
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Figure 515 Au-nitro-BDT-Au molecular orbitals as a function of source—drain voltage
(ef = —1.35 eV). Orbital 48 is shown in the left column, orbital 49 in the right column.

MO 48

Vey=-0.5 eV

Figure 516  Au-nitro-BDT-Au molecular orbitals as a function of source—drain voltage
(e = —1.35 eV).

the current, i.e. MO 48 and Mo 49. Additionally, we have also analyzed the
contribution due to different terms in Eq. (102), such as a Fermi function
difference for the left and right electrodes in the expression for the cur-
rent. The overlaps of the sulfur p-orbitals with the gold d-orbitals at the left
and right electrodes are well pronounced. At the plateau value of the peaks
with V4 = 0.5eV, the contribution from these orbitals is, however, different.
The overlaps between sulfur and gold orbitals on the left side of the bridge
become much smaller than at the peak value for MO 48. While the voltage
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has very little affect the overlap values for MO 49, this orbital does not con-
tribute to the current because it is switched off by the difference between the
Fermi functions. This difference almost vanishes indicating that both left and
right lead states are occupied, and therefore, there is no place for the electron
to go on. The experimental conditions, however, do not reflect the whole
range of possibilities. In order to improve the performance of a BDT-based
transistor, we propose a new architecture where the electric field is normal to
a benzene ring plane [92] as shown in Figure 5.17. It was found that the BDT-
based transistor exhibits strong negative differential resistance at different
values of the gate field [92]. The peak in the -V curves is more pronounced
for the higher values of E; as shown in Figure 5.18. The higher the gate field,
the narrower the peak. We found that at E; = 4 - 107° a.u, the peak/valley
ratio is about 20. The explanation of a such strong peak behavior is presented
in terms of the overlap of different molecular orbitals participating in the
conduction (see Figure 5.19). For the BDT molecular device, the disappear-
ance of the peak is due to the dramatic drop in y*® at V4 = 0.9 eV because of
the complicated interference of different atomic orbitals in molecular orbital
No. 40 (HOMO-15).

For a molecular transistor based on an asymmetric nitro-BDT molecular
bridge, we have also found a strong nonlinear behavior in the I-V charac-
teristics. Since the molecule is asymmetric, we have studied the current for

(e 4

- A -

Au

Vsd

Figure 517  Schematic architecture of a molecular transistor based on a nitro-BDT
type molecular bridge. The electric field is directed perpendicular to the plane of the
benzene ring.
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Figure 518 Current versus voltage curves at different gate voltages (¢f = —1.35 eV) for the

Au-BDT-Au molecular wire. 1a.u. = 5142 x 10" V m~". Thus, 0.0020 a.u. = 1.0 V/10 A,
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Figure 519  Molecular orbital picture of Au-BDT-Au as a function of source—drain voltage
(e = —1.35 eV).

positive and negative values of V4 and E,;. The complex behavior of the
current on Vyy and E, is shown in Figure 5.20. For applications, we have
found a strong negative differential resistance at low voltage, Vg = 0.1 eV.
The explanation of peak/valley behavior is given in terms of a molecular
orbital picture (see Figure 5.21). In this case, the origin of the drop is rather
different.
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Figure 520  Current versus voltage curves at different gate fields (¢ = —1.35 eV) for the
Au-nitro-BDT-Au molecular wire.
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Figure 521 Molecular orbital picture for the Au-nitro-BDT-Au molecular wire at the peak
(Vsd = 0.4 eV) and valley (Viq = 0.9 eV) values of the source—drain voltage.

As shown in Table 5.1, for V < 0.2 eV, MO 49 contributes the most,
whereas at V = 0.3 eV, MO 48 (HOMO-18) and 49 (HOMO-17) make nearly
equal contributions. Then, molecular orbital 49 is switched off at V = 0.4 eV
due to the fermi function difference resulting in the dramatic drop in the
current [92].
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Table 51 Line width functions, fermi terms and current for the Au-nitro-BDT-Au
molecular wire. E, = —0.0010 a.u.

Va MO a0 U] fulen —fr(e)  J(nA)
0.0 48 0.006463 0.000774 0.0000 0.0
49 0.005993 0.007339 0.0000 0.0
0.1 48 0.006556 0.000878 0.0000 0.0
49 0.006665 0.006483 0.4601 368.0
0.2 48 0.006711 0.001193 0.0100 2.5
49 0.007316 0.005550 0.8633 663.2
0.3 48 0.007026 0.002448 0.7347 324.7
49 0.007693 0.004043 0.5979 385.7
0.4 48 0.002761 0.006815 0.9397 4494
49 0.006430 0.005717 0.1475 108.7
0.5 48 0.000705 0.007545 0.9413 147.7
49 0.008815 0.004994 0.0164 12.8
07 48  0.000408 0.007365 0.9364 88.1
49 0.009161 0.004427 0.0001 0.1
0.9 48 0.000396 0.007115 0.9058 82.7
49 0.009065 0.004255 0.0000 0.0

The applications of nonequilibrium Green’s functions to the calculations
of different molecular devices show the importance of electron correlation
effects. The electron propagator method is able to explain experimental data
and predict new electronic devices.

4. PHOTOCURRENT IN QUANTUM DOT-SENSITIZED
SOLAR CELLS

Our interest in quantum dot-sensitized solar cells (QDSSC) is motivated
by recent experiments in the Parkinson group (UW), where a two-electron
transfer from excitonic states of a QD to a semiconductor was observed
[32]. The main goal of this section is to understand a fundamental mech-
anism of electron transfer in solar cells. An electron transfer scheme in a
QDSSC is illustrated in Figure 5.22. As discussed in introduction, quantum
correlations play a crucial role in electron transfer. Thus, we briefly describe
the theory [99] in which different correlation mechanisms such as e-ph and
e—e interactions in a QD and e-ph interactions in a SM are considered.
A time-dependent electric field of an arbitrary shape interacting with QD
electrons is described in a dipole approximation. The interaction between a
SM and a QD is presented in terms of the tunneling Hamiltonian, that is, in
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Semiconductor Quantum dot

Figure 522 Schematic illustration of electron transfer in a QDSSC.

the same manner as in the case of tunneling junctions [45, 52, 53, 55, 56].
For this system, we derive an expression for photoelectric current where
light is considered to be of an arbitrary intensity, shape, and frequency. The
photocurrent is expressed in terms of QD and SM nonequilibrium quantum
correlation functions (Keldysh functions) [5, 6, 40-43, 45].

The description of the photocurrent that we propose to use for this
approach is similar to the theoretical scheme applied to tunneling junctions
[54] that has been presented in Section 3. The origin of electric current in
QDSSCs is due to a time-dependent electric field rather than a chemical
potential difference in the leads. Thus, we modify the theory used in tun-
neling junctions [54] by including a time-dependent electric field interacting
with the QD electrons. The proposed scheme is rather general because it is
designed to describe various correlation effects such as multiexciton genera-
tion and recombination, electron-phonon relaxation in a semiconductor and
a QD, and hot-carrier transfer.

4]1. Hamiltonian

The Hamiltonian that describes a QD-SM solar cell is given by the following
expression:

H = Hsy + HQD + HSMfQD + HQD—light' (104)

1. For the correct description of electron transfer processes (forward and
backward electron transfers) and also relaxation from conduction to
valence bands in a semiconductor, we include e-ph interaction into a
semiconductor Hamiltonian:

Hoy = &,cl,000+ »_wblb,+ Y M:Aicl, cis (105)
ka q

qk
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Here CM,C;A and b, b; are annihilation and creation fermi operators for
the semiconductor electrons and phonons, respectively. &;, is the energy
of noninteracting electrons. M’ is a semiconductor electron-phonon con-
stant, and «j is a phonon frequency (the index s indicates that a phonon
belongs to a semiconductor). A phonon amplitude is defined in a standard
way [6]:

A, =by + b, (106)

. A QD Hamiltonian includes both Coulomb and electron—phonon interac-
tions. Apparently, the phonon modes (denoted as QD) in the quantum
dot are different from the semiconductor ones. The electron—-phonon
interaction determines relaxation processes in quantum dot (hot electrons
or excitons). Thus, the QD Hamiltonian yields

nympmamg Ny N

R o1
HQDzzgng,;dnJrE Yoo d d d,.d,

17,12,113,14

+ Z wPala; + ZMi,nd;d,1 @ +a). (107)
q in

Here d,, d’ and a;, af are annihilation and creation operators for the QD
electrons and phonons, respectively. As in case (1), M} is a semiconduc-

tor electron—phonon constant and w®" is a phonon frequency. 9 is the
energy of noninteracting electrons and V{”, _ ~ is a Coulomb integral.
. The interaction between the quantum dot and semiconductor is consid-

ered in the tunneling approximation introduced by Bardeen [6]:

Havop = Z [V, x;n)cp,d, + he], (108)

k,n
where V(k, A; 1) denotes the tunneling matrix element between the (k, )
semiconductor and nth QD electronic states.

. The interaction between QD electrons and light is considered in the dipole
approximation:

IA_IQD—light = _E(t) : Z Prm di-,dm/ (109)
n#£m

where

Pom = e/ Cril (g (). (110)
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is the dipole matrix element between the n and m electronic states (1 # m).
The electric field, E(f) can have an arbitrary shape.

4.2. Photoelectric current

Photoelectric current is defined as a charge flux in the semiconductor channel

J(t) = —e<dN5M(t)>, (111)

dt

where the operator of the number of electrons is given by the following
expression:

Now =D ¢l ca (112)
k2

In Eq. (111), the average is taken over QD and SM electronic and vibrational
states. Then, making use of the Heisenberg equation, we obtain the following
expression for the photocurrent [45, 52]:

2
J= 20 S VR G e | (113)

k,an

where the mixed lesser Green’s function is defined in the following way
[45, 52]:

Gyt 1) = (e, (D, (F) (114)

The next step, as described in Refs. [45, 52] for tunneling junctions, is to
employ the equation of motion approach. This procedure is not applica-
ble for a solar cell problem because the existence of SM electron—-phonon
interaction. To find the mixed lesser Green’s functions (114), we employ
a diagrammatic expansion with respect to all types of interactions: e—e in
Eq. (107) in the QD, e-ph interactions in both QD (see Eq. (107)) and semi-
conductor (see Eq. (105)), the tunneling term described by Eq. (108), and the
interaction with light (see Eq. (109)). A similar diagrammatic expansion was
introduced in a tunneling junction problem in Ref. [54]. Hence, we choose
the following terms for the noninteracting Hamiltonian:

H, = A, + H? (115)

QD
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where AY,, and I:IOQD are defined as follows:

0 s syt
Hg, = E & ,CpiCha + E wqbqbq,
k,h q

Yy =) ePdid, + ) o ala. (116)
n q

The interaction term is taken in the form:
H" = Hg}& + i 8,5 + EISM—QD’ (117)
where

Crint 2 : A A AT
HSM - MqA’]CkJrq,xck,)d

qkx
Frin 1 T
HQIS = E Z V1(1(1)),n2,n4,n3d:q dzzdﬂsdm + ZMI',Hd:,dn (az‘ + ai) - E(t) . Z Prm d:,dmr
111,112,113,14 in nm
Hou-gp = Y _ [Vik m)cl,d, + Vik, 3 n) dicy, ] (118)
kan

For simplicity, the QD and SM indices in the e-ph constants have been omit-
ted in Eq. (118); however, the frequencies and e—ph constants are obviously
different in the both subsystems. In the proposed description, we assume
that equilibrium Green'’s functions of the semiconductor and the quantum
dot are known. However, to find QD equilibrium Green’s function in a time-
dependent field is not an easy task because it is not even clear whether
Dyson equations for SM and QD Keldysh functions exist for different types
of fermions interacting with each other. This problem is rather complicated
even for molecular wires [54]. Thus, we expect this problem to be even more
complicated for solar cell systems where the interaction with light makes the
problem essentially time dependent. In this section, we prove that Dyson
equations for nonequilibrium Green’s functions do exist. In our description,
we adopt a graduate approach to the problem introducing different approx-
imations step by step. As the first and the easiest step, we consider only
uncorrelated electrons.

4.3. Uncorrelated electrons in a quantum dot

To understand the diagrammatic approach which is introduced below, we
first determine nonequilibrium Green’s functions for uncorrelated electrons
in a semiconductor and a quantum dot using a diagrammatic expansion on
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a Keldysh contour rather than the equation of motion method employed in
the tunneling junction problem [45, 52, 53]. Thus, the goal is to calculate the
mixed Keldysh functions for Eq. (114). Nonequilibrium Green’s functions
for the quantum dot and semiconductor have been defined by Eqs. (52)—(55).
The mixed Keldysh functions has been presented by Eq. (56) in the interac-
tion representation. I:I,-,,, is defined as the interaction between the SM and QD
electrons and the interaction of the QD electrons with light in the interaction
representation:

Hah=3" [V(k, mE (Hd, (1) + h.c.] —E®) Y pun did. (119)

kn n#m

The detailed diagrammatic analysis results in the following Dyson integral
equation for the mixed Keldysh function on the Keldysh contour [99]:

Gy (t—t) =Y | dtsV*(ky, m)GP),(t )Gt — £). (120)

SELTIA

In the same way, we obtain the integral Dyson equation for the QD Keldysh
functions (52):

GOt t)=GCot—t)+ > f dh / dbGO) (t— t)EL, (h — )G, (b, 1),
nng ¢

(121)

where the self-energy matrix is defined as follows:

E:,?znz(tll t) = Z [V(ku”ll)g;((?;(z (t1 — ) V*(ny, kz)] —E(t) - puymd(t1 — 1)
ky Ky

(122)

In Eq. (122), the QD and SM zeroth Keldysh functions are noninteracting
fermion Green’s functions [6]. The expression for nonequilibrium Green’s
function for noninteracting electron can be found in Ref. [6]. The Dyson
equation (121) for noninteracting electrons is diagrammatically shown in
Figure 5.23. In this Figure, the solid line represents the zeroth QD Keldysh
function, G”"(t — t'), the wavy line defines a linear combination of zeroth
SM Keldysh functions determined by Eq. (122), and the dashed-dot line
stands for the interaction of the QD electrons with light. The solid dot
denotes the tunneling interaction, V. The graph describes a perturbation
series with respect to |V|*. In Figure 5.24, we graphically define different
types of interactions that are used in this section.
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Figure 523  Diagrammatic representation of Dyson Eq. (121). The solid line denotes the
zeroth QD Keldysh function, the wavy line stands for a linear combination of the zeroth
SM Keldysh functions determined by Eq. (122), the dashed-dot line denotes the interaction
with the electric field, and the dot represents the tunneling transition

v
A

Coulomb interaction Quantum dot-light Electron—phonon
interaction interaction

Figure 524  Diagrammatic representation of different interactions: the dashed line
stands for the Coulomb, the dashed-single-dot line for quantum dot—light, and the dashed-
double-dot line for electron—phonon interactions.

Finally, we find the expression for photocurrent in the semiconductor.
From Eq. (120), we take a projection of the mixed Keldysh function on the
Keldysh contour to G, in accordance with the Langreth” procedure [41, 45]:

GOt =Y / AV m) [ G tgllr b — )

ST
+ fol); (t, h)gff,f]”(h - t/)] . (123)

Then we substitute é,(f,“(t, t;) from Eq. (123) into the expression (113) for

photoelectric current. Thus, the following expression for the current can be
obtained:

2e -
J=0 / dtl{ > Viky, m)V* (ks m) [G;'z,i’(t,tog;?{g(tl—t)

ky ko, n,m

+ GOt t)gh (b — t)]} , (124)
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where g/ (t; — t) are the SM zeroth Keldysh functions for noninteracting
electrons [6] and the nonequilibrium QD Green’s functions can be found
from Egs. (121) and (122). This expression is different from a similar expres-
sion for electric current in tunneling junctions [45, 52, 53]. In Eq. (124), the
QD Green’s functions contain a time-dependent electric field rather than a
right electrode.

4.4. Correlated QD electrons

In this subsection, we include electron—electron and electron-phonon inter-
actions into the QD Hamiltonian. Thus, the QD Hamiltonian yields

ny,np,Nn4,n3" "N N

Hop =Y e dld, + % >V el dl did,,

ny,M2,N3,14

+ Y oPala+ Y Mydid,@ +a)—E®) > pudid,.  (125)
q in n#m

where VI represents a Coulomb four center integral. As in the case of
noninteracting electrons, we define Keldysh functions in the same manner
as in Eq. (56). All the operators are taken in the interaction representation
described by Eq. (58). The interaction Hamiltonian includes the tunneling,

Coulomb, electron-phonon, and electron—photon (light) terms:

. - 1 -
Aot =Y [V melhdu® + he] + 5 2 Vi,

kn n1,12,13,114
+ ZMi,nd,tdn (ﬂj + ai) - E(t) - Z an dz,dm (126)
in n#m

The derivation on a Dyson equation on the Keldysh contour is similar to
the derivation presented in Section 4 [54]. The difference is in the inter-
actions. In the present derivation, we also include the interaction with
irradiation. For any order diagram with respect to the Coulomb interac-
tion, the semiconductor-quantum dot and quantum dot-light interactions
retains the topological structure of a graph in the same manner as for
noninteracting case where the ordinary zeroth Green'’s functions are substi-
tuted by the renormalized zeroth Green’s functions described by Egs. (121)
and (122).

We also consider the QD electron—phonon interaction into the calculations.
As discussed earlier, the zeroth Green’s functions should be substituted by
G? from Egs. (121) and (122). The electron—phonon interaction introduces
additional vertices where the zeroth Green’s functions are changed by the
renormalized ones as shown in Figure 5.25. Hence, the Dyson equation for
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Figure 5.25 Electron—phonon vertices in a quantum dot where the zeroth electron Green’s
functions are exchanged by the renormalized ones from Egs. (121) and (122).

the nonequilibrium QD Green’s function yields

Gt t) =GPt 1) + / dt / d6LGP (4, 1) S (h, B)G( E), (127)

where self-energy operator X (t) includes all possible diagrams with respect
to the Coulomb and e—ph interactions taken with the renormalized zeroth
Keldysh functions. This equation is exact. The approach presented above is
valid if the Coulomb electron—phonon interactions are considered only for
the QD electrons, while the semiconductor electrons are still nonintersecting.
Finally, the photoelectric current can be found from Eq. (124) where the QD
Green’s functions are now the solution of different Dyson equations (127):

2e -
J=79 f dtl{ > Vik, m)V* (ky,m) [G;m(t,tl)g,i??,;al—t)

ky ko n,m

+ G, (4 18 ( — t)]] , (128)

This equation is valid for a cw electric field.

4.5. Electron—phonon interaction in the semiconductor

Electron—phonon interaction in a semiconductor is the main factor for relax-
ation of a transferred electron. There are two different relaxation processes
that decrease the efficiency of light conversion in a solar system: (1) relax-
ation of an electron from a semiconductor conduction band to a valence
band and (2) a backward electron transfer reaction. The forward and back-
ward electron transfer processes have been already included in the tunneling
interaction, HSM_QD, described by Eq. (108). However, the effect of SM e—ph
interaction is important for the correct description of electron transfer in the
SM-QD solar cell system. In the previous section, we have gradually consid-
ered different types of interactions in the quantum dot and obtained the exact
expression for the photocurrent (128) where the exact nonequilibrium QD
Green’s functions determined from Eq. (127) have been used. However, in
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Figure 526 Diagrammatic representation of the SM e—ph interaction in the QD Green’s
function expansion. There are two types of diagrams: the phonon Green'’s function connects
two SM Green’s functions separated by the QD Green’s function (the diagram above the time
line), and the phonon Green’s function is located within the same semiconductor electron
Green'’s function (two dashed lines below the time line).

(a)

Figure 527 (a) Vertex with no semiconductor electron—phonon correction and (b) the
vertex with the second-order electron—phonon correction.

the expression (128), we have employed the zeroth SM Keldysh functions. The
interaction of the semiconductor electrons with phonons can substantially
change the expression for the current. Indeed, as shown in Figure 5.26, the
crossings between two different semiconductor electron Green’s functions
separated by the QD Green’s functions make the procedure of the insertion
of the tunneling interaction and the interaction of the QD electrons with
light inapplicable any longer. Thus, we are not able to derive Dyson equa-
tions in this case. The similar problem exists for tunneling junctions where
e—e correlation effects in the leads have been disregarded [54]. By making
use of the Migdal’s theorem [100], it can be shown that crossing diagrams
can be safely neglected for wide-gap semiconductors [99]. The comparison
of two types diagrams considering zeroth- and first-order corrections due to
the e—ph interaction for the vertex shown in Figure 5.27. The ratio between
diagrams (a) and (b) can be evaluated [99, 101] and appears to be small with
respect to the parameter

Nl

@~ 2 (—) <1, (129)

Er
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Thus, according to the Migdal’s theorem, we can safely neglect the ver-
tices of type (b) (see Figure 5.27) in the diagrammatic expansion for the
QD Green’s functions. Consequently, the rules applied to the derivation of
the QD Green’s functions remain the same, and the procedure described
in the derivation of Eq. (128), see also Figure 5.4, remains unchanged with
the one important difference where the exact SM electron Green’s function
modified by the electron-phonon interaction substitutes the zeroth (without
e—ph interaction) SM electron Green’s function. The final expression for the
photoelectric current now is given by the following expression:

2 -
J= f dtl{ > VikmV ke m) |Gt 185, (= D

ky ko m,m

+ G, (4 1)8h 4 (B — t)]} : (130)

This equation looks similar to Eq. (128). However, there is the essential dif-
ference between these two equations. In Eq. (130), we employ the exact
semiconductor Green’s functions modified by the e—ph interaction. These
Green’s functions appear in the expressions for the QD Keldysh functions
and for the photocurrent. The dependence of the current on a light frequency
determines a photocurrent spectrum in a solar cell.

The Migdal’s theorem is valid for wide-gap semiconductors where the
fermi energy is approximately equal to a half of the gap. Semiconductors
used in solar cells are usually wide-gap semiconductors. For example, the
gap for a TiO, is 3.2 eV, whereas a typical Debye frequency is about 0.1 eV.
Thus, the expression for the photocurrent (130) holds true.

5. CONCLUSIONS

The proliferation of novel experimental techniques in Physics, Chemistry,
and Materials Science requires new computational approaches in order to
explain new experimental data and predict novel materials with desired
properties. The latter being important for practical applications contains
combinations of a single molecule and infinite subsystems of atoms (metal
electrode) or a large cluster (a quantum dot) and a semiconductor surface.
Besides the large sizes of these systems, there is a second complication
related to nonequilibrium conditions and time-dependent interactions. In
the case of molecular devices, an applied voltage creates a nonequilibrium
charge flow (electric current). For QD sensitized solar cells, continuous irra-
diation results in photocurrent in a charge separation. The third important
complication is due to strong correlation effects such as electron-electron
and electron-phonon correlations. Hence, a problem of correlated electron
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dynamics becomes even more complex than for electronic structure calcula-
tions.

For correct description of various nonequilibrium properties of the sys-
tems mentioned earlier, we adopt the approach that was already used in
Quantum Chemistry in 70s and 80s by different research groups [9-21]. This
approach is based on ab initio calculations of one-particle Green’s func-
tions or electron propagators. The electron propagator methods are very
attractive because of clear and successive approximations employed in calcu-
lations. Calculations without any adjustable parameters are straightforward
and provide reliable results. If it turns out that calculations based on these
approximations do not fit experimental data, there is a straightforward way
to improve them by adding more diagrams. In this work, we have adopted
this approach and extended it to the description of various nonequilib-
rium processes. The proposed methodology is based on nonequilibrium
Green’s functions or Keldysh functions. These functions are useful for the
correct description of correlated electron dynamics in molecular tunneling
devices and quantum dot-sensitized solar cells where oversimplified uncor-
related rate equation approach fails. The exact equations for electric current
(Section 3) and photocurrent (Section 4) calculations have been presented in
terms of Keldysh functions with their brief description given in Section 2.
The problem becomes more complicated if one considers exciton or multi-
ple exciton generation. For proper descriptions of these quasiparticles, one
should take into account second-order Green'’s functions for a single exciton
or higher order Green'’s functions for multiple excitons. The latter approach
requires new computational schemes.

It becomes more and more obvious that a further development of nonequi-
librium electron propagator methodology is necessary to describe various
dynamic processes in Chemistry, Physics, and Materials Science.
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presented and their findings are compared with the experimental and other
theoretical results. Our models describe the experimental results nicely for
K-, L-, and M-shell ionization for Z < 92 in the energy range £ < 2 GeV.

1. INTRODUCTION

The interaction of an incident charged particle with a neutral target atom
may give rise to elastic and various inelastic processes. Among them, the
ionization process plays a pivotal role for the understanding of collision
dynamics in general. The knowledge of ionization cross sections is also very
essential in numerous applied fields such as plasma physics, astrophysics,
laser physics, semiconductor etching, radiation science, and so on. Moreover,
these cross sections are needed in the quantitative elemental analyses using
three types of material characterizations, for example, electron probe micro-
analysis, Auger electron spectroscopy, and electron energy loss spectroscopy.
Thus, El ionization of atomic targets enjoys the heart of many applications in
diverse fields.

Modeling applications depend heavily on the vast amount of sufficiently
accurate EI ionization cross sections (EIICS) data for a wide range of atomic
species and incident energies, as opposed to a few simple atomic targets
restricted to limited discrete incident energies, suitable for the measure-
ment of EIICS data through experiments. The acute dearth of EIICS data
calls for their theoretical determination. In this review, the experimental
data are labeled by EIICS to distinguish from the theoretical ionization
data, which are calculated by adopting single one-step collision mechanism.
The theoretical results are referred to as EI single ionization cross sections
(EISICS). Applications of various quantum mechanical treatments, such as
Born approximations (BA) [1-10], T-matrix [11] and R-matrix [12], and the
convergent close-coupling method [13, 14], have been developed for accu-
rate EISICS for few selective systems, especially for the e"—H system [13-18].
These arduous calculations are not very friendly for a speedy generation of
the EISICS data for applications. Moreover, in their numerical pursuits, their
involvements with various approximations considerably dampened their
suitability in terms of energy domain and species. It thus underscores the
need for the development of analytical empirical and semiempirical models
for rapid generation of EISICS data.

In literature, there are few good reviews on the EISICS calculations [19, 20],
using the simple-to-use models with limited reliability at higher energies,
where relativistic energies become important and hence their use remains
questionable. The models, which have enjoyed wide applications, are the
semiclassical models of Thomson [21], Gryzinski [22], and Kolbenstvedt [23]
and the empirical formula of Lotz [24] and Bernshtam et al. [25]. The model
of Deutsch and Mark (DM) [26] combines the binary-encounter approxima-
tion of Gryzinski with the dipole interaction of the Born—Bethe theory [27].
Both the nonrelativistic [26] and relativistic DM [28] models do not satisfy
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the asymptotic Bethe condition [27]. To meet this condition, Deutsch et al.
revised the DM model by replacing the Gryzinski-type energy dependence
with a scaled In(U)/U, where U denotes the reduced incident energy, leading
to what is referred to as revised DM (RDM) model [29]. However, the RDM
model fails to describe the K-shell EIICS for C and heavier atoms. Haque
et al. [30] remedied those by infusing in the RDM model a Gryzinski-type
relativistic factor Gg (Eq. 3 in Ref. [30]) and an appropriate ionic correction
factor Fi,n (Eq. 5 in Ref. [30]). The resulting model has been coined as the
modified RDM (MRDM) in Ref. [30]. The expression for the K-shell ioniza-
tion EISICS in MRDM as a function of U (after combining Egs. (1, 2, and 6)
in Ref. [30]) is given by

(1)

1 A —A
omrom (U) = ”r?(gKNKGKFion |: - (CKU)] |: - 2 ] ’

A
a1+ aay T

where ry refers to the radius of maximum radial density, Ny is the number
of electrons in the K-shell, gx is the weighting factor [29], and A;, Ay, A, p,
and cx are the fitting parameters of this model. The MRDM model attained a
profound success in describing the K-shell EIICS data of targets with atomic
number Z = 1-92 for incident energies up to 2GeV. The Eq. (5) of Ref. [30]
has two inadvertent mistakes. The corrected F,,, should read as

q 0.85
Fin = 1+6.75 <u21-5) , @)

and the value of “gx = 70” must be replaced by “Exgx = 70” for all atoms
including H.

The binary-encounter-dipole (BED) model of Kim and Rudd [31] couples
the modified form of Mott cross section [32] with the Born-Bethe the-
ory [27]. BED requires the differential continuum oscillator strength (DOS)
%, which is rather difficult to obtain. The simplest approximate version of
BED is the binary-encounter-Bethe (BEB) [31] model, which does not need
the knowledge of DOS for calculating the EISICS.

Bell et al. [33] proposed an analytical formula, widely known in the lit-
erature as the Belfast ionization (BELI) formula [34] that contains the dipole
interaction term for the electron-impact ionization of atoms and ions. It
has been applied to light atomic and ionic targets with species-dependent
parameters. Godunov and Ivanov [34] applied the BELI formula to the EI
ionization of Ne’" ions. Here also no generality as to parameters of the for-
mula was provided regarding the species-dependent parameters. Moreover,
the BELI formula does not make any allowance for relativistic effects. Haque
et al. [35-38] have proposed a modification of this BELI model for eval-
uating the EI K-, L-, and M-shell ionization cross sections of atoms. The
relativistic and ionic effects are also incorporated in their modified BELI
(MBELL) [35-38] model in addition to generalizing the species-independent
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parameters in terms of the orbital quantum numbers (nl). For relativistic
corrections, a Gryzinski-type relativistic factor [22] has been introduced. The
ionic correction (see Eq. (7)) depends on the effective charge, g, as seen by the
incident electron while ionizing an atom and the time of interaction, dictated
by the incident energy.

According to Godunov and Ivanov [34], a better fit to the experimental
EIICS data can be achieved using a nonlinear term instead of a polynomial
expansion for the cross section in BELI [33] or MBELL [35, 38] models. This
has been implemented successfully by Patoary et al. [39] for K-shell ioniza-
tion in their DMEMP model, incorporating the orbit-radial aspect of DM,
dipole interaction term of BELI and the nonlinear feature, where the poly-
nomial expansion is replaced by a single exponential term. It is important
to note that the Eq. (6) of [39] for K-shell ionization cross section, opmeme (E)
should read as

2
ODMEMP = ﬂr%(NKgKFionGR (UK) /(ZA UK) |:A In <I£> x exp {Z Bi (1 a <IEK)> }:|
K i=1

Here E, Iy, and Uy = E/Ix denote, respectively, the incident energy, ioniza-
tion potential for the K-shell electron, and the corresponding reduced energy.
A, B’s, and X are the required fitting parameters. Talukder et al. [40] have
infused the nonlinearity of these parameters just by replacing the series of
Eq. (3) with a single orbital-dependent parameter depending only on the
reduced energy. For both the open and closed shell targets with atomic num-
bers 1 < Z <92, they have obtained reliable ionization cross sections easily
for energies up to about 10 keV.

Vriens [41] modified the classical binary encounter (BEA) model of Gryzin-
ski [22] by including both the exchange and the interference effects because
of the exchange and direct terms. Roy and Rai [42, 43] extended this model
to the ionization of atoms using the Hartree-Fock velocity distribution of the
target electron and also expressed the Vriens model in a useful dimensionless
form. Uddin et al. [44, 45] have applied this dimensionless Vriens model to
the H and He isoelectronic series with some simple modifications, consider-
ing the increasing ionic effect [35] among the members of the series. Potoary
et al. [46] have used the dimensionless form of the BEA model after incor-
porating relativistic correction factor with immense success for the K-shell
ionization to atomic targets in the range 2 < Z < 92 up to the incident energy
of 1GeV.

Recently, Campos et al. [47] have proposed an analytical model (hence-
forth referred to as CVTS) to describe the K- and L-shell ionization of neutral
atoms over a wide range of atomic numbers 4 < Z <79 at reduced ener-
gies U < 10. The application of the CVTS model relies on two parameters,
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which are monotonically decreasing functions of the atomic number Z. These
parameters are determined by fitting the experimental absolute EIICS data
of the K- and L-shell, with the calculated distorted-wave Born approximation
(DWBA) EISICS. The simple structure of the CVTS [35] reduces comput-
ing time considerably for obtaining the EISICS results with an accuracy of
DWBA. The success of this model provides impetus for a further extension
of its applicability to larger domains of both Z and U by incorporating the
appropriate ionic and relativistic correction factors. In the process, Haque
et al. [48] infused in the CVTS model a Gryzinski-type relativistic factor
[22] and an ionic factor [35] not only to provide its completeness but also
to render its wide applicability with sufficient accuracy. The values of the
parameters needed for this modified model are determined by the best fits to
the available K-, L-, and M-shell experimental ionization cross-section data.
The model is referred to as the XCVTS [48] model.

Kolbenstvedt [23], in his attempt to find a suitable method for calculating
K-shell EISICS, proposed a model (KLV) by combining both the distant and
close contributions to the collision cross sections. According to the model,
the contribution of o, from distant collisions is because of an exchange of
virtual photons between the incident and target electrons leading to ioniza-
tion by the photoelectric effect. The cross section oy from close encounters
is contributed from the Moller interaction [49] incorporated in the impulse
approximation. The model has been applied successfully to the description
of K-shell ionization of silver and tin at incident energies much higher than
the K-shell ionization potential. It, however, overestimates the cross sections
from the threshold to peak region of the cross section and underestimates
them at ultrahigh energies, although doing well in the moderately high ener-
gies. In the modified KLV (MKLV) [50] and the generalized MKLV (GKLV)
[51] models, Uddin et al. [50] and Haque et al. [51] have demonstrated
successfully how to fit the data over the entire energy domain from low
to relativistic energies. It was shown that the contribution of the oy, part,
which dominates the ionization cross section near threshold, is very large
in comparison with the contribution of oy in the low-energy region and
is responsible for generating abnormally high cross sections in that region.
Therefore, Haque et al. [50, 51] modified the behavior of the o, part at the
low-energy region first by modifying the energy denominator (as shown in
Egs. (15 and 17)) of the first factor in its expression involving the effective
charge as discussed earlier in Ref. [52] and then multiplying with an energy-
dependent factor. To account for the proper relativistic contribution to the
cross section, they also incorporated another multiplying factor to the total
Kolbenstvedt cross section—a sum of o, and o). In treating the K-shell ion-
ization problems, the MKLV model [50] has shown considerable success, but
the GKLV model [51] with only two orbital-dependent fitting parameters
produced very encouraging results for the K-, L-, and M-shell ionization of
atoms even at relativistic energy domain.
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Huo [53] has derived an improved version of the binary-encounter dipole
(iBED) model. Its simplified form, siBED model, contains a two-parameter
Born term instead of the Bethe part of the BED model [31]. Uddin et al. [54]
have introduced both the ionic and relativistic corrections in this model to
generate the modified siBED (MRIBED) model. The MRIBED model has been
successfully applied to the K-shell ionization [54, 55] of atoms with atomic
numbers Z = 1-50, and EI ionization (EII) of He- [56] and Be-isoelectronic
sequences [57] for incident energies extended to relativistic domain. How-
ever, at ultrarelativistic energies, it underestimates substantially the EIICS
data. In view of the parent siBED model [53] having a sound physical basis
and its modified versions [54-57] showing remarkable successes in the afore-
mentioned cases, Patoary et al. [58] have recently extended the MRIBED
model to ultrahigh energies with the following steps:

1. The removal of the relativistic corrections, implemented kinematically on
the parent siBED model [53] to yield the MRIBED model [54] but retaining
the ionic correction incorporated in the latter. The model with only the
ionic correction has been termed as the QIBED model in Ref. [55].

2. The implementation of the generalization procedure, which treats the
ionization of both filled and unfilled configurations of the K-shell [54],
to the QIBED model.

3. The incorporation of relativistic correction factors, similar to Gryzinski’s
relativistic factor [22], on the QIBED model. The resulting model, referred
to as MUIBED in Ref. [58], has been successfully tested with various
experimental EIICS data for K-, L-, and M-shell ionization of atoms.

2. OUTLINE OF THE MODELS

2.]1. MBELL model

The total cross section of electron impact single ionization, according to
Haque et al. [35-37], contributed from different ionized nl-orbits is given by

overL(E) = ZN»1ZPionGRGBELL(E)r (4)

nl

where N,; is the number of electrons in the ionized nl-orbit and ogg(E)
having the form [33]:

1 E d L\~
=~ |AIn(= B.(1-2) |.
OBELI IE |: 1'1<In’> + kgl: k( E) :| 5)

Here, E is the energy of the incident electron and I, is the ionization poten-
tial of the nl-orbit. A and B, are the so-called fitting BELL parameters. Gy is
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the Gryzinski’s relativistic factor [22] defined in terms of the reduced energy
U=E/I,as

G_<1+m>cu4yx< A+ WU + 2)(1 +])? ys ©)
Tl\uxrz) 11 PaA+2)+ua+2pa+y?) -’

where | = m.c*/I,, with m, as the electron rest mass and c as the speed of light
in vacuum. Fj,, is the ionic correction factor involving the ionic parameters
m and A having the form

s
o a1
Rm_1+m<zu). ()

In Eq. (7), g = Z — Ny, with Ny representing the total number of electrons
from the interior 1s-orbit up to the relevant nl-orbit, is the effective charge of
the target as seen by the incident electron. The form of the ionic factor is such
as to take care of its effects in two counts:

1. The enhancement of cross sections because of the greater overlap of the
charge clouds of the incident and target electrons.

2. The decrease of the enhancement with the increase of the incident energy
as the incident electron can spend less time in the vicinity of the atomic
field.

For an ionized orbital nl, the Bell parameters A and B, with k = 1-7, shown
in Eq. (5) above, are obtained by fitting the EIICS data of atomic targets
having their outermost orbit with the configuration nl. Following the pre-
scription of Ref. [37], the ionic parameters m and A are then extracted from
the experimental data of the ionic targets. Having obtained the values of m
and A for a particular /, these parameters are then used for all orbits with the
same ! and different n. This means that the ionic parameters for the 1s, 2s,
and 3s orbits are the same and likewise, those for the 2p and 3p are identical.
The detailed procedure is outlined in Ref. [37]. The parameters are optimized
by minimizing the chi-square, defined as

Np 2
2 i |:0cal (u,) - Uexp (ul)i| 8
X = Np ; O‘exp (ul) . ( )

Here N, is the number of data points. o.,(U;) and o.,,(U;) refer, respec-
tively, to the calculated and experimental cross sections at the reduced
energy point U; for a particular ionizing orbit. The optimization procedure
(in both local and global modes) has been repeated over a number of tar-
gets for the same ionizing orbit until the parameter values converge over
fitting the experimental data sets. To derive the parameters, the data are cho-
sen with the following criteria: (1) the systematic error associated with the
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experimental data collection is less than 20% and (2) in the case of multiple
data sets for a given target, the data sets do not differ by more than 12%
within error-bars. The optimized values of the parameters of the MBELL
model are listed in Table 6.1.

2.2. Outline of the XCVTS model

In finding an analytical expression to simulate the distorted-wave Born
approximation (DWBA)-generated EISICS data of the K- and L-shell ioni-
zation of atoms, Campos et al. [47] in their CVTS model have adopted the
Bethe’s asymptotic condition in a parameterized form to fit low-energy data.
Their resultant expression is given by

A (Z)

ocvis(U) =

Here A¢(Z) and B¢(Z) represent the two Z-dependent parameters of the
model and £ (= nl) denotes a particular subshell in which ionization takes
place. The two parameters, A;(Z) and B,(Z), are obtained by fitting the cal-
culated DWBA results. Equation (9) has been found to describe well the
EIICS data for the reduced incident energies U < 10 but does not provide
satisfactory results at high- and ultrarelativistic energies.

In extending the CVTS model to relativistic energies, Haque et al. [48]
incorporated in their XCVTS model a Gryzniski-type [22] relativistic factor
R(U) given by

R (1+2]> <u+]>“1 5 < 1+ WU+ 2)(1 + ) )1'5
S\uU+2/)\1+] J2(1+2)) + UU +2))(1 + ])?
82u83
and an ionic factor of the type [35-37]:
Fion:1+§(i>n' (11)
u

In Eq. (10), ] = m.c?/1, as before, with I denoting the ionization potential
concerned. The parameters §;, §,, and §; are determined from the K-shell
ionization data [48]. The last factor on the right side is introduced, following
Casnati et al. [59] and Hombourger [60], to mitigate the divergence of EISICS
at the ultrarelativistic energy region. In Eq. (11), § = Z — Ny, is the effective
charge with Ny representing the total number of electrons from the inner-
most 1s-orbit to the relevant ionizing subshell £ of the target. The parameters
¢ and n for the relevant ionized shell are obtained by fitting the experimental
data.



Table 6.1 The BELL parameters A and B’s, and the ionic parameters 1 and A for the 1s, 2s, 2p, 3s, 3p, and 3d orbits. The parameters are in the
unit of 10713 eV?2 . cm?

Parameter values

Shell  Orbit A B, B, B, B, Bs B, B, m Y
K 1s  +0525 —0510 +0.2000 +0.050  —0.025 —0.100 0.0 00 430 +1.270
L 2s 40530 —0410 +0.1500  +0.150 —0200 —0.150 0.0 00 430 +1.270
2p 40600 —0400 —0.7100  +0.655  +0.425 —0.750 0.0 00 430 40542
M 35 40130 +0250 —1.5000  +2.400  +3220 —3.667 0.0 00 430 +1.270
3p 40388 —0200 —02356 405355 +3.150 —8500 +5.05 +037 430 40542
3d 40350 +1.600 —3.0000  +4.000 42000 —5.000 —150 4350 +3.0 +0.950

SWOJY JO UOIIeZIUO| |)3YS-Jauul 3oeduwl| UoI3d3)3

43
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For the XCVTS model, the parameter A, (Z) in Eq. (9) has been redefined as
A(Z) = C.Z* (12)

in terms of shell-dependent but species-independent new parameters, C; and
Ae. The form of A, (Z) with its two parameters in Eq. (12) leads to the redun-
dancy of the parameter B¢(Z) in Eq. (9). Consideration of Eqs. (10-12) leads
to the expression for EISICS in the XCVTS model of Ref. [48] as

1
oxevs(U) = Y R(U)Fion (LA, (Z)N;l—l In(lD). (13)

Here, N¢ is the number of electrons in each subshell £ contributing to total
ionization. For the L- and M-shell ionization, the total EISICS is obtained by
summing the contributions from the subshells composing the shell.

The relativistic parameters 4, §,, and §; in Eq. (10), the ionic parameters
¢ and 5 in Eq. (11), and the parameters C; and 1. in Eq. (12) have been
optimized by minimizing the chi-square, shown in Eq. (8), for fitting the
experimental data with the criteria specified earlier. The optimization pro-
cedure is similar to that followed for the MBELL model excepting that the
repetition over the number of targets is to be done for the same ionizing
shell in place of orbit for seeking the convergence of the parameter values.
The optimum values thus obtained for all parameters of the XCVTS model
are tabulated in Table 6.2.

2.3. GKLV model

The total cross section in the generalized Kolbenstvedt (GKLV) model
[50, 51], for K-, L-, and M-shell ionization after summing the contributions
over all ionized orbits, can be written as

OGKLV = ZNMZRF(FMUph +om), (14)

where N, is again the number of electrons in the ionized nl-orbit. o, and oy
representing, respectively, the cross section contributions from the distant

Table 6.2 The parameter A¢(Z) = CgZ*f in Eq. (12) as the function of the atomic number
Z, the ionic parameters ¢ and 7, and the relativistic parameters 8y, 8,, and &3 for K-, L-, and
M-shell ionization

Shell Cf )\.g As é‘ n 81 82 83
K 11.5 —4.35 115x2Z*% 001 1.0 202 022 027
L 5500 —495 5500x Z~** 001 1.0 202 022 027

M 5700 —425 5700xZ** 001 1.0 202 022 027
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and close collisions, are expressed as

2
_ 0141(E+1) [m 1235E+2) EE+ 2)} barns,  (15)

T LELE, D) I, ET 17
and
M (E +1)° Ly E? 2E+1  E
TLEE+2 | E\C In— ) | barns, (16
m=Trero ' T EU T3 T T Er ) | Pams (16)

with E', the effective kinetic energy (with details given in Ref. [61]) as seen
by the bound electron, is

gnl(an + Inl)
E=E+4+ ———-. 17
a1 (17)

Here, g is the effective charge of the target as seen by the incident electron,
&, is the ionic parameter for the relevant orbit, and y,, is the kinetic energy
of an electron in the relevant ionized orbit. While ¢, influences both the peak
position and magnitude, 7,; controls only the magnitude. The KLV model of
Kolbenstvedt [23] fixes 1, = 0.499 for the K-shell ionization, such that Ny,
nu = 0.998 with N;; = 2. The appropriate forms of the relativistic factor R
and the scaling factor Fy;, which are detailed in Ref. [50], are, respectively,
given by

Ry = (1+ml), (18)

where U, = T/1, is the reduced energy for the nl-orbit, and m and X are the
relativistic parameters, and

1
Fy=25(1-
M ( unl

=10 for U, > 1.70.

) for U, <1.70,
(19)

With 13, = 0.499 fixed, the parameters ¢,, m, and A have been optimized
through the x* minimization on the experimental K-shell EIICS data for ionic
targets, as done in Ref. [61], leading to &, = 2.0, m = 0.054, and A = 0.067.
Keeping these optimized values fixed for both m and A, the ¢, and 7, are
obtained by minimizing the chi-square in Eq. (8) over for experimental EIICS
data sets of Be*, C**, N****, O*, Ne”*, and U** ionic targets for the 2s-orbit;
of C*, N?*, O™, F>*, Ne* 4+t ‘and U for the 2p-orbit; of Si*t, S**, and
CI5* for the 3s-orbit; of Ar*™>*, Cr®", and Fe’" for the 3p-orbit; and of Ti**,
Ni**, and Kr’* for the 3d-orbit with details in Ref. [61]. The best-fitting
parameters ¢,, and n,, for various orbits are given in Table 6.3.
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Table 6.3 Values of the parameters ,,; and 1), for the inner shell ionization in the 1s, 2s,
3s, 3p, and 3d orbits

Orbits
Parameter 1s 2s 2p 3s 3p 3d
Eul 2.0 1.0 1.0 2.0 0.3 0.1
N 0.499 0.40 0.57 0.65 0.70 1.15

2.4. Outline of the MUIBED Model

For an ionized shell, according to Patoary et al. [58], the cross section for the
K-shell ionization in the MUIBED model is

Here, the summation is taken over all the contributing orbits in a shell.
F(Z), the generalized scaling factor for the K-, L-, and M-shell ionization,
following [54], is given by

F(Z) =1+ mZ*, (21)

For filled 1s-orbit m = 0.0 and A = 0.0 and they have nonzero values for
other cases including a filled configuration of L- and M-shell ionization.
The term S’ in Eq. (20) is given as

_ 47[an
R+ R +ad)/q+1)

’

(22)

N,y is the number of electrons in the ionizing nl-orbit, and g denotes the
effective charge as seen by the incident electron.
The terms H, F, and G is given in Ref. [58] as

H= kg B aé _ In (k(zJ/a(z)) , (23)
Ko ks + o
64 «>N,
F= ag L (24)
kg
and
(k(% 70‘(2))/2 Kmax d d 5
1 t t
G= / ks (K + o) dE, x Rt _dK.

o o K[+ k) +ed] [k~ k) + ]

(25)
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Using atomic units in the above Eqs. (22-25), k3 /2 is the energy of the inci-
dent electron; k7 /2 is the kinetic energy of the bound electron; I = /2 is
the ionization potential of the relevant shell electron; and k7/2 is the energy
of the ejected electron with k, having the dimension of momentum [53].

K = ky — k;, denotes the momentum transfer vector with k; being the momen-
tum of the incident electron after a collision. The values of K,,,, and K, are
given in Ref. [62]. The parameters d; and d, in Eq. (25) determine, respec-
tively, the EISICS peak and EISICS values at higher energies [55]. The EISICS
data on most atomic targets favor d; = 0.0 [55-57] and, with the inclusion of
relativistic factors, d, is also set to d, = 0.0.

With Rg and Ry in Eq. (20), the relativistic factors for the K-shell ionization
[58] in line with Gryzinski's relativistic factor [22] are as follows:

15

RB=|: aAa+wWyu+2pa+) 2:|‘, (26)
PA+2)+UMU+2)A+])
and
2.11
RMZ( 1+2] ><u+]> _ 27
0.5U + 2] 147

We adopt the generalized expression (20) for EISICS to the L- and M-shell
ionization, it has been found necessary to modify the factor Ry, associated
with the relativistic effect in the Mott part of Eq. (20). The fitting of the experi-
mental EISICS data for L- and M-shell leads to the optimized forms for Ry as
follows:

1. For L-shell ionization,

211
RM:( 1+2] ><U+]) . (28)
034U +] 1+7]
2. For M-shell ionization,
B 1 +2] U—I—] 211
RM_(O.3U+]>(1+]) ' @)

With d; = d, = 0.0 and the relativistic factor Ry in Eq. (26) for all cases, and
the form of the factor Ry in Eq. (27), Eq. (28), or Eq. (29), chosen respectively,
for the K-, L-, or M-shell ionization, Eq. (20) generates the total EISICS in the
MUIBED model. The fitting parameters of the MUIBED model are m and 2
in Eq. (21). In conjunction with the relativistic factor Ry in Eq. (27) for the
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Table 6.4 Values of the parameters m and
A and for K-, L-, and M-shell ionization

Parameters
Shell M A
Filled K 0.000 0.000
Unfilled K +0.365 +0.050
L —0.605 +0.060
M —0.890 +0.015

K-shell ionization, these are determined from optimizing the overall fits of
the experimental EIICS data for H-isoelectronic sequence with an unfilled
configuration, as done in Ref. [54] and He-like targets with a filled configu-
ration. The optimized values of m and A for the K-shell are listed in Table 6.4.
The optimized m and A for the L-shell with Ry in Eq. (28) and the M-shell
with Ry in Eq. (29) have been obtained using the respective inner-shell EIICS
data of Au, Pb, and Bi and are listed in Table 6.4.

3. EXPERIMENTAL DATA SOURCES

Excellent reviews on various techniques of measuring the inner-shell ioni-
zation cross sections have been provided by C. J. Powell [63-65]. Three
techniques are usually used for measuring K-, L-, and M-inner-shell ioni-
zation cross sections. These are (1) X-ray fluorescence, (2) Auger electron
spectroscopy, and (3) transmission electron energy loss spectroscopy. In the
X-ray spectroscopy technique, cross sections are obtained from the measure-
ment of fluorescence yield from X-rays emission resulting from the filling
up of vacancies created by the electron impact ionization in the inner shells.
Auger electron spectroscopy, however, involves measurements of yields of
characteristic Auger electrons for determination of EIICS. Inner-shell ioniza-
tion cross sections are also derived from the transmission electron energy
loss experiments. The experimental data used for comparison with our
calculated cross sections are derived from one or another of these three
techniques.

4. DISCUSSION AND CONCLUSIONS

The calculated EISICS from the MBELL, XCVTS, GKLV, and MUIBED mod-
els are compared with available experimental data: the K-shell ionization
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Figure 6.1 Electron impact ionization cross sections (in square centimeter) for the K-shell in
C are plotted as a function of the incident electron energy (in kiloelectron volt). The sources
of experimental EIICS data in solid symbols are given in Refs. [66—69]. Solid line (—), dashed
line (- - - -), dash-dotted line (-----), and dotted line (- - - - - ) represent the calculated results
using the MUIBED, MBELL, XCVTS, and GKLV models, respectively. Predicted cross sections
from the models of Deutsch et al. [28], Casnati et al. [59], and Hombourger [60] are also
displayed.

cross sections for C to U in Figures 6.1-6.51, the L-shell ionization cross
sections for Ar to U in Figures 6.52-6.80, and the M-shell ionization cross
sections for Au to U atoms in Figures 6.81-6.84. The quantal results for
the K-shell ionization are shown in Figure 6.10 for Ar, Figure 6.16 for Cr,
Figure 6.17 for Mn, Figure 6.20 for Ni, Figure 6.21 for Cu, Figure 6.29 for
Y, Figure 6.34 for Ag, Figure 6.36 for Sn, Figure 6.40 for Ba, Figure 6.42 for
Ho, Figure 6.47 for Au, Figure 6.48 for Hg, Figure 6.49 for Pb, Figure 6.50
for Bi, and Figure 6.51 for U. For the L-shell ionization, the quantal cross
sections are plotted in Figure 6.52 for Ar, Figure 6.53 for Ni, Figure 6.57 for Y,
Figure 6.60 for Ag, Figure 6.63 for Ba, Figure 6.71 for Ho, Figure 6.74 for Ta,
Figure 6.77 for Au, Figure 6.78 for Pb, Figure 6.79 for Bi, and Figure 6.80 for U.
For the M-shell ionization, the only available PWBA results [1] are shown
in Figures 6.82, 6.83, and 6.84 for Pb, Bi, and U target atoms, respectively.
The relative performances of the four models depend on the species and the
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Figure 6.2 Same as in Figure 6.1 for the K-shell in N without the predictions from the
models in Refs. [28, 59, 60]. The EIICS data are from Refs. [66, 70].
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Figure 6.3 Same as in Figure 6.2 for the K-shell in O. The EIICS data are from Refs. [66, 70, 71].
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Figure 6.4 Same as in Figure 6.2 for the K-shell in Ne. The EIICS data are from Refs. [68, 72,

73].
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Figure 6.5 Same as in Figure 6.2 for the K-shell in Na. The EIICS data are from Refs. [72].
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Figure 6.6 Same as in Figure 6.2 for the K-shell in Mg. The EIICS data are from Refs. [72-74].
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Figure 6.7 Same as in Figure 6.2 for the K-shell in Al. The EIICS data are from Refs. [72-76].
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Figure 6.8 Same as in Figure 6.2 for the K-shell in Si. The EIICS data are from Refs. [71, 74,
76, 77].
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Figure 6.9 Same as in Figure 6.2 for the K-shell in Cl. The EIICS data are from Refs. [72, 76].
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Figure 610 Same as in Figure 6.2 for the K-shell in Ar. The EIICS data are from Refs. [66, 71,
74,78, 79]. The open circles, squares, and triangles are the quantum results from Refs. [1, 2, 8].
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Figure 6.1 Same as in Figure 6.2 for the K-shell in K. The EIICS data are from Ref. [80].
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Figure 612 Same as in Figure 6.2 for the K-shell in Ca. The EIICS data are from Refs. [74, 76,

80].
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Figure 6.14 Same as in Figure 6.2 for the K-shell in Ti. The EIICS data are from Refs. [82-85].
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Figure 6.15 Same as in Figure 6.2 for the K-shell in V. The EIICS data are from Refs. [81, 86].
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Figure 6.16 Same as in Figure 6.2 for the K-shell in Cr. The EIICS data are from Refs. [74, 83,
85—88]. The open squares are the quantum results from Ref. [8].
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Figure 6.17 Same as in Figure 6.2 for the K-shell in Mn. The EIICS data are from Refs. [74, 85,
86, 89-91]. The open squares are the quantum results from Ref. [8].
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Figure 618 Same as in Figure 6.2 for the K-shell in Fe. The EIICS data are from Refs. [86, 91,
92].
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Figure 619 Same as in Figure 6.2 for the K-shell in Co. The EIICS data are from Refs. [86, 93].
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Figure 6.20 Same as in Figure 6.2 for the K-shell in Ni. The EIICS data are from Refs. [74, 82,
85—87, 94—97]. The squares are the quantum results from Ref. [2].
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83, 85, 86, 90, 93, 97-102]. The squares are the quantum results from Ref. [1].

Same as in Figure 6.2 for the K-shell in Cu. The EIICS data are from Refs. [74, 76,
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Figure 6.22 Same as in Figure 6.2 for the K-shell in Zn. The EIICS data are from Refs. [76, 85,
86,103].
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Figure 6.23 Same as in Figure 6.2 for the K-shell in Ga. The EIICS data are from Ref. [104].
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Figure 6.24 Same as in Figure 6.2 for the K-shell in Ge. The EIICS data are from Refs. [74, 85,

101, 104].
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Figure 6.25 Same as in Figure 6.2 for the K-shell in Se. The EIICS data are from Refs. [76, 86,

100, 105].



344 A. K. Fazlul Haque et al.

3 T T T T
Kr ® Hoffmann et al. (1979) 4
— MUIBED L
- - — MBELL a4
/
£ 2r
§
Q
=t
S
©
(0]
(7]
17
S 1t
'$)
0 1 1 1 1
10! 102 103 104 10° 10%

Electron energy (keV)

Figure 6.26 Same as in Figure 6.2 for the K-shell in Kr. The EIICS data are from Ref. [74].
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Figure 6.27 Same as in Figure 6.2 for the K-shell in Rb. The EIICS data are from Refs. [80, 86].
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Figure 6.28 Same as in Figure 6.2 for the K-shell in Sr. The EIICS data are from Refs. [80, 86,
102].
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Figure 6.29 Same as in Figure 6.2 for the K-shell in Y. The EIICS data are from Refs. [74, 76,
85, 95]. The open squares are the quantum results from Ref. [2].
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Figure 6.30 Same as in Figure 6.2 for the K-shell in Zr. The EIICS data are from Refs. [84,106].
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Figure 6.31 Same as in Figure 6.2 for the K-shell in Nb. The EIICS data are from Ref. [107].



Cross section (10723 cm?)

20

Electron Impact Inner-Shell lonization of Atoms

151

B He etal. (1996b) )
® Middleman et al. (1970) A
A shii et al. (1977) , a4

—— MUIBED ;1Y

- - = MBELL

0
10"

102

10° 10* 10° 108
Electron energy (keV)

347

Figure 6.32 Same as in Figure 6.2 for the K-shell in Mo. The EIICS data are from Refs. [76,

102, 108].
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Figure 6.33 Same as in Figure 6.2 for the K-shell in Pd. The EIICS data are from Refs. [76, 109,

110].
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Figure 6.34 Same as in Figure 6.2 for the K-shell in Ag. The EIICS data are from Refs. [74,
85, 86, 95, 97, 98, 101, 105, 109, 111, 112]. The open squares and circles are the quantum results
from Refs. [2, 8].
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Figure 6.35 Same as in Figure 6.2 for the K-shell in In. The EIICS data are from Refs. [76, 86,
102,109].
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Figure 6.36 Same as in Figure 6.1 for the K-shell in Sn. The EIICS data are from Refs. [74, 76,
85, 86,106, 109, 112]. The open squares are the quantum results from Ref. [1].
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Figure 6.37 Same as in Figure 6.2 for the K-shell in Sb. The EIICS data are from Refs. [84, 86,

105].
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Figure 6.38 Same as in Figure 6.2 for the K-shell in Te. The EIICS data are from Refs. [85, 86].
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Figure 6.39 Same as in Figure 6.2 for the K-shell in Xe. The EIICS data are from Ref. [74].
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Figure 6.40 Same as in Figure 6.2 for the K-shell in Ba. The EIICS data are from Refs. [76, 84,
86]. The open circles are the quantum results from Ref. [2].
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Same as in Figure 6.2 for the K-shell in Sm. The EIICS data are from Refs. [76, 86].
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Figure 6.42 Same as in Figure 6.2 for the K-shell in Ho. The EIICS data are from Refs. [74, 76].
The open circles are the quantum results from Ref. [2].
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Figure 6.43 Same as in Figure 6.2 for the K-shell in Tm. The EIICS data are from Ref. [102].
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Figure 6.44 Same as in Figure 6.2 for the K-shell in Yb. The EIICS data are from Refs. [86, 95].
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Same as in Figure 6.2 for the K-shell in Ta. The EIICS data are from Refs. [95, 102].
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Figure 6.46 Same as in Figure 6.2 for the K-shell in W. The EIICS data are from Ref. [106].
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Figure 6.47 Same as in Figure 6.1 for the K-shell in Au. The EIICS data are from Refs. [74, 76,
86, 95, 98,102, 110, 112]. The open circles are the quantum results from Refs. [2, 4].
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Figure 6.48 Same as in Figure 6.2 for the K-shell in Hg without EIICS data. The open circles
are the quantum results from Ref. [4].
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Figure 6.49 Same as in Figure 6.2 for the K-shell in Pb. The EIICS data are from Refs. [74, 76,
86, 95, 106]. The open circles are the quantum results from Ref. [1].
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Figure 6.50 Same as in Figure 6.2 for the K-shell in Bi. The EIICS data are from Refs. [74, 76,
86, 102]. The open circles are the quantum results from Ref. [2].
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Figure 6.51 Same as in Figure 6.1 for the K-shell in U. The EIICS data are from Ref. [76]. The
open circles and square are the quantum results from Refs. [1, 2].
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Figure 6.52 Same as in Figure 6.2 for the L-shell in Ar without EIICS data. The open circles

are the quantum results from Ref. [2].
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Figure 6.53 Same as in Figure 6.2 for the L-shell in Ni without EIICS data. The open circles

are the quantum results from Ref. [2].
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Figure 6.54 Same as in Figure 6.2 for the L-shell in Cu. The EIICS data are from Ref. [113].
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Figure 6.55 Same as in Figure 6.2 for the L-shell in Rb. The EIICS data are from Ref. [113].
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Figure 6.56 Same as in Figure 6.2 for the L-shell in Sr. The EIICS data are from Ref. [113].
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Figure 6.57 Same as in Figure 6.2 for the L-shell in Y without EIICS data. The open circles
are the quantum results from Ref. [2].
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Figure 6.58 Same as in Figure 6.2 for the L-shell in Nb. The EIICS data are from Ref. [114].
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Figure 6.59 Same as in Figure 6.2 for the L-shell in Pd. The EIICS data are from Ref. [76].
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Figure 6.60 Same as in Figure 6.2 for the L-shell in Ag. The EIICS data are from Refs. [74, 113].
The open circles and squares are the quantum results from Refs. [1, 2].
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Same as in Figure 6.2 for the L-shell in In. The EIICS data are from Ref. [76].
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Figure 6.62 Same as in Figure 6.2 for the L-shell in Sn. The EIICS data are from Refs. [74, 76,
113].
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Figure 6.63 Same as in Figure 6.2 for the L-shell in Ba. The EIICS data are from Refs. [76, 115].
The open squares are the quantum results from Ref. [2].
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Figure 6.64 Same as in Figure 6.2 for the L-shell in La. The EIICS data are from Ref. [115].
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Figure 6.65 Same as in Figure 6.2 for the L-shell in Ce. The EIICS data are from Ref. [115].
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Figure 6.66 Same as in Figure 6.2 for the L-shell in Pr. The EIICS data are from Ref. [115].
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Figure 6.67 Same as in Figure 6.2 for the L-shell in Nd. The EIICS data are from Ref. [115].
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Figure 6.68 Same as in Figure 6.2 for the L-shell in Sm. The EIICS data are from Refs. [74, 113,

115].

Figure 6.69 Same as in Figure 6.2 for the L-shell in Eu. The EIICS data are from Ref. [115].
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Figure 6.70 Same as in Figure 6.2 for the L-shell in Gd. The EIICS data are from Ref. [115].
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Figure 6.71 Same as in Figure 6.2 for the L-shell in Ho. The EIICS data are from Ref. [76]. The
open squares are the quantum results from Ref. [2].
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Figure 6.72 Same as in Figure 6.2 for the L-shell in Er. The EIICS data are from Ref. [115].
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Figure 6.73 Same as in Figure 6.2 for the L-shell in Yb. The EIICS data are from Refs. [74, 115].
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Figure 6.74 Same as in Figure 6.2 for the L-shell in Ta. The EIICS data are from Refs. [74, 102,
113]. The open circles are the quantum results from Ref. [1].
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Figure 6.75 Same as in Figure 6.2 for the L-shell in Re. The EIICS data are from Ref. [115].
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Figure 6.76 Same as in Figure 6.2 for the L-shell in Pt. The EIICS data are from Ref. [115].
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Figure 6.77 Same as in Figure 6.1 for the L-shell in Au along with the predictions from the
DM model [28]. The EIICS data are from Refs. [74, 76,102, 116]. The open circles and squares
are the quantum results from Refs. [1, 2].
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Figure 6.78 Same as in Figure 6.2 for the L-shell in Pb. The EIICS data are from Refs. [74, 76,
115, 116]. The open squares are the quantum results from Ref. [1].

T
O Scofield (1978)

Bi O Khare and Wadehra (1996) .
7/
B Palinkas and Schlenk (1980) 7
1.0F @ Hoffmann et al. (1979) , ’ v/*;
, A Ishii et al. (1977) ST wn.
/Og, ¥ Middleman etal. (1979) , 40

@ Park et al. (1975)

&
£
\—o 1
L !
= T IR
.5 @ \‘ A
§ ' \.D N
» 05 o (y A\l \% T
» ’7 3 .
© ! Gk
O

|

] —— MUIBED

f - — XCVTS

! - - - MBELL

{ - GKLV

00 l 1 1 1 1
10° 102 108 104 105 108

Electron energy (keV)

Figure 6.79 Same as in Figure 6.2 for the L-shell in Bi. The EIICS data are from Refs. [74, 76,
102, 115, 116]. The open circles and squares are the quantum results from Refs. [1, 2].
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Figure 6.80 Same as in Figure 6.2 for the L-shell in U. The EIICS data are from Refs. [74, 76].
The open circles and squares are the quantum results from Refs. [1, 2].
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Figure 6.81 Same as in Figure 6.2 for the M-shell in Au. The EIICS data are from Ref. [74].
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Figure 6.82 Same as in Figure 6.2 for the M-shell in Pb. The EIICS data are from Refs. [74, 76].
The open circles are the quantum results from Ref. [1].
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Figure 6.83 Same as in Figure 6.1 for the M-shell in Bi along with the predictions from the
DM model [28]. The EIICS data are from Refs. [74, 76]. The open circles are the quantum

results from Ref. [1].
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Figure 6.84 Same as in Figure 6.2 for the M-shell in U. The EIICS data are from Ref. [74]. The
open circles are the quantum results from Ref. [1].

energy region apart from the ionization shell. They are based on different
inherent structures, for example:

1.

The MBELL model combines the Bethe asymptotic form and the low-
energy behavior of collision, respectively, through the first and series
terms in Eq. (5) and contains nine shell-dependent parameters shown in
Table 6.1 excluding the fixed parameter m.

. The XCVTS model is simulation of DWBA calculations, through its par-

ent CVTS [47] model, in terms of the two fitting parameters C; and A
shown in Eq. (12) apart from other shell-independent parameters depicted
in Table 6.2.

. The GKLV model is based on the Kolbenstvedt model [23], which has its

root in the quantum electrodynamics, with two orbit-dependent fitting
parameters ¢,, and n,; tabulated in Table 6.3.

. The MUIBED model, through its parent siBED [53], replaces the Bethe

part of the BED model with a two-parameter Born term through Eq. (25)
leading to ultimately two shell-dependent fitting parameters m and A in
Eq. (21), noted in Table 6.4 after both the parameters d; and d, are set
to zero.

In spite of the structural differences in the four models, they all gener-

ate almost identical results in the energy region of available experimental
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data for C, N, Ne, Ar, Ag, Sb, Te, Ba, Sm, Ho, Tm, Ta, and U atoms in the
K-shell ionization; for Cu, Rb, Sr, Pd, Ag, Sn, and Ba atoms in the L-shell
ionization, and for Au, Pb, Bi, and U atoms in the M-shell ionization, where
there remain large differences in the predictions around the peak region. In
few cases, these models perform differently in describing the experimental
data in distinct energy regions with examples of Cr, Cu, and Ag atoms for
the K-shell, and Sm, Pb, and Bi atoms for the L-shell ionization. Excepting
the cases of Ti, Zr, W, and Pb atoms in the K-shell and atomic Nb target in the
L-shell ionization, the experimental data are well described by three or two
of the models.

For the K-shell ionization, all four models have produced almost similar
cross sections over the entire energy domain for atoms in the ranges Z =6
(C)-10 (Ne), 47 (Ag)-60 (Nd), and 61 (Pm)-67 (Ho). These also include the
cases: (1) for F, I, Cs, Pm, Tb, and Dy atoms with no experimental EIICS
data available to the best of our knowledge, (2) for As, Br, Cd, Ce, Nd, Eu,
Gd, Er, Pt [86] and U [76] atoms with only one-point EIICS datum [86],
and (3) for Na, La, Pr, Sm, and Na atoms with two available data points
[79, 82, 103]. However, the predicted EISICS for the atoms in the first case are
not displayed in figures. For the latter two cases, the comparison between the
experimental results and model predictions are shown only for typical cases
of Na and U targets (Figures 6.5, 6.51). It is observed that from atomic C to O
(Z = 6-8) and also from Gd to U atoms (Z = 64-92), the MBELL model over-
estimates the cross sections for all K-, L-, and M-shell ionizations throughout
the studied energy range except for the M-shell ionization in the relativistic
domain. For the M-shell ionization in the peak region, where experimental
data are yet unavailable, the EISICS predictions due to MBELL remain by
far the largest as compared with those calculated by the other three reported
models. The above-mentioned aspect of MBELL for the L- and M-shell ion-
ization, apply to the cases of K, Ca, Sc, Ti, V, Cr, Mn, Fe, Co, Zn, Ga, Ge, As,
Se, Br, K, Zr, Mo, Tc, Ru, Rh, Cd, Sb, Te, I, Xe, Cs, Pm, Tb, Dy, Tm, Lu, Hf,
W, Os, Ir, Hg, T1, Po, At, Rn, Fr, Ra, Ac, Th, and Pa atoms for the L-shell, and
Hg, Tl, Po, At, Rn, Fr, Ra, Ac, Th, and Pa atoms for the M-shell ionization,
where EIICS data are not available as far as we know. The MBELL model
nevertheless performs best for the L-shell ionization in describing the exper-
imental data of Tin (Sn) and Samarium (Sm) just beyond the peak region and
for Iodine (I) in the relativistic region. Moreover, MBELL produces reason-
able to excellent fits to most of the available data for the K-, L-, and M-shell
ionization.

In most cases of the L- and M-shell ionization, the predicted results result-
ing from XCVTS, GKLV, and MUIBED models agree nicely and produce
excellent account of the available experimental data. Even in the peak region,
these three models perform quite well as compared with the measured data
for the L-shell ionization of Au and Pb. But all of them fail to reproduce
the L-shell ionization EIICS data for Nb target, where the available exper-
imental data cover the whole peak region. The quantal results due to the
plane-wave BA (PWBA) [1], relativistic PWBA (RPWBA) [2] and [4], or
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the relativistic DWBA (RDWBA) [8] for the K-shell and L-shell ionization
agree remarkably well by most of these models. However, for the M-shell
ionization, the findings of the PWBA [1] model fail to describe the EIICS data,
which are very well accounted for by our model calculations, considered
herein.

To adjudge the effectiveness of the MBELL, XCVTS, GKLV, and MUIBED
models, the predictions of these models are compared with those of the other
successful models [28, 59, 60] along with the available EIICS data for few
typical species. For the K-shell ionization, the calculated cross sections from
the relativistic DM model [28] as well as empirical models of Casnati et al.
[59] and Hombourger [60] are shown in Figures 6.1, 6.36, 6.47, and 6.51,
respectively, for C, Sn, Au, and U. Although the latter three models work
pretty well for C and Sn targets, they perform very poorly at relativistic ener-
gies beyond 10 MeV for heavier targets, such as Au and U atoms. For Au
(Figure 6.47), the DM model [28] provides underestimated cross sections in
the energy region 20 < E < 300 MeV, and both the empirical models [59, 60]
follow the same trend at all energies beyond 10 MeV. At E > 300 MeV, the
findings of the DM model, however, manage to agree with the experimental
EIICS data. The DM and both the empirical models [59, 60] perform even
worse to reproduce the experimental point for U atom (Figure 6.51) at about
E =80 MeV. For the L- and M-shell ionization, the DM results [28] greatly
overestimate the experimental findings, respectively, on Au (Figure 6.77)
over the entire energy range and on Bi (Figure 6.83) in the energy range
20 < E <250MeV.

In conclusion, this review presents the calculated results from the MBELL,
XCVTS, GKLV, and MUIBED models embodying the single one-step ioniza-
tion dynamics. In the overall picture, these four models are found successful
in describing the most of the available experimental EIICS data for the K-, L-,
and M-shell ionization of the atomic targets, ranging from C to U atoms and
for incident energies E up to 2GeV. These four models can easily be used
to generate accurate EISICS results for the species and energies, where the
experimental data are either sparse or even nil. The differences found among
the predicted results may, however, be considered as the limiting values for
use in various modeling applications.
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Note: The letters ‘f” and ‘t’ following locators denote figures and tables respectively

A
Absorption component shape spectra, 248f
Absorption total shape spectra, 248f
Abstract configuration space, role of, 54
Ahlstrom force field, 135, 138
AIM, see Atoms-in-molecules
Allyl rr-electron system, 30
AQ, see Atomic orbital
ARMA model, see Autoregressive moving
average model
Atomic orbital (AO), 3, 131
fragment-normalized probabilities, 38
populational decoupling of
chemical bonds, 23
Hiickel approximation, 26
MO, 21-24
molecular information channel, 25
population-weighting procedure, 25
probability scattering, 27-28
quantum-mechanical CBO matrix, 21
Atomic output reduction, 37
Atoms-in-molecules (AIM), 3
Auger electron spectroscopy, 330
Autocorrection, 175
Autocorrelation function, 151
equivalence of, 157-161
Autoregressive moving average (ARMA)
model, 161
Average entropic descriptors, 40

B

BA, see Born approximations

Baker-Campbell-Hausdorff (BCH) expansion,
120, 123, 127

Beam splitter (BS), 83-84

BED model, see Binary-encounter-dipole
model

Belfast ionization (BELI), 319

BELL parameters, 322, 323, 325t

1,4-benzenedithiol (BDT), 288
Binary entropy function, 11
Binary-encounter-Bethe, 319
Binary-encounter-dipole (BED) model, 319
Bonding
and antibonding, 24, 27, 29, 36, 44, 45
CTCB, 3
hydrogen, 138
MO, 10-12, 14, 22
probabilities of AO, 39
two-electron system, 21
Born approximations (BA), 318
Born—-Bethe theory, 318, 319
BS, see Beam splitter
Butadiene, 33

C
Cartesian coordinate system, 34
Cauchy integral, 183-184
Cayley-Hamilton theorem, 174, 192
CBO, see Charge and bond order
CCF, see Contracted continued fraction
Cell surviving fractions
after irradiation, PQL model, 254-256
radiobiological modelings, 225-226
CF, see Continued fraction
CG, see Contragradience
Charge and bond order (CBO), 6
matrix, 11, 14
Chemical shifts, 228, 257
NMR, 137-138
Christoffel-Darboux formula, 186
Closed-shell (CS), 6
and MO, 8
molecular systems, 38
normalization constant, 7
Coherence, lost and regained, 87
Communication theory of the chemical bond
(CTCB), 3
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Index

Companion matrix, see Hessenberg matrix
Condensed conditional probabilities, 37
Conditional entropy, 9, 18
Continued fraction (CF), 203
coefficients, analytical expressions, 208-209
contracted, 214-215
equations for eigenvalues via, 205-206
Contracted continued fraction (CCEF),
214-215
Contragradience (CG), 3
Convergence
rate, 239f
regions, 242f
Convergent close-coupling method, 318
Copenhagen interpretation, 55
Copenhagen view, 57-60, 101
Coulombic interactions, 112, 273
Coupled-perturbed Kohn-Sham (CPKS)
equations, 131
Covalency, 3, 9
Covalent promolecule, 11
CS, see Closed-shell
CTCB, see Communication theory of the
chemical bond
Cubic response function, 127-130
CVTS model, 320, 321, 324
Cyclohexatriene, 28

D

Decimated signal diagonalization (DSD), 200

Decoupled bonds, 11-15

Density functional theory (DFT), 108

Detector function, 91-94

Deutsch and Mark (DM) model, 318,
369f-372f, 375

DFT, see Density functional theory; Discrete
Fourier transform

Diagonalization

of Hessenberg/companion matrix, 182
of Jacobi matrix, 171-173

Diatomic chemical interactions, average
entropic descriptors, 4044

Diatomic molecules, 39

Diatomic Wiberg, 42

Diffraction quantum state, 65-66

Diminished bond multiplicity, 25

Dirac function, 184

Dirac-Lebesgue measure for discretization,
183-184

Discrete Fourier transform (DFT), 157

Dithiol molecules, 272f

Double-slit case, 60—-66

DSD, see Decimated signal diagonalization

Dual Lanczos representation via state vectors,
189-190

Dyson equations, 273, 277f, 305f

Dyson orbital 40, 290

Dyson pole strengths, 284

E

Ehrenfest theorem, 122, 123, 127

El ionization cross sections (EIICS) data, 318

El single ionization cross sections (EISICS),
318, 329

Eigenvalues, 209-212

EIICS data, see EI ionization cross sections
data

Einstein-Podolsky—Rosen (EPR) experiment,
78-83, 102

Electric field, transformed, 129, 130

Electron impact ionization cross section, 331f

Electron localization function, 3

Electron propagator, 284-287

Electron transfer, 300

Electron-phonon

correction, 308
interaction, 307-309

Electro-optic shutters, 88

Electrostatic energy, definition of, 114

Embedded molecules, nuclear magnetic
shielding tensors, 130-132

Entanglement issues, 98-100

EPR experiment, see
Einstein-Podolsky—Rosen experiment

Excitation energies, 136-137

Excitation operator, 52

Explicit Lanczos wave packet propagation,
192-193

Explicit Padé approximant, 206-207

External quantum state, 53

F
Fast Fourier transform (FFT), 148, 161
Fast Padé transform (FPT), 148, 149, 222-224
Fence

double-slit case, 60-66

recording screens, 6670

Tonomura’s experiment, 71-73
FFT, see Fast Fourier transform
FID curve, see Free induction decay curve
Field-effect transistor, 292
Filter diagonalization (FD) method, 192
Finite field (FF) techniques, 139
Finite-rank Green function, 222
Flexible-input generalization, 15-21



Force fields, hierarchy of, 133-136

Forward and root-reflected backward linear
predictor (FB-LP), 253

Fourier transformation, 121, 123

FPT, see Fast Padé transform

Fragment Hamiltonians, 110

Free induction decay (FID) curve, 226

Free-photon state, 95

Froissart doublets, 251f, 252f

G

Gas-to-aqueous solution shifts, 138

Gauge-including atomic orbitals (GIAOs),
109, 131, 132

Gaussian elimination method, 215-217

Gaussian software, 288

GKLV model, 326-328, 373

Gold electrodes, 272

Gram-Schmidt orthogonalization (GSO),
166

Green function, 152, 160-161, 172, 202, 204

Gryzinski’s relativistic factor, 323, 329

GSO, see Gram-Schmidt orthogonalization

H
Hamiltonian, 300-302

fragment, 110

time-dependent KS, 119, 1222
Hankel determinant, 160
Hankel matrix, 160
Harmonic inversion problem (HIP), 159
Hartree-Fock

calculations, 36-37

exchange, 282f

wavefunctions, 110
Heisenberg representation, 266
Hessenberg matrix, diagonalization of, 182
High-degree polynomials, rooting, 180-182
Hilbert space, 52, 53, 101

EPR experiment, 78-83

recording screens, 66, 67

Tonomura’s experiment, 72
HIP, see Harmonic inversion problem
HOs, see Hybrid orbitals
Hiickel 7-MO channels, 27
Hiickel theory, 26, 28
Hybrid orbitals (HOs), 10
Hyperpolarizabilities, second, 138-140

1

ICRMS, see Ion cyclotron resonance mass
spectroscopy

IDFT, see Inverse discrete Fourier transform
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I-frame system, 53, 78
Information theory (IT), 3
Inner-shell ionization
cross sections
techniques for measuring, 330
in MUIBED model, 328
Interaction Hamiltonian, 110, 115
Taylor series, 112-113
Interference effects, 63
Internal quantum state, 53
Inverse discrete Fourier transform (IDFT),
158
Ion cyclotron resonance mass spectroscopy
(ICRMS), 157
Ionicity, 9
IT, see Information theory

J

Jacobi
eigenvalue problem, 164-169
matrix, 163-164, 173-174
method, 117
state vectors, 171-173

K
Kadanoff-Baym equations, 270-272
Keldysh contour, 264-267
Keldysh function, Fourier transform for, 277
Keldysh space, 269
Kohn-Sham (KS) operator, 118
time-dependent equations, 119, 122
Kolbenstvedt model, 321, 373
Krylov basis, 158
Krylov-Schrodinger
general matrix, inversion of, 200-203
mapping, Lanczos states, 195-197
overlap determinant, closed expression for,
190
KS operator, see Kohn-Sham operator
K-shell ionization cross sections, 319, 320, 328,
331, 374, 375

L
Laboratory space, 53
Lanczos algorithm
explicit solution of, 190-192
for state vectors, 162-163
of tridiagonalization, 169
Lanczos continued fractions (LCF), 203-205
Lanczos coupling constants, analytical
expressions, 212-214
Lanczos orthogonal polynomials, 169-174
three-term recursion, 169-171
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Lanczos phenomenon, 165
Lanczos polynomials
completeness of, 185-188
matrix, 173-174
matrix elements of evolution operator,
189-190
monomials, mapping, 193-195
power series, 178-180
recursions for derivatives of, 175
Lanczos states
Krylov-Schrodinger, mapping, 195-197
matrix elements of evolution operator, 189
Lanczos vector space, 183-184
Lanczos wave packet propagation, explicit,
192-193
Langreth’s mapping procedure, 277
LCAO-MO approach, 6
LCEF, see Lanczos continued fractions
Lehmann representation, 284
Linear equations, 173-174
tridiagonal inhomogeneous systems,
215-222
Linear response function, 123-124
Linear scaling techniques, 108
Linear superposition, 61
principle of, 54
Scully et al. double-slit setup, 77
Linear-quadratic (LQ) model, 225, 254
Line-broadening matrices, 279
LMO, see Localized MO
Localized bonds, 11-15
Localized MO (LMO), 10
LoProp force field, 133, 135
LQ model, see Linear-quadratic model
L-shell ionization cross sections, 329, 331,
357f-371f, 374

M
Maclaurin series, 161
Magnetic resonance spectroscopy (MRS),
222-224
absorption
component shape spectra, 248f
total shape spectra, 248f
chemical shifts, 228
convergence
rate, 239f
regions, 242f
FB-LP, 253
FID curve, 226
Froissart doublets, 251f, 252f
residual/error spectra, 249f-250f
root reflection, 253

signal-noise separation, 247
signal process time and frequency domain
data, 235f-236f
spectral parameters
convergence of, 230t-231t, 232t-233¢
reconstructed, configurations of, 243f,
246f-247f
time signal, 237f
Malin principles, 57
Matrix-vector multiplication, 117
Matsubara component, 270
MBELL model, 322-324, 373
Micromaser cavities, 76
Migdal’s theorem, 309
Molecular dynamics (MD) simulations, 109
Molecular Dyson orbital, 292f
Molecular electron propagators, 273
Molecular electrostatic potential, 134-135
Molecular mechanics (MM), 108
Molecular nonlinear optical (NLO)
properties, 139
Molecular normalization, 16
Molecular orbital (MO), 3, 21-24, 298
bonding, 10-12, 14, 22
CSand, 8
populational decoupling of AO, 2124
Molecular partial information channels, 30
Molecular 7-electron information systems, 25
Molecular transistors, 292
Molecular wire
Au-nitro-BDT-Au, 298f, 299t
numerical calculations, 287-289
negative differential resistance, 289-292
Monomials to Lanczos polynomials,
mapping, 193-195
Moving average (MA) model, 161
MRDM model, 319
MRIBED model, 322
M-shell ionization cross sections, 331,
372f-373f
MUIBED model, 328-330, 373

N
Newton-Raphson algorithm, 180-182
2-nitro-1,4-benzenedithiol (nitro-BDT), 293f
NMR, see Nuclear magnetic resonance
Nonequilibrium Green’s function
formalism
Kadanoff-Baym equations, 270272
Keldysh contour, 264-267
for interacting bridge electrons, 280-283
Nonstationary quantum-mechanical spectral
analysis, 149



Nuclear magnetic resonance (NMR), 130
chemical shifts, 137-138
Nuclear magnetic shielding tensors,
calculation, 130-132

(o)
OCT, see Orbital-communication theory
One-electron approaches, 4
Open-shell configuration, 8, 36
Orbital and condensed atom, 37
Orbital-communication channels, 36
Orbital-communication theory (OCT), 4-5,
8,15
bond differentiation in, 29
entropy, 28

P
Padé approximant, 153
for cell surviving fractions, 225-226
explicit, 206207
Padé via Lanczos (PVL) method, 198
Padé-Lanczos approximant (PLA), 197-200
Pade linear quadratic (PLQ) model, 254-256,
255f
Padé mythologies, 222
Parkinson group (UW), 299
Particle model, 59, 80
Particle picture and delayed-choice
experiment, 86-87
PE, see Polarizable embedding
Peripheral carbon atoms, 25
Phase shift (PS), 85
Photocurrent, 302-303
correlated QD electrons, 306-307
electron-phonon interaction in
semiconductor, 307-309
Hamiltonian, 300-302
in QDSSC, 299-300
uncorrelated electrons in quantum dot,
303-306
Photoelectric current, see Photocurrent
PLA, see Padé-Lanczos approximant
Planck’s law, 62
PLQ model, see Pade linear quadratic model
Polarizable embedding (PE), 108
accuracy of potentials, 133-136
response theory, see Response theory
theoretical basis for, 109-118
Polarizable embedding-density functional
theory (PE-DFT) method, 118
applications of, 132-140
accuracy of embedding potential,
133-136
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excitation energies, 136-137
NMR chemical shifts, 137-138
second hyperpolarizabilities, 138-149
Polynomials
high-degree, 180-182
Lanczos, see Lanczos polynomials
Power moment problem, 217-218
Power series, two Lanczos polynomials,
178-180
Probabilistic model, 21
Pyridine, 138

Q
Quadratic response function, 124-127
Quadrupole moments, 135
Quantum dot-sensitized solar cells (QDSSC),
299
correlated QD electrons, 306-307
electron transfer in, 300, 300f
photocurrent in, 299-300
uncorrelated electrons in, 303-306
Quantum eraser, 96-97
Quantum mechanical treatments, 318
Quantum mechanics (QM), 108, 138
Quantum states
double-slit case, 60-66
for quantum measurement
coherence, 87
EPR experiment, 78-83
particle picture and delayed-choice
experiment, 86-87
Scully et al. double-slit setup, 73-78
Wheeler’s delayed-choice experiment,
83-85
for quantum probing, 51-55
entanglement issues, 98-100
quantum eraser, 96-97
Scully et al. atom interferometer, 88-94
welcher Weg setup, 95-96
recording screens, 66-70
Quantum-mechanical spectral analysis, 152
nonstationary, 149
time-independent, 154-157
QZ algorithm, 165

R
Rayleigh-Schrodinger perturbation
treatment, 112

Recursion method, 203
Recursive residue generation method, 203
Residual/error spectra, 249f-250f
Response theory, 118-122

cubic response function, 127-130
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Response theory (continued)
linear response function, 123-124-130
quadratic response function, 124-127
Restricted Hartree-Fock (RHF), 6

Root mean square deviation (RMSD), 134, 135

Root mean square (RMS) noise, 228
Root reflection, 253
Rooting high-degree polynomials, 180-182

S
Scattered quantum states (SQS), 54, 59
Schrodinger equation, 149, 150
Scully et al. atom interferometer, 88-94
Scully et al. double-slit setup, 73-78
Secular equation, 176
and characteristic polynomial, 176-178
Self consistent field (SCF) iteration, 118
Self-energy, 271
Shockley-Queisser limit, 263
Signal process time and frequency domain
data, 235f-236f
Signal-noise separation (SNS), 247
Singular eigenvalues, 165
Singular value decomposition (SVD), 165
SN, see Signal-noise separation
Solute-solvent systems, 132
Special relativity (SR), 50, 104
Spectral analysis
problem of, 218-222
quantum-mechanical
nonstationary, 149
time-independent, 154-157
Spectral parameters
convergence of, 230t-231¢, 232t-233t
reconstructed, configurations of, 243f,
246f-247f
Spectral shapes, 148
Spontaneous emission, 67, 99
SQS, see Scattered quantum states
SR, see Special relativity
Standard quantum measurement model
aspects of
Copenhagen view, 57-60
preparing and recording quantum state,
55-57
orthodox and, 70
State vectors
Jacobi, 171-173
Lanczos algorithm for, 162-163
Statistical interpretation, 55
Stieltjes integral, 183

SVD, see Singular value decomposition
System chemical bonds, 23
System electron density, 6

T
Taylor expansion, 266
Taylor series, interaction Hamiltonian,
112-113
Tensors
interaction, 113
nuclear magnetic shielding, 130-132
Third harmonic generation (THG), 139, 140
Time signal, 237f
equivalence of, 157-161
Time-contour variables, 268
Time-dependent density functional theory
(TD-DFT), 108
Time-dependent KS Hamiltonian, 119
Time-dependent quantum-mechanical
spectral analysis, 149-154
Time-evolution operator, 120
Time-independent quantum-mechanical
spectral analysis, 154-157
Tonomura’s experiment, 71-73
Transmission electron energy loss
spectroscopy, 330
Tridiagonal inhomogeneous systems, linear
equations, 215-222
Tridiagonalization, Lanczos algorithm of, 169
Tunneling junctions
Keldysh functions for
noninteracting bridge electrons, 274
molecular transistors, 292
noncrossing approximation, 283-284
renormalized zeroth Green’s functions,
277-280
transport in, 272-274
uncorrelated electrons in, 274-277
Two-electron approaches, 4

v
Valence Bond (VB) theory, 3—4

Welcher Weg setup, 95-96
Wheeler’s delayed-choice experiment, 83-85

X
XCVTS model, 324-326, 373
X-ray spectroscopy technique, 330



